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MULTIPLICITY OF SOLUTIONS FOR BIHARMONIC
ELLIPTIC SYSTEMS INVOLVING CRITICAL
NONLINEARITY

DENGFENG LU AND JIANHAI XIAO

ABSTRACT. In this paper, we consider the biharmonic elliptic systems of
the form

A2y = Fy(u,v) + 8|v|? 20, xz € Q,

u:%zo,v:g—;:& x € 01,
where Q C RY is a bounded domain with smooth boundary 99, A? is the
biharmonic operator, N > 5,2 < g < 2*, 2* = % denotes the critical
Sobolev exponent, F € C'(R2,R*) is homogeneous function of degree
2*. By using the variational methods and the Ljusternik-Schnirelmann
theory, we obtain multiplicity result of nontrivial solutions under certain
hypotheses on A and 4.

{ A%u= Fu(u,v) + Nult—2u,  zeQ

1. Introduction

The main purpose of this paper is to study the multiplicity of nontrivial
solutions for the following biharmonic elliptic system:

A%y = Fy(u,v) + Mu|7%u, €9,

(1.1) A% = F,(u,v) + 6|v|72v, x € Q,
u:g—Z:O,v:g—Z:(), x € 09,

where @ € RY(N > 5) is a bounded domain with smooth boundary 99,
A? is the biharmonic operator, 2 < ¢ < 2%, 2% = % denotes the criti-
cal Sobolev exponent, F' € C*(R?,R*) is homogeneous function of degree 2*,
(Fu(u,v), Fy(u,v)) = VF, & is the outer normal derivative, and A, § are
positive parameters.

The starting point on the study of the system (1.1) is its scalar version:

(12) A2y = |ul? ~2u + Nu|? 2, x € Q,
' u= 9% =0, x € 0Q.
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The interest of problem (1.2) grew from its resemblance to some nonlinear
equations arising from a geometric context and which have extensively been
studied for various ¢ € (1,2*) in recent years. Many important results were
obtained in these publications (see [3, 5, 7, 9, 10, 11, 18, 21, 23] and the ref-
erences therein). For example, Edmunds, et al. [7] showed that, if ¢ = 2,
the equation (1.2) has a nontrivial solution provided N > 8 and 0 < A < Ay,
where )1 is the first eigenvalue of the operator (A2, H3(Q)). Recently, Zhang
[23] obtained the existence of one positive solution of equation (1.2) with the
sublinear perturbation of 1 < ¢ < 2 and under the Navier boundary condition.

In recent years, more and more attention has been paid to the elliptic sys-
tems. In particular, Hsu and Lin in [13] concerned the case F(u,v) = 2|u|*|v|?,

a>1, 5 >1satisfying a+ 8 = %, i.e., the following elliptic system
—Au = a2—_f‘5|u|o‘_2u|v|ﬂ + Au|9 2, z €Q,

(1.3) —Av = 25 |u|*[v|*~20 + 6Jv|1 2, z€Q,
u=v=0, x € 01.

Using the Nehari manifold method, the authors in [13] obtained the existence of
two positive solutions of system (1.3) with the sublinear perturbation of 1 < ¢ <
2. Han in [12] using the variational theory and the Ljusternik-Schnirelmann
category theory has proved that system (1.3) has at least catq(Q2) positive
solutions if A\, § € (0, A\*), where 0 < A\* < A1, and \; is the first eigenvalue of
(—A, H3(2)). Furthermore, Ding and Xiao [6] extended the result in [12] to
the p-Laplacian case and obtained similar result.

In this paper, we complement and extend the results of [6, 12, 13] to the
biharmonic critical case and 2 < ¢ < 2*. Considering the multiplicity of non-
trivial solutions of problem (1.1), we show that problem (1.1) has at least
catq () nontrivial solutions when the pair of parameters \,§ satisfied a cer-
tain condition. Our main tool here is the Ljusternik-Schnirelmann category
theory (see [1, 19]), but we had to overcome several technical difficulties that
appeared, for example, when treating a more general critical term like F'(u,v).
To the best of our knowledge, problem (1.1) has not been considered before.
Thus it is necessary for us to investigate the critical biharmonic elliptic sys-
tem (1.1) deeply. We also refer to more related systems, which can be seen in
[2, 8, 14, 15, 16, 17, 20] and references therein.

