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Abstract

Recently, one of the most vital advancement in the field of finance is high-performance trading using field-programmable gate
array (FPGA). The objective of this paper is to design high-performance Black Scholes option trading system on an FPGA.
We implemented an efficient Black Scholes Call Option System IP on an FPGA. The IP may perform 180 million transactions
per second after initial latency of 208 clock cycles. The implementation requires the 64-bit IEEE double-precision floating-
point adder, multiplier, exponent, logarithm, division, and square root IPs. Our experimental results show that the design is
highly efficient in terms of frequency and resource utilization, with the maximum frequency of 179 MHz on Altera Stratix V.

Index Terms: Binomial tree option pricing model, Black Scholes option pricing model, FPGA, Monte Carlo simulation

I. INTRODUCTION

Financial engineering is the field of engineering which
combines the power of engineering, mathematical tools and
programming in order to develop computational potency for
high-performance financial trading systems [1].

Recently, most of the ongoing research in the field of
finance is focused on high-performance trading and valuation
using field-programmable gate array (FPGA). The super
computers which were employed have become obsolete and
cost ineffective as the area and power required by them is
more. Earlier, better computational speed was accomplished
by boosting the frequency of the microprocessor. However
there are substantial limitations to this methodology which
makes it impractical. Advanced microprocessors which are
extremely fast need extra power and produce additional heat,
which needs to be squandered.

The FPGA’s on the other hand are easy solutions with the
advantage of dedicated hardware for a particular algorithm,

and with tremendous reduction in area and power.

With the continuous advancements in field of FPGA, it is
now easy to implement floating point arithmetic with high
precision, thereby, providing the advantage of implementing
complex computations faster and consuming less power and
area.

In the realm of economics, computational potency directly
transforms into wealth. Venture capitalists and banks employ
considerable number of supercomputers to estimate and
curtail risk. The Federal Deposit Insurance Corporation
(FDIC) then outlines the risk weighted possessions based on
these estimations. The risk weighted possessions indicates
the amount of money within banks and ventures that is
subjected to risk. For big corporations, this means billions
which can be the total net profit of that enterprise [2].

In this paper we would discuss the hardware implemen-
tation of the European call option using Black Scholes
model for financial modeling.
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II. BACKGROUND

Financial modeling [3] pertains to the practice by which a
business builds a financial model of selected, or all, attributes
of the association or given collateral. A financial model is a
demonstration for statistical stream of any monetary data
related to any financial corporation and plays a vital role in
the success and profitability of a business. It is considered as
assessment and forecasting instrument for people working in
the field finance especially the stock brokers, investment
bankers and asset management firms. Companies spend
millions of dollars in developing a model for finance, and
then this model is utilized to predict the future gross and net
income and evaluate various parameters such as risk and
opportunity, stress, asset allocation, capital management and
business planning.

A. Option Pricing

Options in simple words are contract which makes the
owner able enough to sell or buy an asset or stock at a
certain price called as strike price and in a certain amount of
time known as expiration period [3]. In order to sell off an
option the owner receives a value for that option and this
value which is paid by the buyer to get the right over the
option is the worth of that option. The price at which an
option is purchased or sold is called as premium that is the
value of that option [3, 4].

There are several kinds of options styles like European,
Bermudan, Asian, Binary, Vanilla, Exotic, Barrier and Ame-
rican option [4]. The options are given different names in-
order to understand the properties pertaining to specific options.
The most widely used options are the European and the
American options for market. The options are of many kinds
like stock, bond, future contracts valuation, stock option
given to an employee, real-estate options, and mutual fund
options and all these options are based on two parameters
known as Call and Put option price [4].

Call option is the one which gives freedom to a person to
purchase an option at a certain price while a put option is
the one which allows an owner to sell off an option at a
certain price [3].

B. Valuation of Options
The option value can be divided into 2 parts:

1) Intrinsic Value

The difference between the principal price and the strike
price, such that the owner of the option is at profit, is known
as the intrinsic value [4]. In case of call option, the principal
price of the option must be greater than the strike price of
the option, hence the intrinsic value would be obtained by

subtracting the strike price from principal price, while in
case of a put option its reverse that is strike is greater than
principal price so intrinsic value is obtained by subtracting
principal price from strike price, else the intrinsic value is
nil [4].

Intrinsic value (call) = current stock price — strike price,
Intrinsic value (put) = strike price — current stock price.

