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CURVATURE OF MULTIPLY WARPED PRODUCTS WITH

AN AFFINE CONNECTION

Yong Wang

Abstract. In this paper, we study the Einstein multiply warped prod-
ucts with a semi-symmetric non-metric connection and the multiply warp-
ed products with a semi-symmetric non-metric connection with constant
scalar curvature, we apply our results to generalized Robertson-Walker
spacetimes with a semi-symmetric non-metric connection and generalized
Kasner spacetimes with a semi-symmetric non-metric connection and find
some new examples of Einstein affine manifolds and affine manifolds with
constant scalar curvature. We also consider the multiply warped products

with an affine connection with a zero torsion.

1. Introduction

The (singly) warped product B ×b F of two pseudo-Riemannian manifolds
(B, gB) and (F, gF ) with a smooth function b : B → (0,∞) is the product
manifold B × F with the metric tensor g = gB ⊕ b2gF . Here, (B, gB) is called
the base manifold and (F, gF ) is called as the fiber manifold and b is called as
the warping function. Generalized Robertson-Walker space-times and standard
static space-times are two well-known warped product spaces. The concept of
warped products was first introduced by Bishop and Oneil (see [4]) to construct
examples of Riemannian manifolds with negative curvature. In Riemannian
geometry, warped product manifolds and their generic forms have been used to
construct new examples with interesting curvature properties since then. In [5],
F. Dobarro and E. Dozo had studied from the viewpoint of partial differential
equations and variational methods, the problem of showing when a Riemannian
metric of constant scalar curvature can be produced on a product manifolds
by a warped product construction. In [7], Ehrlich, Jung and Kim got explicit
solutions to warping function to have a constant scalar curvature for generalized
Robertson-Walker space-times. In [3], explicit solutions were also obtained for
the warping function to make the space-time as Einstein when the fiber is also
Einstein.
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One can generalize singly warped products to multiply warped products.
Briefly, a multiply warped product (M, g) is a product manifold of form M =
B×b1F1×b2F2×· · ·×bmFm with the metric g = gB⊕b21gF1⊕b22gF2⊕· · ·⊕b2mgFm

,
where for each i ∈ {1, . . . ,m}, bi : B → (0,∞) is smooth and (Fi, gFi

) is a
pseudo-Riemannian manifold. In particular, when B = (c, d) with the negative
definite metric gB = −dt2 and (Fi, gFi

) is a Riemannian manifold, we call M
as the multiply generalized Robertson-Walker space-time. In [6], Dobarro and

Ünal studied Ricci-flat and Einstein-Lorentzian multiply warped products and
considered the case of having constant scalar curvature for multiply warped
products and applied their results to generalized Kasner space-times.

Singly warped products have a natural generalization. A twisted product
(M, g) is a product manifold of form M = B ×b F , with a smooth function
b : B × F → (0,∞), and the metric tensor g = gB ⊕ b2gF . In [8], they showed
that mixed Ricci-flat twisted products could be expressed as warped products.
As a consequence, any Einstein twisted products are warped products. In
[12], we define the multiply twisted products as generalizations of multiply
warped products and twisted products. A multiply twisted product (M, g) is
a product manifold of form M = B×b1 F1 ×b2 F2 × · · ·×bm Fm with the metric
g = gB⊕b21gF1⊕b22gF2⊕· · ·⊕b2mgFm

, where for each i ∈ {1, . . . ,m}, bi : B×Fi →
(0,∞) is smooth.

The definition of a semi-symmetric metric connection was given by H. Hay-
den in [9]. In 1970, K. Yano [13] considered a semi-symmetric metric connection
and studied some of its properties. He proved that a Riemannian manifold ad-
mitting the semi-symmetric metric connection has vanishing curvature tensor
if and only if it is conformally flat. Motivated by the Yano’ result, in [11], Su-

lar and Özgur studied warped product manifolds with a semi-symmetric metric
connection, they computed curvature of semi-symmetric metric connection and
considered Einstein warped product manifolds with a semi-symmetric metric
connection. In [12], we considered multiply twisted products with a semi-
symmetric metric connection and computed the curvature of a semi-symmetric
metric connection. We showed that mixed Ricci-flat multiply twisted products
with a semi-symmetric metric connection can be expressed as multiply warped
products which generalizes the result in [8]. We also studied the Einstein mul-
tiply warped products with a semi-symmetric metric connection and multiply
warped products with a semi-symmetric metric connection with constant scalar
curvature, we applied our results to generalized Robertson-Walker spacetimes
with a semi-symmetric metric connection and generalized Kasner spacetimes
with a semi-symmetric metric connection and we found some new examples of
Einstein affine manifolds and affine manifolds with constant scalar curvature.
We also classified generalized Einstein Robertson-Walker spacetimes with a
semi-symmetric metric connection and generalized Einstein Kasner spacetimes
with a semi-symmetric metric connection. In [1, 2], Agashe and Chafle intro-
duced the notation of a semi-symmetric metric connection and studied some of
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its properties and submanifolds of a Riemannian manifold with semi-symmetric
non-metric connections. In [10], they studied warped product manifolds with a
semi-symmetric non-metric connection. The purpose of this paper is to study
the Einstein multiply warped products with a semi-symmetric non-metric con-
nection and multiply warped products with a semi-symmetric non-metric con-
nection with constant scalar curvature.

This paper is arranged as follows: In Section 2, we compute curvature of mul-
tiply twisted products with a semi-symmetric non-metric connection. In Sec-
tion 3, we study the special multiply warped products with a semi-symmetric
non-metric connection. In Section 4, we study the generalized Robertson-
Walker spacetimes with a semi-symmetric non-metric connection. In Section
5, we consider the generalized Kasner spacetimes with a semi-symmetric non-
metric connection. In Section 6, we compute curvature of multiply twisted
products with an affine connection with a zero torsion.