Before stating our results, we need the following assumptions:

(Fo) F € C*(R%,R*) and F(tu,tv) = t*" F(u,v)(t > 0) holds for all (u,v) € R?;
(F1) F(u,0) = F(0,v) = F,(u,0) = F,(0,v) =0, where u,v € R;

(Fy) Fy(u,v), Fy(u,v) are strictly increasing functions about w and v for all
(u,v) € R2.

If Y is a closed set of a topological space X, we denote by catx(Y) the
Ljusternik-Schnirelmann category of Y in X, namely the least number of closed
and contractible sets in X which cover Y. The main result we get is the
following:
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Theorem 1.1. Assume that (Fp)-(F») hold. In addition, suppose either N > 8
and 2 < g < 2* or N > 5 and g = 2. Then there exists A > 0 such that the
problem (1.1) has at least catq(Q) distinct nontrivial solutions for X,6 € (0, A).

This paper is organized as follows. In Section 2, we show that some notations
and Palais-Smale condition are established. We present some technical lemmas
which are crucial in the proof of the main result in Section 3. Theorem 1.1 is
proved in Section 4.

2. Preliminaries and Palais-Smale condition

Notations. Throughout this paper, we make use of the following notations.

e C, C; will denote various positive constants which can change from line to
line.

e — (respectively —) denotes strong (respectively weak) convergence.

e O(g") denote |O(e")|/e" < C, 0,,(1) denote 0, (1) — 0 as m — oo.

o L°(Q2)(1 < s < 400) denote Lebesgue spaces, the norm L* is denoted by
|- |s for 1 < s < 4o0.

e B,.(z) denote a ball centered at = with radius r.

o The dual space of a Banach space E will be denoted by E~1.

e The product space E := HZ(Q) x H3() endowed with the norm ||(u,v)| &

1

= (ull32 0y + 0123 0)) * and the norm [lull 3y = ( fiy | Al dz)
e S is the best Sobolev constant defined by
) Jo |Au|?dx
in —
weHE@Q\(0} ([, [uf?" dz)

From [18], we know that S is achieved when = RY by function

(2.1) S =

N—4

(2.2) U(z) = (N(N — 4)(N? — 4)e?) N (E +1|x|2> z

for all € > 0. Moreover, the function U, (x) solves the equation A%u = |u|> —2

in RY with N > 5 and
(2.3) AU (2)[3 = |U.(2)|3. = S7.

Now, we point out some important properties of homogeneous functions.
Let a > 1 and H be a differentiable a-homogeneous function, then

(i) for all s,t € R, sHs(s,t) + tHi(s,t) = aH(s,t);

(ii) there exists My > 0 such that |H(s,t)] < Mpg(|s|*+t|¥) for all s,¢ € R,
where My = max{H(s,t): s,t € R, |[s|* 4+ [t|* =1};

(iii) the maximum My is attained for some (sq, o) € R?, i.e., |so|*+|to]|* = 1
and H(so,t0) = My;

(iv) Hs(s,t), Hi(s,t) are ( — 1) homogeneous.

By (Fo) and the properties of homogeneous functions, we have

(2.4) Fu(u,v)u+ Fy(u,v)v = 2" F(u,v)

u
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and

(2.5) Flu,v) < (Mp(ful® + o) 7

where

(2.6) Mp = max{(F(u,v))% s (u,v) € R% Jul® 4 |v)* = 1}_

A pair of functions (u,v) € E is said to be a weak solution of problem (1.1)
if

/ AulAp, + AvApodx — /
Q

Fu(u,v)goldx—/Fv(u,v)gogdx
Q

Q
- )\/ |u|9 % upy da — (5/ [v|7 2vpedr =0, V (@1, p2) € E.

The corresponding energy functional of problem (1.1) is defined on E by

Exs(u,v) /|Au|2+|Av|2d:c—/ U, v) zf—/ |u|qdzf—/ |v|?dx.
Q

Using assumptions (Fp)-(Fs), we can verify €y 5(u,v) € C*(E,R) (the proof is
almost the same as that in [20]). It is well known that the weak solutions of
problem (1.1) are the critical points of the energy functional &) s.