2) Time Value

The time value of an option can be defined as the value
above the intrinsic value which a trader for the option. The
assumption here is that before the maturity of the option the
market would be bullish and worth of the assets would
increase, thereby, giving profit. So, it can be observed that
time to maturity is directly proportional to time value, hence,
more profit considering the assumption.

Time value = option premium — intrinsic value
C. Option Pricing Models

The worth of the option is guided by large number of
aspects like present-day worth of the option/stock, maturity
time of the option that is the time of expiration, the pre-
cariousness of the cost of the holding and the selling/
purchasing price of the stock/asset which is also referred to
as spot price. The method by which these attributes are
affected is influenced by number of models but the flowing
ones are most common [3, 4]:

* Monte Carlo simulation model
* Binomial tree option pricing model
* Black Scholes option pricing model

1) Monte Carlo Simulation Model for Option Pricing

The Monte Carlo simulation model employs Monte Carlo
algorithm for the valuation of the options [5]. It computes
the option value by keeping large number of uncertainty
sources or the one’s which have extremely intricate charac-
teristics.

Monte Carlo algorithm belongs to the category of mathe-
matical algorithms which depend immensely on continuous
random sampling in order to calculate the output. Monte
Carlo simulation is mostly used in running big simulations
of engineering and financial systems which involve extremely
complex arithmetic operations. These methods require super
computers due to the massive calculations involved and at
times can be very slow and result in a performance hit.

A significant purpose of Monte Carlo systems in contem-
porary finance and risk management is in evaluating com-
pound financial offshoots particularly when these spinoffs
are based on the American style of options where the owner
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of the option can sell off the option even before the time to
maturity [5]. For the risk management for a venture, credit
of a business, market risks the Monte Carlo systems are
widely used.

The option pricing valuation methodologies are inflexible,
for many option styles, because the complexity involved due
to the large number of variables and mathematical operations
[5]. Thus Monte Carlo simulation can be extremely useful
for such cases. The Monte Carlo simulation method makes
use of the simulation results to estimate the random prices
of the options which ultimately convert to the returns on the
option. Though the method is flexible but the complexity
involved is extremely high.

a) Advantages of Monte Carlo simulation

There can be only one kind of model conceivable for in-

tricate systems and the analytical models are not feasible.

* The simulation makes life easier as the understanding is
improved because one can clearly view the real time model
in simulation results.

e It helps in analyzing the real system, debugging it and

optimizing it without operating on the actual system.

It can easily evaluate the model by varying the time while

this is not possible on an actual system.

b) Disadvantages of Monte Carlo simulation

* As, the various option styles involve complex differential
equations, though it does not operate on the equations,
but the large number of iterations involved in it makes it
very slower and time consuming.

* The hardware required for Monte Carlo simulation is huge,
which increases the cost tremendously.

2) Binomial Tree Option Pricing Madel

Binomial tree approximation, a method developed in
1979 by John Cox, Stephen Ross, and Mark Rubinstein, is
also one of the most widely adopted techniques for financial
modeling [4]. The most important advantage is that the me-
thod does not require the use of any calculus. The method is
of discrete type as compared to other models which are
continuous type. So the approximation and the accuracy of
the model depend on the number of time intervals taken into
consideration.

When we are considering first interval of time, for example
ty, and the value of stock is §,. At the next instance t;, the
value can go up or down. Thus, at every node, the value §
can be branched out into two branches: up or down. This
leads to tree structure hence the name Binomial tree [4]. The
maturity time, t, can be divided into various time intervals
and hence value can be approximated at the end of maturity
time. This will become clear from the diagram below:
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As shown in above diagram, the whole maturity time is
being divided into two time intervals. In order to get from §,
to S, point, the value is being seen at time t;. There are two
options at point t;, the price can go up or down. The up and
down are already predefined. The up rate is denoted as u and
down rate as d. Both the rates depend on two factors:
volatility and time duration. The following two equations
describe the mathematical equation for d and u [4]:

VAt — a-oVAt _ 1
ovat, d= e V8 =~

u

u==e

At every node, there are two possibilities. If the proba-
bility of up is p, the probability of down is 1 — p. Thus, the
probability depends on volatility, length of time and also risk
free interest rate. Since all these factors are fixed initially so
the probability is also fixed.