2. Preliminaries

Definition 2.1. A multiply twisted product (M, g) is a product manifold of
form M = B ×b1 F1 ×b2 F2 × · · · ×bm Fm with the metric g = gB ⊕ b21gF1 ⊕
b22gF2 ⊕ · · · ⊕ b2mgFm

, where for each i ∈ {1, . . . ,m}, bi : B × Fi → (0,∞) is
smooth.

Here, (B, gB) is called the base manifold and (Fi, gFi
) is called as the fiber

manifold and bi is called as the twisted function. Obviously, twisted prod-
ucts and multiply warped products are the special cases of multiply twisted
products.

Let M be a Riemannian manifold with Riemannian metric g. A linear con-
nection ∇ on a Riemannian manifold M is called a semi-symmetric connection

if the torsion tensor T of the connection ∇
(2.1) T (X,Y ) = ∇XY −∇YX − [X,Y ]

satisfies

(2.2) T (X,Y ) = π(Y )X − π(X)Y,

where π is a 1-form associated with the vector field P on M defined by π(X) =
g(X.P ). ∇ is called a semi-symmetric metric connection if it satisfies ∇g = 0.
∇ is called a semi-symmetric non-metric connection if it satisfies ∇g 6= 0.

If ∇ is the Levi-Civita connection of M , the semi-symmetric non-metric
connection ∇ is given by

(2.3) ∇XY = ∇XY + π(Y )X

(see [1]). Let R and R be the curvature tensors of ∇ and ∇, respectively. Then
R and R are related by

(2.4)
R(X,Y )Z = R(X,Y )Z + g(Z,∇XP )Y − g(Z,∇Y P )X

+ π(Z)[π(Y )X − π(X)Y ]
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for any vector fields X,Y, Z on M [1]. By (2.3) and Proposition 2.2 in [12], we
have:

Proposition 2.2. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y ∈ Γ(TB) and U ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈ Γ(TB).
Then

(1) ∇XY = ∇B

XY.

(2) ∇XU = X(bi)
bi

U.

(3) ∇UX = [X(bi)
bi

+ π(X)]U.

(4) ∇UW = 0 if i 6= j.

(5) ∇UW = U(lnbi)W+W (lnbi)U− gFi
(U,W )

bi
gradFi

bi−bigFi
(U,W )gradBbi

+∇Fi

U W if i = j.

Proposition 2.3. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y ∈ Γ(TB) and U ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈ Γ(TFk).
Then

(1) ∇XY = ∇B
XY.

(2) ∇XU = X(bi)
bi

U + g(P,U)X.

(3) ∇UX = X(bi)
bi

U.

(4) ∇UW = g(W,P )U if i 6= j.

(5) ∇UW = U(lnbi)W+W (lnbi)U− gFi
(U,W )

bi
gradFi

bi−bigFi
(U,W )gradBbi

+∇Fi

U W + π(W )U if i = j.

By (2.4) and Proposition 2.4 in [12], we have:

Proposition 2.4. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj), U ∈ Γ(TFk)
and P ∈ Γ(TB). Then

(1) R(X,Y )Z = R
B
(X,Y )Z.

(2) R(V,X)Y = −
[
H

bi
B

(X,Y )

bi
+ g(Y,∇XP )− π(X)π(Y )

]
V.

(3) R(X,V )W = R(V,W )X = R(V,X)W = 0 if i 6= j.

(4) R(X,Y )V = 0.
(5) R(V,W )X = V X(lnbi)W −WX(lnbi)V if i = j.

(6) R(V,W )U = 0 if i = j 6= k or i 6= j 6= k.

(7) R(U, V )W = −g(V,W ) gB(gradBbi,gradBbk)
bibk

U − g(V,W )P (bi)
bi

U

if i = j 6= k.

(8) R(X,V )W = [WX(lnbi)]V − g(W,V ) ·
[
∇B

X (gradBbi)
bi

+
gradFi

(Xlnbi)

b2i

+ P (bi)
bi

X
]
if i = j.

(9) R(U, V )W = g(U,W )gradB(V (lnbi))− g(V,W )gradB(U(lnbi))
+RFi(U, V )W
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−
(

|gradBbi|2B
b2i

+ P (bi)
bi

)
[g(V,W )U − g(U,W )V ]

if i = j = k.

Proposition 2.5. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj), U ∈ Γ(TFk)
and P ∈ Γ(TFl). Then

(1) R(X,Y )Z = RB(X,Y )Z.

(2) R(V,X)Y = −H
bi
B (X,Y )

bi
V if i 6= l.

(3) R(V,X)Y = −H
bi
B

(X,Y )

bi
V − π(V )Y (bi)

bi
X if i = l.

(4) R(X,V )W = X(bl)
bl

π(W )V if i 6= j.

(5) R(V,W )X = −δli π(V )
bi

X(bi)W + δlj
π(W )
bj

X(bj)V if i 6= j.

(6) R(X,Y )V = π(V )
[
X(bl)
bl

Y − Y (bl)
bl

X
]
.

(7) R(V,W )X = V X(lnbi)W −WX(lnbi)V − δli
X(bi)
bi

[π(V )W − π(W )V ]
if i = j.

(8) R(V,W )U = 0 if i = j 6= k or i 6= j 6= k.

(9) R(U, V )W =−g(V,W ) gB(gradBbi,gradBbk)
bibk

U − g(W,∇V P )U

+ π(W )[π(V )U − π(U)V ] if i = j 6= k.

(10) R(X,V )W =[WX(lnbi)]V − g(W,V )
∇B

X (gradBbi)
bi

− gradFi
(X lnbi)gFi

(W,V ) + X(bl)
bl

π(W )V

− g(W,∇V P )X + π(V )π(W )X if i = j.