As the energy functional &) s is not bounded below on E, we need to study
&x,5 on the Nehari manifold

Nas = {(u,v) € EN{(0,0)} : (&5 5(u,v), (u,v)) = 0},

where &} 5(u,v) denotes the Fréchet derivative of £\ 5 at (u,v), and (") is
the duality product between E and its dual space E~!. A direct computation
shows that for all (u,v) € E\{(0,0)}, there exists a unique ¢t* > 0 such that
t*(u,v) € Nys. The maximum of the function ¢t — &, s(¢t(u,v)), for t > 0,
is achieved at t = t* (see Lemma 4.1 in [22]). Note that NV s contains every
nonzero solution of problem (1.1), and define the minimax cy s as

Cr5 = inf  &Exs(u,v).
(u,v)ENN5 ( ’ )

Moreover, we note that there exists p > 0, such that
(27) ||(U,’U)||E Z P > Oa v (U,’U) € N)\,é-

It is standard to check that £, s satisfies Mountain Pass geometry, so we can
use the homogeneity of F' to prove that c) s can be alternatively characterized
by

2.8 = inf & t) = f 19 ,v)) >0,
(28)ons =L BN B0 = ) Mooy T ENa L)

where I' = { € C([0,1], E) : v(0) = 0, Ex5(7(1)) < 0}. Its proofs can be done
as Theorem 4.2 in [22].
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In this section, we will find the range of ¢ where the (PS). condition holds
for the functional £y 5. First let us define

Aul? +|A 2d
in Jo |Aul® + |Avfde :/F(u,v)dz >00.
uveHZO\{0} | ([, F(u,v)dr)z Q
Lemma 2.1. If N > 5 and F satisfies (Fp)-(F:
isfies the (PS). condition for all ¢ < N 1 (

conditions holds

(i) 2<q <2 and A, 0 > 0;

(ii) ¢ = 2, and A\, 0 € (0,A1), where Ay > 0 denotes the first eigenvalue of
(A%, HF ().

Proof. Let {(tum,vm)} C E such that 5;15(um,vm) — 0 and Ex 5(Um, Vm) —

(29) SF =

5), then the functional €y 5 sat-
N
T

) , provide one of the following

N
¢ < v (Sf) * . Now, we firstly prove that {(%m,vm)} is bounded in E. If

the above item (i) is true it suffices to use the definition of I 5 to obtain C; > 0
such that

¢+ Gt (wm, vm) | 2 + 0om(1)

1
Z SA,zS(UmaUm) - 5<5;\15(umvvm)7 (umvvm»
1 1
= (5= )Mol + (5 =1) [ Pl v
q—2 2

Y

Q—qH(um, Um) || -

The above expression implies that {(um,vm)} C E is bounded. In the case (ii),
it follows that

/()\|um|2 + Olom|2)dz < max{)\,é}/(|um|2 F [om|2)d
Q Q

max{\, ¢
< 2Oy
1

and therefore we get

¢+ Cil[(um; vm) || 2 + om (1)

Z gk,(?(umavm) - §<51\75(U7navm); (um; Um))

= (5= g MmvnllE + (5 = 5) [ Gl + 8o f)da

2 (1 ~ max{), d}

> 5
> ) s v

Since A, 6 € (0, A1), the boundedness of {(um, vm)} follows as the first case.
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So, {(tm,vm)} is bounded in E. Going if necessary to a subsequence, we
can assume that

(U V) = (u,0), in E,
(U, Vm) = (u,v), a.e. in Q,
(U, V) = (u,v), in L(Q2) x L*(2), 1 < s < 2%,

as m — oo. Clearly, we have
(2.10) / Aum|? + |om|?)de = / (Aul? + dlv|?)dz + opm(1).
Q Q
Moreover, a standard argument shows that &£} ;(u,v) = 0. Thus we get
1 1
Enslu,0) = 31wl ~ [ Pluoids = [ Oafr + 8pitdo
2 Q qJa
1 1 2%
(5 o)l ol+ (5 -1) [ Pl
2 q Q
0

q

(2.11)

Y

Let (U, Om) = (Um — U, Vs — v). Then by the Brezis-Lieb Lemma [4], we
have

(2.12) 1t v 12 = 1l (s )| + | (@, o) + 0m (1)

By the same method of Lemma 8 in [8] (or Lemma 3.4 in [20]), we obtain

(2.13) /QF(um,vm)dz = /Q F(u,v)dz+/ F(tim, 5m)dz + o (1).