The following equation also includes the risk free interest
rate r [4]:

Sp-e™t=p-S,+(1—=p)-S4

Like all the models, this method has its own advantages
as well as disadvantages. The Binomial method uses a
relatively simpler approach. By making slight modification,
method can be applied not only to European market but
American market as well. Though method can be easily
applied manually but for greater accuracy we need more
time intervals and small step sizes. There is a need for the
extra hardware. Since the method is simple, it can be easily
implemented by using computer program. The method was
originally developed for stock prices but because of its
simplicity, the method can be applicable for calculation of
dividends as well [4]. The method is relatively slower as
compared to the Black Scholes method.
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Table 1. Black Scholes and Binomial pricing model comparison [4]

Black Scholes Option Pricing Model Binomial Option Pricing Model

Dividend Rate 2.0%

Expiresin: Expires in:

Volatilty 60 days 1Year  5Years 60 days 1 Year 5 Years
30.0% $1.23 $2.97 $6.07 $1.23 $3.00 $6.30
35.0% §1.43 §3.45 §7.02 §1.43 $3.48 $7.26
45.0% $1.83 §4.41 $6.83 $1.84 $4.44 $9.13
55.0% §2.24 $6.35 §10.54 $2.24 $5.39 $1089

The method provides good approximation for the short
term options. For the complicated options like that of Asian
market and American market the method is inappropriate to
use. The major limitation of this model is that we have to
determine the step size of time. The smaller the step size
more is the accuracy.

Table 1 describes the convergence between the Binomial
approximation and Black Scholes method.

As one can easily analyze from the data that for the short
period like 60 days, the approximation is fairly close to
Black Scholes but for long period, the approximation is not
valid.

So we can say that Binomial method is discrete time
approximation for the Black Scholes equation which is con-
tinuous time. The method is simpler and easy to implement
but it shows some discrepancies from the continuous time
method like Black Scholes which may lead to wrong value
of call and put option and may lead to loss to individual or
organization.

3) Black Scholes Option Pricing Model

The most important aspect of any hardware design is
speed and cost, Black Scholes provides these privileges. As,
the Black Scholes is the building block of every other model
it is highly used model in today’s world. Recently, most of
the ongoing research is on developing a high performance
system using Black Scholes, which has led to the evolution
of FPGA’s in aiding the financial modeling.

Contemporary option pricing practices are frequently con-
templated amongst the critically intricate of all pragmatic
areas of economics. Finance market analysts and brokers,
with the advent of technology and sophisticated computing
machines, are now able to calibrate the option price for a
stock efficiently [4, 6].

The Black and Scholes model was established in 1970
and was first enunciated in 1973 by Fischer Black and
Myron Scholes in their paper which was published in the
Journal of Finance [4, 6]. They developed an equation known
as the Black Scholes equation for option pricing for eva-
luating the European options namely: call and put options
for non-dividend returning investment/stock option.

The Black Scholes model is considered as one of the most
vital theories in the field of finance and economics. It can be

used to evaluate both an American and European option [4, 6].

Black Scholes is considered as extremely useful for deter-
mining the worth of an option whose volatility rate is
extremely high.

The hardware requirement for Black Scholes system is less
as compared to implementation of a Monte Carlo simulation
on a FPGA and also it is faster than both the methods dis-
cussed because it doesn’t require large number of iterations
and the time required to set-up simulation.

[1l. DESCRIPTION OF ALGORITHM AND
IMPLEMENTATION

The equation for call option (option which provides right
to an individual to procure an option at a specific price) for
Black Scholes model is as follows [4, 6]:

C=S,N(dy) —K e~ N(dy) (1)
d1 _ ln(E):\(/;+ 7>T (2)
d2=%ﬁ =d, — oVT 3)

C is the theoretical call premium,

S, is the current price of the stock,

T is the expiration time,

K is the strike price,

r is the risk free interest rate,

N is the cumulative distribution function (CDF),
o is the volatility of the market,

‘e’ is the exponential term.

In order to understand the model itself, we divide it into
two parts. S, N(d,), develops the probable profit from
procuring a share/stock immediately. This is calculated by
multiplying the current price of the stock S, and the variation
in the value of the call (also called as premium) by the
principal value of the stock, that is, N(d,). The other part
of the model: K e™"" N(d,) gives the existent worth of
disbursing the value on the day of expiration of the option.
The difference between these 2 parts, determines the value
of the European Call option.

N(X) function in equation is the cumulative probability
standard normal distribution (CDF). The following equation
describes the standard normal distribution probability
function; the standard normal distribution function is first-
order derivative of CDF that is N(X) as in [7].

PO =N'(x) = =e ™/ (4)

http://jicce.org



J. Inf. Commun. Converg. Eng. 11(3): 190-198, Sep. 2013

| Stock Price ->$ Strike Price --> K Volatility—> v Time->t Rate-->r |

64 bit Inputs

64 bits

d1 (G N(d1)

64 bits # | pistribution | 64 bits ¢~
D1

ff

Option Option Price
64 bits

t 54 bits and

4 bits D2 Price

d2 . [emie | N(d2
84 bits W_s(am)a

|

=
@

|

i

Op!i:[ Type

Fig. 1. Black Scholes system architecture [7].