(11) R(U, V )W = g(U,W )gradB(V (lnbi))− g(V,W )gradB(U(lnbi))

+RFi(U, V )W − |gradBbi|2B
b2i

(g(V,W )U − g(U,W )V )

if i = j = k 6= l.

(12) R(U, V )W = g(U,W )gradB(V (lnbi))− g(V,W )gradB(U(lnbi))

+RFi(U, V )W − |gradBbi|2B
b2i

(g(V,W )U − g(U,W )V )

+ g(W,∇UP )V − g(W,∇V P )U + π(W )[π(V )U − π(U)V ]
if i = j = k = l.

By Propositions 2.4 and 2.5, we have:

Proposition 2.6. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈
Γ(TB). Then

(1) Ric(X,Y )=Ric
B
(X,Y )+

∑m
i=1 li

[
H

bi
B

(X,Y )

bi
+g(Y,∇XP )−π(X)π(Y )

]
.

(2) Ric(X,V ) = Ric(V,X) = (li − 1)[V X(lnbi)].
(3) Ric(V,W ) = 0 if i 6= j.

(4) Ric(V,W ) = RicFi(V,W ) +
[
△Bbi
bi

+ (li − 1)
|gradBbi|2B

b2i

+
∑

j 6=i lj
gB(gradBbi,gradBbj)

bibj
+
∑m

j=1 lj
Pbj
bj

+ (n− 1)Pbi
bi

]
g(V,W ) if i =

j, where dimB = n, dimM = n.
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Corollary 2.7. Let M = B ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply twisted

product and dimFi > 1 and P ∈ Γ(TB). Then (M,∇) is mixed Ricci-flat if

and only if M can be expressed as a multiply warped product. In particular, if

(M,∇) is Einstein, then M can be expressed as a multiply warped product.

Proposition 2.8. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈
Γ(TFr). Then

(1) Ric(X,Y ) = RicB(X,Y ) +
∑m

i=1 li
H

bi
B (X,Y )

bi
.

(2) Ric(X,V ) = (li − 1)[V X(lnbi)] + (n− 1)X(br)
br

π(V ).

(3) Ric(V,X) = (li − 1)[V X(lnbi)] + (1− n)X(br)
br

π(V ).

(4) Ric(V,W ) = 0 if i 6= j.

(5) Ric(V,W ) = RicFi(V,W ) + g(V,W )
[
△Bbi
bi

+ (li − 1)
|gradBbi|2B

b2i

+
∑

j 6=i lj
gB(gradBbi,gradBbj)

bibj

]
+ (n− 1)g(W,∇V P ) + (1− n)π(V )π(W )

if i = j.

Corollary 2.9. Let M = B ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply twisted

product and dimFi > 1 and P ∈ Γ(TFr). Then (M,∇) is mixed Ricci-flat if

and only if M can be expressed as a multiply warped product and br is only

dependent on Fr. In particular, if (M,∇) is Einstein, then M can be expressed

as a multiply warped product.

Proposition 2.10. Let M = B ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply

twisted product and P ∈ Γ(TB). Then the scalar curvature S has the following

expression:

(2.5)

S = S
B
+ 2

m∑

i=1

li

bi
△Bbi +

m∑

i=1

SFi

b2i
+

m∑

i=1

li(li − 1)
|gradBbi|2B

b2i

+

m∑

i=1

∑

j 6=i

lilj
gB(gradBbi, gradBbj)

bibj
+ (n− 1)

m∑

i=1

li
P (bi)

bi

+

m∑

i=1

m∑

j=1

lilj
P (bj)

bj
+

m∑

i=1

li [divBP − π(P )] .

Proposition 2.11. Let M = B ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply

twisted product and P ∈ Γ(TFr). Then the scalar curvature S has the following

expression:

S = SB + 2

m∑

i=1

li

bi
△Bbi +

m∑

i=1

SFi

b2i
+

m∑

i=1

li(li − 1)
|gradBbi|2B

b2i

+

m∑

i=1

∑

j 6=i

lilj
gB(gradBbi, gradBbj)

bibj
+ (1 − n)π(P )(2.6)
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+ (n− 1)

lr∑

jr=1

εjrg(∇Er
jr
P,Er

jr
).

3. Special multiply warped products with a semi-symmetric
non-metric connection

Let M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped product with
the metric tensor −dt2 ⊕ b21gF1 ⊕ · · · ⊕ b2mgFm

and I is an open interval in R

and bi ∈ C∞(I).

Theorem 3.1. Let M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped

product with the metric tensor −dt2 ⊕ b21gF1 ⊕ · · · ⊕ b2mgFm
and P = ∂

∂t
. Then

(M,∇) is Einstein with the Einstein constant λ if and only if the following

conditions are satisfied for any i ∈ {1, . . . ,m}
(1) (Fi,∇Fi) is Einstein with the Einstein constant λi, i ∈ {1, . . . ,m}.
(2)

∑m
i=1 li

(
1− b′′i

bi

)
= λ.

(3) λi − bib
′′
i − (li − 1)b′2i − bib

′
i

∑
j 6=i lj

b′j
bj

+ b2i
∑m

j=1 lj
b′j
bj

= λb2i .

Proof. By Proposition 2.6, we have

(3.1) Ric

(
∂

∂t
,
∂

∂t

)
= −

m∑

i=1

li

(
1− b′′i

bi

)
;

(3.2) Ric

(
∂

∂t
, V

)
= Ric

(
V,

∂

∂t

)
= 0;

(3.3)

Ric (V,W ) = RicFi(V,W )

+ gFi
(V,W )


−bib′′i − (li − 1)b′2i − bib

′
i

∑

j 6=i

lj
b′j
bj

+ b2i

m∑

j=1

lj
b′j
bj


 .