Q
By (2.10)-(2.13) and the weak convergence of (ty,, vy, ), we have

1
o 0m(1) = Exslt:0) + 3Ty 3)[s = | Pl o)
Q

1
(214) > 5 T = [ (5 )i
Q
By using &) 5(um, v) — 0 and (2.10), (2.12)-(2.13), we get
Om(]‘) - <6i7(5(um5 ’Um), (um; ’Um)>

— [t o[ — 2° /Q Flt, o)z — /Q()\|um|q + 6lom|?)dz

= (E3.6(u,v), (u,0)) + || (@, o)1 — 2*/Ql['”(ﬂm,ﬁm)dx-

Recalling that £} ;(u,v) = 0, we can use the above equality to obtain

. ~ ~ 2 1 o% 1: ~ ~
(2.15) Jm G 5[ = k= 2" i | P, )

where k > 0.
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In view of the definition of Sr, we have that
2
~ ~ 2 ~ ~ 2%
s 5 % > SF(/ Bty 5)de)
Q

Taking the limit we get k > SF(Q%)%*. So, if k > 0, we conclude that k >

N
2* (SF) ", therefore from (2.14) and (2.15), we get

2*
1 1 4 Sp\ T
>(= - —Vk> ——
c—(2 2*)k_N74(2*) ’

which contradicts ¢ < (gf) . Hence k = 0 and therefore (up,, vm) —

(u,v) strongly in E. O

&z

Before presenting our next result we remark that, using Lemma 3 in [8] we
have

(2.16) Sp=—12_,

where S is the best constant defined in (2.1), Mg defined in (2.6).

We define a cut-off function ¢(x) € Cg°(RY) such that ¢(z) = 1 if |z| < R;
¢(x) = 0if |z| > 2R and 0 < ¢(z) < 1, where Bar(0) C €, set u. = @(gzgi,
where U, was defined in (2.2). So that |u.|2» = 1. Then we can get the following
results from Lemma 7.3 in [3]:

(2.17) [uellfra iy = S+ OEN ™),
et g, if € < o,
(2.18) / uclfde {2 |, if & =
¢ S if & >

where A ~ B means C1B < A < (3B.

Lemma 2.2. Suppose that (Fy)-(Fz) hold, N > 8,2 < ¢ < 2* and A\ > 0, > 0,
then cys < ﬁ(g—f)%. The same result holds if N > 5, g = 2 and )\, €
(0,A1), where A1 > 0 denotes the first eigenvalue of (A2, H3(Q)).

Proof. From the property (iii) of homogeneous functions, there exists (e, e3) €
R? such that

2*
(2.19) el +ei=1and Fler,es) = M7 .

We can use the homogeneity of F' to get, for any ¢ > 0,
t2 ) ¢4
h(t) := Exs(terue, tequs) = §||u8||§13(9) — 1% Fleg, es) — g()\e‘f + de5)|ueld.

We shall consider two distinct cases.
Case 1. N > 8,2 < g < 2*.
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Note that limy, 1 h(t) = —00, h(0) = 0, h(t) > 0 for t — 0T. Sosup,s h(t)
is attained at some t. > 0 such that

(2.20) h(t.) = maxh(t).

Let
2 o
9(t) = S lluellzrz @) —t° Flew,e2), 20,
and notice that the maximum value of g(¢) occurs at the point
. ||UEH§{§(Q) o2
< 2*F(61, €2) '

So, for each t > 0,

0 <g0=2( el )JZ

g ~g =\ T =z )

7N\ (2°F (e, e2))3"

and therefore

(2.21) ht.) < 2< ||Ue||§1§(ﬂ) >J‘Y tg()\ 91 5ed) ue|?

. il R — - e e Uu .
T N\ (2¢F (e, €2)) g "t AT

We claim that, for some C5 > 0, there holds
td(Nef + ded) > Cs.

Indeed, if this is not the case, we have that t.,, — 0 for some sequence g, — 0%,
then,

0 < exns <supéys(terue,,,teate,,) = Exs(te,, 1Ue,,,t
>0

eatte,, ) — 0,

Em

which is a contradiction. So, the claim holds and we infer from (2.21) and
(2.16)-(2.18) that

2/ S+0(EN4) \*
1) < (22 ) T - culuy
(2*F(€1, 62)) 2%

N

2 L (S+0(ENH\ T \
=N < 2 My ~ Gsfuely
4oSmE
. < — _ q
(2.22) < (35) " +0EN - Cfuels
4 Sp\ T N4 2N - (N-4)q
<= _ 5
< (35) " +oEv ) -0 )

where C3 = %. By N > 8, we obtain N —4 > w. Thus, from the
above inequality we conclude that, for each € > 0 small, there holds

4 /SpN\T
< sup &y 5(terue, t — h(t <—(—) .
end < SUD ao(terue, teaue) = hite) < (3

Case 2. N > 5, q=2.
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In this case we have that h'(t) = 0 if and only if,
ez — V63 + 86D ucl} = 242 ~2F ey, e2).
Since we suppose A, € (0, A1), by Poincaré’s inequality and (2.19), we obtain
(Aei + de3)luclz < max{\,0}(e] + €3)|ucl3
< Aifuely < Jluell 3z o)

Thus, there exists t. > 0 satisfying (2.20).