The most vital part in implementation of the Eq. (1) is
CDF N(X). It is approximated using a polynomial function
which has an accuracy of 6 decimal places that is defined
below in Eq. (5) as in [7]:

1—N'(x)(ak + ak? + ask® + a,k* + ask5),x = 0

1-N(-x),x<0 )

NG = {

where,

k= e yx'y = 0.2316419,

a; = 0.319381530, a, = —0.356563782, a; = 1.781477937,
a, = —1.821255978, a5 = 1.330274429.

A. Architecture of the Model

The block diagram for the Black Scholes implementation
for European call option is shown in Fig. 1 on next page.

The block diagram is divided into 3 parts:

1) D1 which needs to be calculated from Eq. (2) and D2 which
needs to be calculated from Eq. (3).

2) The 2nd block is the cumulative normal distribution, as
shown in Eqgs. (4) and (5), it takes the results of 1st block
and performs the standard normal distribution and then
CDF is finally calculated.

3) The 3rd block is the option price, the results from the
cumulative normal distribution function are fed into the
option price block and finally the call option value is
obtained.

B. D1D2 Block Implementation and Design

The module D1D2 has 5 inputs according to the Egs. (2)
and (3) namely strike price of the option, spot price of the
option, risk free interest rate, expiration time, and the market
volatility [7]. It takes these inputs and returns the results for
the Egs. (2) and (3).
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Table 2. Resource utilization for D1D2

Hardwarerequired (I Ps) Number
Divider 2
Square root 1
Multiplier 4
Logarithm 1
Add/subtract 3

ot lwk 1i ‘! ol Il lity I(
spot strike imetm volatilif rate
v v v
Divider Sqrt Multiplier
Log Multiplier |« Multiplier 0.5
In(S,/K) odT

Divider
di
-
Subtract
d1 o

Fig. 2. Architecture of D1 and D2 [7].

The resources required for implementation of module
D1D2 according to the equations mentioned above are shown
in Table 2, and architecture and design flow is show in Fig. 2.

C. CDF Block Implementation and Design

This module has one input and it takes the outputs of D1
and D2. The two outputs are fed into 2 CDF modules, and
this is done in parallel to make the design faster. The
outcome of the module is CDF for D1 and D2, i.e., N(d,)
and N(d,) as mentioned in Eq. (1) and then these results are
fed to the option price module as in [7].

The resources used for the implementation of this module
are shown in the Table 3, and the architecture is shown in
the Fig. 3.
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Fig 3. Architecture of cumulative distribution function [7].

Table 3. Resource utilization for cumulative distribution function

Hardwarerequired (1 Ps) Number
Multiplier 14
Add/subtract 6
Exponential
Division 1

D. Option Price Block Implementation and Design

For computation for European call option price, the inputs
rate and time were passed through a multiplier, the then
along with minus sign they were passed through exponential
and we got result as e™"T, then, this was passed through a
multiplier along with the strike price K e™"T. The spot price
was passed through a multiplier along with the CDF of D1,
obtained from the previous module, and we got S, N(d,).
The CDF of D2 along with Ke™"" was passed through
another multiplier and then this result was passed through a
subtraction IP along with S, N(d;) and thus we obtained the
final result mentioned in Eq. (1), the call price for European

195

style option trading. Fig. 4 shows the architecture, and Table
4 shows the resource utilization for complete design and
gives the latency of each IP.

IV. VERIFICATION AND RESULTS

The model was tested before proceeding with the Verilog
Coding. The design was tested by developing MATLAB and
C/C++ models.

In the MATLAB model, first the Eq. (2) (mentioned in
chapter-4) which for computation of dl is implemented
followed by the Eq. (3) for d2 and then the results are given
to the 2nd block that is the CDF block. In the CDF block the
standard normal distribution as described in Eq. (4) is found
and the results are utilized to find the CDF.

Lastly, all the results along with the other parameters are
given to the last block that is the option price and final result
for the call option system is calibrated.