By (3.1)-(3.3) and the Einstein condition, we get the above theorem. �

Definition 3.2. (M,∇) is called pseudo-Einstein with the Einstein constant
λ if 1

2 [Ric(X,Y ) + Ric(Y,X)] = λg(X,Y ).

Theorem 3.3. Let M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped

product with the metric tensor −dt2 ⊕ b21gF1 ⊕ · · · ⊕ b2mgFm
and P ∈ Γ(TFr)

and n > 2. Then (M,∇) is pseudo-Einstein with the Einstein constant λ if

and only if the following conditions are satisfied for any i ∈ {1, . . . ,m}
(1) (Fi,∇Fi) (i 6= r) is Einstein with the Einstein constant λi, i ∈ {1, . . .,

m}.
(2) −∑m

i=1 li
b′′i
bi

= λ.
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(3) RicFi(V,W )− gFi
(V,W )

[
bib

′′
i + (li − 1)b′2i + bib

′
i

∑
j 6=i lj

b′j
bj

+ λb2i

]
=

(n− 1)
[
π(V )π(W )− g(W,∇V P )+g(V,∇WP )

2

]
for V,W ∈ Γ(TFr), r = i.

(4) λi − bib
′′
i − (li − 1)b′2i − bib

′
i

∑
j 6=i lj

b′j
bj

− λb2i = 0 for i 6= r.

Proof. By Proposition 2.8, then,

(3.4) Ric

(
∂

∂t
,
∂

∂t

)
=

m∑

i=1

li
b′′i
bi
.

So we have
∑m

i=1 li
b′′i
bi

= −λ.
(3.5)

Ric(V,W ) = RicFi(V,W ) + b2i gFi
(V,W )


−b

′′
i

bi
+ (li − 1)

−b′2i
b2i

+
∑

j 6=i

lj
−b′ib′j
bibj




+ (n− 1)[g(W,∇V P )− π(V )π(W )].

When i 6= r, then ∇V P = ∇WP = π(V ) = 0, so
(3.6)

Ric(V,W ) = RicFi(V,W ) + b2i gFi
(V,W )


−b

′′
i

bi
+ (li − 1)

−b′2i
b2i

+
∑

j 6=i

lj
−b′ib′j
bibj




= λb2i gFi
(V,W ).

By variables separation, we have (Fi,∇Fi) (i 6= r) is Einstein with the Einstein
constant λi and

(3.7) λi − bib
′′
i − bib

′
i

∑

j 6=i

lj
b′j
bj

− (li − 1)b′2i = λb2i .

When i = r, then

(3.8)

RicFi(V,W )− gFi
(V,W )


bib′′i + (li − 1)b′2i + bib

′
i

∑

j 6=i

lj
b′j
bj

+ λb2i




= (n− 1)

[
π(V )π(W ) − g(W,∇V P ) + g(V,∇WP )

2

]
.

So we prove the above theorem. �

When M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped product and
P = ∂

∂t
, by Proposition 2.10, we have

(3.9)

S = −2

m∑

i=1

li
b′′i
bi
+

m∑

i=1

SFi

b2i
+

m∑

i=1

li−
m∑

i=1

li(li−1)
b′2i
b2i

−
m∑

i=1

∑

j 6=i

lilj
b′ib

′
j

bibj
+

m∑

i,j=1

lilj
b′j
bj
.
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The following result just follows from the method of separation of variables and
the fact that each SFi is a function defined on Fi.

Proposition 3.4. Let M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped

product and P = ∂
∂t
. If (M,∇) has constant scalar curvature S, then each

(Fi,∇Fi) has constant scalar curvature SFi .

When P ∈ Γ(TFr), by Proposition 2.11, we have

(3.10)
S = − 2

m∑

i=1

li
b′′i
bi

+

m∑

i=1

SFi

b2i
+

m∑

i=1

li(li − 1)
−b′2i
b2i

+

m∑

i=1

∑

j 6=i

lilj
−b′ib′j
bibj

+ π(P )(1 − n) + (n− 1)divFr
P.

Proposition 3.5. Let M = I ×b1 F1 ×b2 F2 × · · · ×bm Fm be a multiply warped

product and P ∈ Γ(TFr). If (M,∇) has constant scalar curvature S, then each

(Fi,∇Fi) (i 6= r) has constant scalar curvature SFi and if gFr
(P, P ) and divFr

P

are constants, then SFr is also a constant.

4. Generalized Robertson-Walker spacetimes with a
semi-symmetric non-metric connection

In this section, we study M = I ×F with the metric tensor −dt2 + f(t)2gF .
As a corollary of Theorem 3.1, we obtain:

Corollary 4.1. Let M = I × F with the metric tensor −dt2 + f(t)2gF and

P = ∂
∂t
. Then (M,∇) is Einstein with the Einstein constant λ if and only if

the following conditions are satisfied

(1) (F,∇F ) is Einstein with the Einstein constant λF .

(2) f ′′ = (1− λ
l
)f.

(3) λF + (1 − l)f ′2 + (λ
l
− 1− λ)f2 + lf ′f = 0.

By Corollary 4.1(2) and elementary methods for ordinary differential equa-
tions, we get:

Case i) λ < l, then f = c1e
at + c2e

−at, where a =
√
1− λ

l
. By Corollary 4.1

(3), then

λF + 2c1c2

[
λ

l
− 1− λ+ (l − 1)a2

]
+ c21e

2at

[
(1− l)a2 + (

λ

l
− 1− λ) + la

]

(4.1) +c22e
−2at

[
(1− l)a2 + (

λ

l
− 1− λ) − la

]
= 0.