Arguing as the first case, from (2.22) and Lemma 2 in [11], we have

N
ht) < w5 (52) T + 0N - Cfuc
Ce* +0(EN4), N>8,

— ﬁ(gf)Z +0@EN1) = { Cet|lne| + O(e?), N =8,
CeN=* 4+ 0(eY), N =5,6,T7.

Choosing € > 0 small enough, we have

4 Sp\ 4
ere < 312110) Exs(terue, teaus) = h(te) < m(Q—f) !
This concludes the proof. (I

By Lemmas 2.1 and 2.2, we can obtain the following result.

Theorem 2.3. Suppose that (Fy)-(F>) hold, then the problem (1.1) has at least
one nontrivial solution for N > 8,2 < ¢ < 2* and \,§ >0, or N > 5,q = 2
and \, 6 € (0,A1), where Ay is the first eigenvalue of (A%, HZ(12)).

Proof. Since &) s satisfies the geometric conditions of the Mountain Pass Theo-
rem, there exists { (U, vm)} C E such that Ex s (tUm, Vm) — cx.s, 5;\15(um, Um) —
0. It follows from Lemmas 2.1 and 2.2 that {(um,,vm)} converges, along a subse-
quence, to a nonzero critical point (u,v) € E of £y 5. Theorem 2.3 is proved. O

We finalize this section with the study of the asymptotic behavior of the
minimax level ¢y s as both the parameters A, § approach zero.
4

Lemma 2.4. lim c)5=co0 = N1 (gf)z.
A,0—0t

Proof. We first prove the second equality. It follows from A = § = 0 that
Mu|? 4+ 8|v|9 = 0. If e1, es,u. and t. are the same as those in the proof of
Lemma 2.2, we have that (t.ejuc,t.eau.) € Npo. Thus

0,0 < &y o(te€1ue, teColic)
_ 2 ((e% =+ e%)”us|§{g((z)>
(27 F(e1, e2)) 7

- N

N
4

N
3
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4 (SHO0(EVH\T
T N-—4 2 Mp ‘

2

Taking the limit as e — 0T and using (2.16), we conclude that co,0 < 2 (‘gF) °

In order to obtain the reverse inequality we consider {(um,,v,)} C E such
that Eo,0(Um,vm) — co0 and & o(Um,vm) — 0. It is easy to show that the
sequence {(Um,vVp)} is bounded in £ and therefore (£g o (tm, vm ), (Um, Vm)) =
| (s vi) | = 2% [ F(m, v )dz = 0 (1). It follows that

. 2 7 of s
W}gnoo | (U, v || =1 =2 %gnoo QF(um,vm)dnc.

Taking the limit in the inequality Sp( [, Ft, 00)dz) 2 < || (tm, o), we
conclude that Nego =1 > 2*(5—5)%. Hence,

1
o0 = W}gnoo &0,0(Um, Umy) = lim (§H(um,vm)||% — /Q F(um,vm)dx)

m—0o0
N
2 L(SF) "
N — N —4\2*
I
and therefore cg 0 = ﬁ gf .

We proceed now with the calculation of limy 5,0+ cx,5. Let {Apn}, {0m} C
R* such that Ap,, 6, — 0. Since Ay, 0, are positive, we have that [, (A |u|?4
dm|v|?)dx > 0 whenever (u,v) is nonnegative. Thus, for this kind of function,
we have that &y, s, (u,v) < & o(u,v). Then we have that

ms

Crm.o = inf  max&y, 5, (t(u,v))
(u,0)#£(0,0) t>0

<

< L Jof omaxEy s, (Hu, v))
(u,0)20

< inf  max&po(t(u,v)) = co o,

(u,0)#(0,0), >0
(u,v)>0

in the last equality, we have used the infimum cg o which can be attained at a
nonnegative solution. The above inequality implies that

(2.23) limsupecy,, s5,, < €o,0-

m—o0

On the other hand, it follows from Theorem 2.3 that there exists {(tm, vm)}
C E such that

5)\"116"1 (U’m’ Um) = C)\m,767n’ gf\m,dm (um’ ,Um) — 0
Since ¢y, 5,, is bounded, the same argument performed in the proof of Lemma
2.1 implies that {(um,vm,)} is bounded in E. Since