. NofXd1 NofXd2
Rate Time Spot  NofXd ofXd
Mutilplier Mutilplier
L S,N(d,)
exp
Strike(K){pa gar ne | K¢ -
4(,) Mutilplie |Mut||p||er
J Ke " N(d,)
Subtract
C option price
Fig 4. Architecture of Call Option price [7].
Table 4. Resource utilization for complete design
Hardwarerequired (1Ps) Number Latency
Divider 3 10
Square root 1 30
Multiplier 22 10
Logarithm 1 34
Add/subtract 10 10
Exponential 2 25
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The C/C++ verification model [7] was divided into 3
methods namely:

D1 D2

This method is developed using the Egs. (2) and (3). It
takes 5 inputs namely strike price of the option, spot price of
the option, risk free interest rate, expiration time, and the
market volatility. It takes these inputs and returns the results
for the Egs. (2) and (3).

CDF

This method is based on the Egs. (4) and (5). The method
take one input at a time and they are the results of D1 and
D2, it finds the value of the standard normal distribution
function defined in the Eq. (4) (the value for the inverse
square root for 2 multiplied by pie that is:1/v/2m is
0.39894228040143270286) and the result are the fed into
Eq. (5) and finally the cumulative normal distribution function
is obtained [7].

Option_price

The 3rd and final method computes the value of the Euro-
pean call option, it calls both the previous methods and we
finally get the result for of the call option price [7].

A. Simulation and Synthesis Results

The design was successfully run on Stratix-V FPGA
(5SGXEA7K2F40C2) with a frequency of 179 MHz. It
performs 180 million transactions per second with initial
latency of 208 clock cycles

The simulation results for the modules D1D2, CDF, and
call option are show in the Figs. 5-7.

The synthesis results of the complete design are shown in
Fig. 8. The resource utilization of complete design for various
Altera FPGA families is shown in the Table 5.

Fig. 5. simulation results for D1 and D2.

http://dx.doi.org/10.6109/jicce.2013.11.3.190

Fig. 7. Simulation resuilts for call option.

Flow Status Successful - Fri Nov 30 16:07:01 2012
Quartus II 64-Bit Version 12,0 Build 253 08/02/2012 SP 2 51 Full Versiol
Revisian Mame final_project
Top-evel Entity Mame top_project
Family Stratix V
Device SSGXEATK2FA0C2
Timing Models Preliminary
4 |ogic utilization M
Combinational ALUTs 47,474
Memary ALLTs o]
Dedicated logic registers 68,148
Total registers 58148
Total pins 385
Total virtual pins o]
Total block memory bits 27,705
Total D5P Blocks 261
Total HSSI STD RX PCSs o]

Fig. 8. Resource utilization of Black Scholes equation on Stratix V field-
programmable gate array. ALUT: adaptive look-up table, DSP: digital
signal processing, HSSI: high speed serial interface, STD: standard, RX:
receive, PCS: physical coding sublayer.
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Table 5. Resource utilization chart of Black Scholes model for various
Altera FPGA families

FPGA device used (Of;rrT?;)?rlJa_Iir?aJ) mer:g?/lbits re-gi);zlfs (';Arr""a;()
(EP3SI%%EX§£I;17C2) HTOREO) - 2TIOLED He2e8) NA
(EP4SC§§?3%_II¥H4OC2) BP0 IR ED 46380 AD 139
(SSGXET;E_Z\;%CZ) FARM 2T ED GESO) 1P

Values are presented as number (%).
FPGA: field-programmable gate array.

It can be observed from the above table that the design
failed on Stratix-III FPGA because it lacked resources. The
speed offered by the Stratix-IV FPGA was less as compared
to Stratix-V FPGA, so we used the Stratix-V for the successful
implementation of the design and maximum frequency achieved
was 179 MHz.

V. CONCLUSION

In this paper, we implemented a high-performance Black
Scholes system on Altera Stratix-V FPGA. It computes the
real-time call price for European style option. With the con-
tinuous advancements in field of FPGA, it is now easy to
implement high performance financial trading applications
with high precision, thereby, providing the advantage of
improving the performance of the system by implementing
complex computations efficiently. We compared Black Scholes
system with the models which have been implemented in

Chang Choo

Lokesh Malhotra

CA, USA..

past, and it was concluded that Black Scholes model pro-
vides high performance in terms of speed and accuracy.

The design estimates real-time call price for European
style option at risk free interest rate, and performs 180
million transactions per second with the initial latency of
208 clock cycles. The design runs at a speed of 179 MHz.
The design used 3 dividers, 1 square root, 22 multipliers, 1
logarithm, 10 add/subtract, and 1 exponential IPs. The design
utilized 68148 logic elements, 27705 memory bits, and 261
total DSP blocks on Stratix-V (SSGXEA7K2F40C2) FPGA.
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