So

(4.2i) λF + 2c1c2

[
λ

l
− 1− λ+ (l − 1)a2

]
= 0;

(4.2ii) c21

[
(1− l)a2 + (

λ

l
− 1− λ) + la

]
= 0;
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(4.2iii) c22

[
(1− l)a2 + (

λ

l
− 1− λ)− la

]
= 0.

When c1 6= 0, c2 6= 0, by (4.2ii) and (4.2iii), then la = 0, this is a contradiction.
When c1 = 0 and c2 6= 0, by (4.2iii), (1 − l)a2 + (λ

l
− 1 − λ) = la. By

a =
√

1− λ
l
, then a = −1, this is a contradiction. When c1 6= 0 and c2 = 0, by

(4.2ii), (1− l)a2 +(λ
l
− 1−λ) = −la, then a = 1 and λ = 0. By (4.2i), λF = 0.

So we get λF = λ = 0, f = c1e
t.

Case ii) λ > l, f = c1cos(bt) + c2sin(bt), where b =
√

λ
l
− 1. By Corollary

4.1(3), we have
(4.3)

λF + (1− l)(−c1bsin(bt) + c2bcos(bt))
2 + (

λ

l
− 1− λ)(c1cos(bt) + c2sin(bt))

2

+ l(c1cos(bt) + c2sin(bt))(−c1bsin(bt) + c2bcos(bt)) = 0.

So

(4.3i) (1− l)c21b
2 + (

λ

l
− 1− λ)c22 − lc1c2b = −λF ;

(4.3ii) (1− l)c22b
2 + (

λ

l
− 1− λ)c21 + lc1c2b = −λF ;

(4.3iii) −2(1− l)c1c2b
2 + 2c1c2(

λ

l
− 1− λ) + l(−c21 + c22)b = 0.

By (4.3i) and (4.3ii) and b2 = λ
l
− 1, we get

(4.4)

[
(1− l)b2 − (

λ

l
− 1− λ)

]
(c21 − c22)− 2lc1c2b = 0, c21 − c22 = 2c1c2b.

By (4.4) and (4.3iii), we have c1c2 = 0, then c1 = c2 = 0. This is a contradic-
tion.
Case iii) λ = l and f = c1 + c2t, by Corollary 4.1(3), we get

(4.5) λF + (1 − l)c22 + (
λ

l
− 1− λ)(c1 + c2t)

2 + l(c1 + c2t)c2 = 0.

Then

(4.6i) (
λ

l
− 1− λ)c22 = 0;

(4.6ii) 2(
λ

l
− 1− λ)c1c2 + lc22 = 0;

(4.6iii) λF + (1− l)c22 + (
λ

l
− 1− λ)c21 + lc1c2 = 0.

By λ = l and (4.6i), then c2 = 0. By (4.6iii), then c1 =
√

λF

l
. So we get

λ = l, f =
√

λF

l
. We get the following theorem.
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Theorem 4.2. Let M = I × F with the metric tensor −dt2 + f(t)2gF and

P = ∂
∂t

and dimF > 1. Then (M,∇) is Einstein with the Einstein constant λ

if and only if (F,∇F ) is Einstein with the Einstein constant λF and one of the

following conditions holds 1) λF = λ = 0, f = c1e
t, 2) λ = l, f =

√
λF

l
.

By (3.9) and Proposition 3.4, we have:

Corollary 4.3. Let M = I × F with the metric tensor −dt2 + f(t)2gF and

P = ∂
∂t
. If (M,∇) has constant scalar curvature S if and only if (F,∇F ) has

constant scalar curvature SF and

(4.7) S =
SF

f2
− 2l

f ′′

f
− l(l− 1)

f ′2

f2
+ l + l2

f ′

f
.

In (4.7), we make the change of variable f(t) =
√
v(t) and have the following

equation

(4.8) v′′(t) +
l − 3

4

v′(t)2

v(t)
− l

2
v′(t)− l − S

l
v(t)− SF

l
= 0.

Theorem 4.4. Let M = I × F with the metric tensor −dt2 + f(t)2gF and

P = ∂
∂t

and dimF = l = 3. If (M,∇) has constant scalar curvature S if and

only if (F,∇F ) has constant scalar curvature SF and

(1) S < 75
16 and S 6= 3, v(t) = c1e

3
2
+

√
25
4

− 4
3
S

2 t + c2e
3
2
−
√

25
4

− 4
3
S

2 t + SF

S−3
.

(2) S = 75
16 , v(t) = c1e

3
4 t + c2te

3
4 t + SF

S−3
.

(3) S > 75
16 , v(t) = c1e

3
4 tcos

(√
3
4S− 25

4

2 t

)
+ c2e

3
4 tsin

(√
3
4S− 25

4

2 t

)
+ SF

S−3
.

(4) S = 3, v(t) = c1 − 2SF

9 t+ c2e
3
2 t.

Proof. If l = 3, then we have a simple differential equation

(4.9) v′′(t)− 3

2
v′(t) + (

S

3
− 1)v(t)− SF

3
= 0.

If S 6= 3, we putting h(t) = (S3 − 1)v(t) − SF

3 , it follows that h
′′(t) − 3

2h
′(t) +

(S3 − 1)h(t) = 0. The above solutions (1)-(3) follow directly from elementary

methods for ordinary differential equations. When S = 3, then v′′(t)− 3
2v

′(t)−
SF

3 = 0, we get the solution (4). �

Theorem 4.5. Let M = I × F with the metric tensor −dt2 + f(t)2gF and

P = ∂
∂t

and dimF = l 6= 3 and SF = 0. Let △ = l2

4 + (l+1)(l−S)
l

. If (M,∇) has

constant scalar curvature S if and only if

(1) S < l3

4(l+1) + l, v(t) =

(
c1e

l
2
+

√
△

2 t + c2e
l
2
−

√
△

2 t

) 4
l+1

.