(2.24) lim | (Am|um|? + I |om|?)dx = 0.
Q

m— o0
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Let ¢, > 0 be such that ¢, (tm, vm) € Noo. Since (tm,vm) € Ni,, s,., We
have that

0,0 < £0,0(tm (Um, Um))

tq
= i m,v)) + 2 / Ot + By |9)l
Q
tq
< Bt ) + 2 / Ot |7+ By |9l
Q

4
= a6, + Fm A |um]? + 0m|vm|T)de.
Q

If {¢,,} is bounded, we can use the above estimate and (2.24) to get

co,0 <liminfey,, s,
m—00
This and (2.23) we get

co,0 < liminfey,, 5., <limsupey,,.s, < o0,
m—oo m—00

that is co,0 = limp— 00 CA,, 6,0 -
It remains to check that {¢,,} is bounded. A straightforward calculation
shows that

(s v)| )T
2.2 tm = .
(2.25) (2* fQ F(um,vm)dz

we obtain

Since (U, vm) € Ni,, .6

m?

||(um,vm)|\2E:2*/9F(um,vm)dx+/ﬂ()\m|um|q+5m|vm|q)d$

_2r *
< 2°Sp 7 [[(Um, vm) | + 0m (1)

Hence ||(tm,vm)||% > Cy > 0, and therefore from the above expression it
follows that [, F(tm,vm)dz > Cs > 0. Thus, the boundedness of {(tm,vm)}
and (2.25) imply that {¢,,} is bounded. This completes the proof. O

3. Some technical results

The following lemma is standard, and its proof follows adapting arguments
found in [22].
Lemma 3.1. Suppose {(um,vm)} C E such that [, F(tm,vm)de = 1 and

lim,, s o0 || (Wims m)||% = Sk. Then there exist {rm} C (0,4+00) and {ym} C RY
such that

(31)  wm() = (@h(@),03 @) =T (U + ), Vo (P + Yom))

contains a convergent subsequence denoted again by {wy,} such that w, — w in
D22(RN)xD*2(RYN). Moreover, as m — oo, we have rp, — 0 and yp, — y € Q.
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Up to translations, we may assume that 0 € €2, since €2 is a smooth bounded
domain of RY | we can choose > 0 small enough such that B, = B,.(0) = {z €
RN : d(z,0) < r} C Q and the sets

QF = {z e RY : dist(z,Q) <r}, Q. ={xcRY :dist(x,00) > r},
are homotopically equivalent to . Let
H§ oa(Br) = {u € HF(B,) : u is radial }
and
Emd(BT) = Hg,md(BT) X Hg,md(Br)-
We define the functional

EBT(U,’U):%/ (|Au|2+|Av|2)dz—/ F(u,v)d:cfé/ (Aul? + dJv|?)dz
B, B, By

(u,v) € Erqa(B,), and set
my,s = inf Ep, (u’u)’
(u,v)e/\/f’g

where

N5 o= {(u,0) € Eraa(B;) \ {(0,0)} : (€5, (u,v), (u,v)) = 0}
Clearly, my s is nonincreasing in A, . Note that my s > 0 for all A,é > 0.

Arguing as in the proof of Lemma 2.4 and Theorem 2.3, we obtain the
following result.

Lemma 3.2. Suppose that (Fy)-(Fz) hold, then the infimum my s is attained
by a positive radial function (uxs,vrs) € Erqq whenever N > 8,2 < ¢ < 2*
and X\,0 > 0, or N > 5,q =2 and X\,0 € (0,A1,r44), where Ay pqq > 0 is the
first eigenvalue of the operator (A2, Hg rad(Br)). Moreover,

< 4 (SF ) I . 4 (SF )
m m m = -
Ao 2¢) 7 aemor 0T N —a\ 2

N
4

We define the barycenter map 3 : Ny s — RY by setting

Blu,v) = (gf)_%/ﬂF(u,v):cd:c.

This map has the following property.

Lemma 3.3. If N > 5,2 < q < 2* and F satisfies (Fp) ( 2), then there
exists \* > 0 such that ﬂ(u v) € QF whenever (u,v) € Ny s, A\, 6 € (0,\*) and
Exs(u,v) <mys.

Proof. We argue by contradiction. Suppose that there exist {\,}, {3} C RT
and {(wm,vm)} C Na,, s, such that A\, 8, — 07 as m — oo, Ex,, s, (Um, Vi)
S mAWL76WL bU't ﬁ(um) Um) ¢ Q’;"r From {(Um,vm)} - NAWLaé and gATrLa(S (um’
Um) < my we have that {(um,vm)} is bounded in E. Moreover,

0= <5$\m,6m (um, Um)v (um, Um)>

m 767‘@ ?
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[t o) [ — 2° /

Ftm, v = [ ol [+ 6o 7).
Q Q

Since A, m — 07, we can use the boundedness of {(um,vm)} to get
0< /Q(Ammmw + Snlvm| V) = 0,
from which it follows that
Ji_rpoo | (W, V) || % = 2 W}gnoo A F(tp, vm)de =k > 0.
Notice that

c>\7n767n S g>\7n767n (um’ Um)

1 1
5ll(um,vm)lliﬂf/F(um,vm)dwf—/(Amlumlq+5mlvmlq)dw
Q q.Jq

<My 6m

2

4

Recalling that cy,, s, and m,,, s, both converge to —; (SF

2*
the above expression and [, (A [tm|? =+ 0pm|vm|?)dz — 0 again to conclude that

k=2"(5£)%, that is,

1
) , We can use

=2" lim F(tm, v )dz.

(3.2) Him | (e o) |12 :2*(S—F)%
’ m—oo my vmJNE Q¥

Let tm = (fo F(tm, vm)da) =7 > 0 and notice that t,(tm, v,,) satisfies the
hypotheses of Lemma 3.1. Using Lemma 3.1, there exist sequences {r,} C
(0, +00) and {y,,} € RN satisfying r,,, — 0,9 — v € Q we have that w,, — w
in D22(RY) x D*2(RN).

Using the definition of 3, (3.2), the strong convergence of {w,,} and Lebes-
gue’s Theorem, we get

Sk

2*)11/QF(tm(um,vm))xdx

=(1 +om(1))/QF(tm(um,vm))xd$

Bty V) = t;f* (

— (14 om(1)) /Q F(wm) (i + yo)de

=1+ om(l))</ﬂF(w)gjd:c + om(1)>.

Since 7 € Q and Jo F(w)dz = 1, the above expression implies that

lim _dist (B(um,vm),2) =0,

which contradicts B(wm,, vm) € Q. O
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According to Lemma 3.2, for each A, § > 0 small the infimum m ) s is attained
by a nonnegative radial function oy 5 = (ux,s,0x,5) € Nfg. We consider

5;7?§’5 = {(u,v) € E:Exs(u,v) <mys}

and define the function v : Q7 — 5/7\7?(?'5 by setting, for each y € Q"

_ [ onsl@—y), ifzeB(y),
(3.3) YY) = { 0, otherwise.
A change of variables and straightforward calculations show that the map -y is
well defined. Since (uy,s, vas) is radial, we have that fB F(ux,s,vx6)xde =0.
Hence, for each y € Q.7 we obtain

Bon) = (55) | Flunste = g)onslo — p)ods

_ (g_f)*% /Q Flus (), vx,5(1))(t + y)dt

- (SF)_% /QF(U/\,(S(t)va,a(t))ydt

= yaA,57

NP

where a5 = (g—F) Jo F(ux5(t), va,s(t))dt.
Along the way of proving Lemma 3.3, we have the following result.

Lemma 3.4. If \,d — 07, ays — 1.

Proof. By Lemma 3.2, we have that
1
mas =5 [ (BursP + [BossP)de = [ Fluns,ons)ds
B, B

1
_ 5/ (Muas|? + lon5]9)dz

T

< L (SF ) T .
N — 4\ 2%
As before [ (Muxs|? + dlvas|?)dz — 0. Thus, £ (uxs,va,s) = 0, the above
expression and the same arguments used in the proof of Lemma 3.2 imply that

/QF(u,\75,v,\75)dx — (%)%

2*
The above equality and the definition of oy s imply that oy s — 1. (I
Next we define Hy 5 : [0,1] x (MysNEY3°) = RY by

D50,

eO W

Hys(t,2) = (t—|—

We have the following:
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Lemma 3.5. If F satisfies (Fy)-(F2), then there exists \** > 0 such that
(3.4) Hys([0,1] x (MasNELS?)) € Qf
for all A\, 6 € (0, \**).