(2) S = l3

4(l+1) + l, v(t) =
(
c1e

l
4 t + c2te

l
4 t
) 4

l+1

.
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(3) S > l3

4(l+1) + l, v(t) =
(
c1e

l
4 tcos

(√
−△
2 t

)
+ c2e

l
4 tsin

(√
−△
2 t

)) 4
l+1

.

Proof. In this case, the equation (4.8) is changed into the simpler form

(4.10)
v′′(t)

v(t)
+
l − 3

4

v′(t)2

v(t)2
− l

2

v′(t)

v(t)
− l − S

l
= 0.

Putting v(t) = w(t)
4

l+1 , then w(t) satisfies the equation w′′− l
2w

′+ (l+1)
4

(S−l)
l
w

= 0, by the elementary methods for ordinary differential equations, we prove
the above theorem. �

When dimF = l 6= 3 and SF 6= 0, putting v(t) = w(t)
4

l+1 , then w(t) satisfies
the equation

(4.11) w′′ − l

2
w′ +

(l + 1)

4

(S − l)

l
w − (l + 1)

4

SF

l
w1− 4

l+1 = 0.

5. Generalized Kasner spacetimes with a semi-symmetric
non-metric connection

In this section, we consider the scalar and Ricci curvature of generalized
Kasner spacetimes with a semi-symmetric non-metric connection. We recall
the definition of generalized Kasner spacetimes ([6]).

Definition 5.1. A generalized Kasner spacetime (M, g) is a Lorentzian multi-
ply warped product of the form M = I ×φp1 F1 × · · · ×φpm Fm with the metric
g = −dt2 ⊕ φ2p1gF1 ⊕ · · · ⊕ φ2pmgFm

, where φ : I → (0,∞) is smooth and
pi ∈ R for any i ∈ {1, . . . ,m} and also I = (t1, t2).

We introduce the following parameters ζ =
∑m

i=1 lipi and η =
∑m

i=1 lip
2
i for

generalized Kasner spacetimes. By Theorem 3.1 and direct computations, we
get:

Proposition 5.2. Let M = I ×φp1 F1 × · · · ×φpm Fm be a generalized Kasner

spacetime and P = ∂
∂t
. Then (M,∇) is Einstein with the Einstein constant λ

if and only if the following conditions are satisfied for any i ∈ {1, . . . ,m}
(1) (Fi,∇Fi) is Einstein with the Einstein constant λi, i ∈ {1, . . . ,m}.
(2) (η − ζ)φ

′2

φ2 + ζ
(

φ′′

φ

)
+ λ−

∑m
i=1 li = 0.

(3) λi

φ2pi
− pi

φ′′

φ
− (ζ − 1)pi

φ′2

φ2 + ζ φ′

φ
= λ.

By (3.9) we obtain:

Proposition 5.3. Let M = I ×φp1 F1 × · · · ×φpm Fm be a generalized Kasner

spacetime and P = ∂
∂t
. Then (M,∇) has constant scalar curvature S if and

only if each (Fi,∇Fi) has constant scalar curvature SFi and

(5.1) S =

m∑

i=1

SFi

φ2pi
− 2ζ

φ′′

φ
− (η + ζ2 − 2ζ)

φ′2

φ2
+ (n− 1)ζ

φ′

φ
+ (n− 1).
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Nextly, we first give a classification of four-dimensional generalized Kasner
spacetimes with a semi-symmetric non-metric connection and then consider
Ricci tensors and scalar curvatures of them.

Definition 5.4. Let M = I ×b1 F1 × · · · ×bm Fm with the metric g = −dt2 ⊕
b21gF1 ⊕ · · · ⊕ b2mgFm

.
· (M, g) is said to be of Type (I) if m = 1 and dim(F ) = 3.
· (M, g) is said to be of Type (II) ifm = 2 and dim(F1) = 1 and dim(F2) = 2.
· (M, g) is said to be of Type (III) if m = 3 and dim(F1) = 1, dim(F2) = 1

and dim(F3) = 1.

By Theorems 4.2 and 4.4, we have given a classification of Type (I) Einstein
spaces and Type (I) spaces with the constant scalar curvature.

· Classification of Einstein Type (II) generalized Kasner space-
times with a semi-symmetric non-metric connection

Let M = I ×φp1 F1 ×φp2 F2 be an Einstein type (II) generalized Kasner

spacetime and P = ∂
∂t
. Then ζ = p1 + 2p2, η = p21 + 2p22. By Proposition 5.2,

we have

(5.2i) (η − ζ)
φ′2

φ2
+ ζ

(
φ′′

φ

)
+ λ− 3 = 0;

(5.2ii) −p1
φ′′

φ
− (ζ − 1)p1

φ′2

φ2
+ ζ

φ′

φ
= λ;

(5.2iii)
λ2

φ2p2
− p2

φ′′

φ
− (ζ − 1)p2

φ′2

φ2
+ ζ

φ′

φ
= λ,

where λ2 is a constant. Consider following two cases:
Case i) ζ = 0.

In this case, p2 = − 1
2p1, η = 3

2p
2
1. Then by (5.2), we have

(5.3i) η
φ′2

φ2
+ λ− 3 = 0,

(5.3ii) p1

(
−φ

′′

φ
+
φ′2

φ2

)
= λ,

(5.3iii)
λ2

φ−p1
− 1

2
p1

(
−φ

′′

φ
+
φ′2

φ2

)
= λ.

Case i a) η = 0, then pi = 0, by (5.3i), λ = 3. By (5.3ii), λ = 0, this is a
contradiction.
Case i b) η 6= 0, then pi 6= 0.
Case i b)1) λ2 = 0. By (5.3ii) and (5.3iii), λ = 0 and

(5.4) −φ
′′

φ
+
φ′2

φ2
= 0,

φ′2

φ2
=

3

η
,
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then φ = c0e
±
√

3
η
t
which satisfies the first equation in (5.4), so we get

ζ = 0, η 6= 0, λ = λF = 0, φ = c0e
±
√

3
η
t
.

Case i b)2) λ2 6= 0. By (5.3ii) and (5.3iii), we have λ2

φ−p1
= 3

2λ, so φ is a

constant. By (5.3ii), λ = 0, so λ2 = 0, this is a contradiction.

Case ii) ζ 6= 0, then η 6= 0. Putting φ = ψ
ζ
η , then ψ′′ + (λ−3)η

ζ2 ψ = 0. Hence,

(1) λ < 3, ψ = c1e

√

(3−λ)η

ζ2
t
+ c2e

−
√

(3−λ)η

ζ2
t
,

(2) λ = 3, ψ = c1 + c2t,

(3) λ > 3, ψ = c1cos

(√
(λ−3)η

ζ2 t

)
+ c2sin

(√
(λ−3)η

ζ2 t

)
.

We make (5.2) into

(5.5i) ψ′′ +
(λ − 3)η

ζ2
ψ = 0;

(5.5ii) −p1
ζ

(φζ)′′

φζ
+

(φζ)′

φζ
= λ;

(5.5iii)
λ2

φ2p2
− p2

ζ

(φζ)′′

φζ
+

(φζ)′

φζ
= λ.

When p1 = p2, the type (II) spaces turns into type (I) spaces, so we assume
p1 6= p2. By (5.5ii) and (5.5iii), then

(5.6) ψ′ =
p1λ2η

(p2 − p1)ζ2
ψ1− 2p2ζ

η +
λη

ζ2
ψ.

Case ii)(1) λ < 3, ψ = c1e
at + c2e

−at, where a =
√

(3−λ)η
ζ2 . By (5.6),

(5.7)

ac1e
at − ac2e

−at =
p1λ2η

(p2 − p1)ζ2
(c1e

at + c2e
−at)1−

2p2ζ

η +
λη

ζ2
(c1e

at + c2e
−at).

Case ii)(1)(a) c1 = 0, then

(5.8) −
[
a+

λη

ζ2

]
c2e

−at =
p1λ2η

(p2 − p1)ζ2
(c2e

−at)1−
2p2ζ

η .

Case ii)(1)(a)1) p1λ2 6= 0, then p2 = 0 and ζ = p1, η = p21 and ψ = c2e
−at.

By (5.5ii), we get −a2 − a = λ and −
√
3− λ = 3, this is a contradiction.

Case ii)(1)(a)2) p1λ2 = 0. If p1 = 0, then ζ = 2p2, η = 2p22. By (5.8), a = −λ
2

and φζ = c2e
−2at. By (5.5iii), then

(5.9)
λ2

c′e
−4p2at

ζ

− 2a2 − 2a = λ,
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so λ2 = 0 and −2a2 − 2a = λ. By a = −λ
2 , then λ = 0 and a = 0, this is a

contradiction.

If λ2 = 0, p1 6= 0, by (5.5ii) and a = −λη
ζ2 and φζ = c′e−

atζ2

η , then λ = 0 and

a = 0, this is a contradiction.
Case ii)(1)(b) c2 = 0, then

(5.10)

[
a− λη

ζ2

]
c1e

at =
p1λ2η

(p2 − p1)ζ2
(c1e

at)1−
2p2ζ

η .

Case ii)(1)(b)1) p1λ2 6= 0, then p2 = 0 and ζ = p1, η = p21 and
√
3− λ−λ =

−λ2. By (5.5ii), we get −a2 + a = λ and λ = −6, so λ2 = −9. In this case,

(5.2iii) holds, so we get p2 = 0, p1 6= 0, λ = −6, λ2 = −9, φ = c1e
3t
ζ .

Case ii)(1)(b)2) p1λ2 = 0. If p1 = 0, then ζ = 2p2, η = 2p22 and ψ = c1e
at

and a = λη
ζ2 = λ

2 . By (5.5iii),

(5.11)
λ2

c′e
4p2at

ζ

− 2a2 + 2a = λ,

so λ2 = 0 and −2a2+2a = λ, then λ = a = 0, this is a contradiction. If λ2 = 0,
by (5.5ii), then λ = a = 0, this is a contradiction.
Case ii)(1)(c) c1 6= 0, c2 6= 0.

If p2 6= 0, then eat, e−at, (c1e
at+c2e

−at)1−
2p2ζ

η are linear independent, by (5.7),
then

(5.12)

[
a− λη

ζ2

]
c1 = 0,

[
−a− λη

ζ2

]
c2 = 0,

p1λ2η

(p2 − p1)ζ2
= 0.

So a = 0, this is a contradiction.
If p2 = 0, then by (5.7),

(5.13) a− λη

ζ2
− p1λ2η

(p2 − p1)ζ2
= 0, −a− λη

ζ2
− p1λ2η

(p2 − p1)ζ2
= 0,

so a = 0 and we get a contradiction.
Case ii)(2) λ = 3, ψ = c1 + c2t. By (5.6), we have

(5.14) c2 =
p1λ2η

(p2 − p1)ζ2
(c1 + c2t)

1− 2p2ζ

η +
3η

ζ2
(c1 + c2t).

Case ii)(2)a) c2 6= 0, so p2 = 0. By (5.5iii), then φζ = c0e
(−λ2+λ)t and

c1 + c2t = c0e
(−λ2+λ)t, this is a contradiction with c2 6= 0.

Case ii)(2)b) c2 = 0, then ψ and φ are constants, by (5.5ii), then λ = 0. This
is a contradiction with λ = 3.