Proof. Arguing by contradiction, we suppose that there exist t,, € [0, 1], A,
dm — 0T as m — oo, and (U, vm) € NasN 5:\7;?’5 such that Hy,, s, (tm,Um,
V) € QF for all m. Up to a subsequence t,, — to € [0, 1]. Moreover, the com-
pactness of Q and Lemma 3.3 imply that, up to a subsequence, B(tm, vpm) —
Yy € Q. From Lemma 3.4 .6, — 1. So, we can use the definition of H) s
to conclude that Hy,, s, (tm, Um,vm) — y € Q, which is a contradiction. The

lemma is proved. O

4. Proof of main result

In this section we shall prove Theorem 1.1. We begin with the following
lemma.

Lemma 4.1. If (u,v) is a critical point of Ex5 on Ny, then it is a critical
point of Ex5 in E.

Proof. The proof is almost the same as that Lemma 3.2 in [15] and is omitted
here. (]

Lemma 4.2. Suppose that (Fy)-(F») hold, then any sequence {(Um,vm)} C
N
N)\,a such that 5/\75(um,’Um) Se< N4_4(gf 1

a convergent subsequence for \,§ > 0 if ¢ > 2 and \,§ € (0,\*) if ¢ = 2 for
some small \* > 0.

and &} 5(um,vm) — 0 contains

Proof. By hypothesis there exists a sequence 0, € R such that ||} 5(um,vim) —
Om Ty 5(Um, vm)||E — 0 asm — oo, where 7y s(u,v) = (€} 5(u,v), (u,v)). Thus

Sf\,a(umvvm) = omj;\,(;(umvvm) +om(1).
Recall that
(Tn.5(tms Um), (U, U )) <O for all (wp, vm) € Nas.

If <*7/<,§(uma Um)a (um; Um)) — 0, we have

/()\|um|q + d|up|9)dz — 0, / F(tp, vm)dz — 0.
Q Q

Consequently ||(tm, vm )| — 0.
On the other hand, if (U, vm) C Ny s it follows that

1< CO (s v ) 157+ 8 (s v 1 + 1t 0 ) |7 )

for some C' > 0. Hence we arrive at a contradiction if \,6 > 0 and ¢ > 2
or \,§ € (0,)*) for small \* > 0 when ¢ = 2. Thus we may assume that
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(I 5 (W, vm), (U, V) — £ < 0. Since (€} 5(Um, Vm), (Um,vm)) = 0, we con-
clude that #,, = 0 and, consequently, 5&7 5(Um,vm) — 0. Using this information
we have
& ( ) o< —2 (SF)%adS’ ( ) =0
A8 Um, y Um, C N — 4 o 1 W Um, y Um, ,

so by Lemma 2.1 the proof is completed. (I

Below we denote by Enr, ; the restriction of £y 5 on Nys.

Lemma 4.3. Suppose N > 5,2 < q < 2* and F satisfies (Fp)-(F»), let A =
min{A*, \*} >0, A, € (0,A), then catgmas (E7) > catq(2), where A*, \**
Na,s ’
given by Lemmas 3.3 and 3.5, respectively.
Proof. Assume that 5/7\7:}6 =A1UAU---UA,,, where 4;, j =1,2,...,m, are
closed and contractible sets in Eﬁi’;, i.e., there exists h; € C([0,1] x A}, 5}\7}:”;)
such that
hi(0,2z) =z, h;j(1,z) =19 forall z € Aj,
where 9 € A; is fixed. Consider B; = v71(A4;),1 < j < m. The sets B; are
closed and Q" = By UByU---U B,,. We define the deformation g, : [0, 1] x B,
by setting
gj (tv y) = H/\,zs(tv h’j (tv ’Y(y)))
for A\, € (0,A). Note that

Bov)(y
Qx5
implies
9;(0,y) = 20 y for ally € By,
HW)

and g;(1,y) = Hxs(1,h;(1,7(y))) = B(h;(1,7(y))) implies
9;(1,y) = B(9) € Q.
Thus the sets B; are contractible in Qf. So cato(Q) = catg+ (2F) <m. O

T

Proof of Theorem 1.1. Using Lemma 2.1, Lemma 2.2 and Lemma 3.2 we know

N
that ¢y 5,mr 5 < ﬁ (gF) " for A, 6 € (0,A). Moreover, by Lemma 4.2, Exy, ;

N
Sk *
2*

a standard deformation argument implies that, for X,d € (0, A), Enr, ; contains
at least cato(Q) critical points of the restriction of £y 5 on N 5. Now Lemma
4.1 implies that Ex, ; has at least cato(f2) critical points, and therefore has at
least catq(§2) nontrivial solutions of (1.1). The proof is completed. O

satisfies the (PS). condition for all ¢ < ﬁ ( . Therefore, by Lemma 4.3,
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