Case ii)(3) λ > 3, ψ = c1cos (at) + c2sin (at) , where a =
√

(λ−3)η
ζ2 . By (5.6),

we have

a(−c1sin(at) + c2cos(at)) =
p1λ2η

(p2 − p1)ζ2
(c1cos(at) + c2sin(at))

1− 2p2ζ

η
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+
λη

ζ2
(c1cos(at) + c2sin(at)).(5.15)

If p2 6= 0, then sin (at), cos (at), (c1cos(at) + c2sin(at))
1− 2p2ζ

η are linear inde-

pendent, so −ac1 = λη
ζ2 c2, ac2 = λη

ζ2 c1 and a = 0, this is a contradiction. If

p2 = 0, then

(5.16) −ac1 =
p1λ2η

(p2 − p1)ζ2
c2 +

λη

ζ2
c2; ac2 =

p1λ2η

(p2 − p1)ζ2
c1 +

λη

ζ2
c1.

Then a = 0, this is a contradiction. By the above discussions, we get the
following theorem:

Theorem 5.5. Let M = I ×φp1 F1 ×φp2 F2 be a generalized Kasner spacetime

and dimF1 = 1, dimF2 = 2 and P = ∂
∂t
. Then (M,∇) is Einstein with

the Einstein constant λ if and only if (F2,∇F2) is Einstein with the Einstein

constant λ2, and one of the following conditions is satisfied

(1) ζ = 0, η 6= 0, λ = λF = 0, φ = c0e
±
√

3
η
t
.

(2) p2 = 0, p1 6= 0, λ = −6, λ2 = −9, φ = c1e
3t
ζ .

· Type (II) generalized Kasner space-times with a semi-symmetric
non-metric connection with constant scalar curvature

By Proposition 5.3, then (F2,∇F2) has constant scalar curvature SF2 and

(5.17) S =
SF2

φ2p2
− 2ζ

φ′′

φ
− (η + ζ2 − 2ζ)

φ′2

φ2
+ 3ζ

φ′

φ
+ 3.

If ζ = 0, when η = 0, then p1 = p2 = 0 and S = SF2 + 3. If η 6= 0, then

(5.18) η
φ′2

φ2
=
SF2

φ2p2
+ (−S + 3).

If ζ 6= 0, putting φ = ψ
2ζ

η+ζ2 , we get

(5.19) − 4ζ2

η + ζ2
ψ′′ +

6ζ2

η + ζ2
ψ′ + (−S + 3)ψ + SF2ψ

1− 4p2ζ

η+ζ2 = 0.

· Type (III) generalized Kasner space-times with a semi-symmetric
non-metric connection with constant scalar curvature

By Proposition 5.3, then

(5.20) S = −2ζ
φ′′

φ
− (η + ζ2 − 2ζ)

φ′2

φ2
+ 3ζ

φ′

φ
+ 3.

If ζ = η = 0, then p1 = p2 = p3 = 0, we get S = 3.

If ζ = 0, η 6= 0, then [(lnφ)′]2 = −S−3
η

, so when S > 3, there is no solutions,



CURVATURE OF MULTIPLY WARPED PRODUCTS 1583

when S = 3, φ is a constant and when S < 3, φ = c0e
±
√

−S+3
η

t
.

If ζ 6= 0, then η 6= 0, putting φ = ψ
2ζ

η+ζ2 , then

(5.21) ψ′′ − 3

2
ψ′ +

(S − 3)(η + ζ2)

4ζ2
ψ = 0.

Let △ = 9
4 − (S−3)(η+ζ2)

ζ2 . So we get

(1) S < 9ζ2

4(η+ζ2) + 3, ψ = c1e
3
2
+

√
△

2 t + c2e
3
2
−

√
△

2 t,

(2) S = 9ζ2

4(η+ζ2) + 3, ψ = c1e
3
4 t + c2te

3
4 t,

(3) S > 9ζ2

4(η+ζ2) + 3, ψ = c1e
3
4 tcos

(√
−△
2 t

)
+ c2e

3
4 tsin

(√
−△
2 t

)
. So we get

the following theorem.

Theorem 5.6. Let M = I ×φp1 F1 ×φp2 F2 ×φp3 F3 be a generalized Kasner

spacetime and dimF1 = dimF2 = dimF3 = 1, and P = ∂
∂t
. Then S is a

constant if and only if one of the following case holds

(1) ζ = η = 0, S = 3.
(2) ζ = 0, η 6= 0, when S > 3, there is no solutions, when S = 3, φ is a

constant and when S < 3, φ = c0e
±
√

−S−3
η

t
.

(3) If ζ 6= 0.

(3a) S < 9ζ2

4(η+ζ2) + 3, φ =

(
c1e

3
2
+

√
△

2 t + c2e
3
2
−

√
△

2 t

) 2ζ

η+ζ2

,

(3b) S = 9ζ2

4(η+ζ2) + 3, φ =
(
c1e

3
4 t + c2te

3
4 t
) 2ζ

η+ζ2

,

(3c) S > 9ζ2

4(η+ζ2) + 3, φ =
(
c1e

3
4 tcos

(√
−△
2 t

)
+ c2e

3
4 tsin

(√
−△
2 t

)) 2ζ

η+ζ2

.

· Einstein Type (III) generalized Kasner space-times with a semi-
symmetric non-metric connection.

By Proposition 5.2, we have

(5.22i) ζ

(
φ′′

φ

)
+ (η − ζ)

φ′2

φ2
+ λ− 3 = 0,

(5.22ii) −p1
[
φ′′

φ
+ (ζ − 1)

φ′2

φ2

]
+ ζ

φ′

φ
= λ,

(5.22iii) −p2
[
φ′′

φ
+ (ζ − 1)

φ′2

φ2

]
+ ζ

φ′

φ
= λ,

(5.22iv) −p3
[
φ′′

φ
+ (ζ − 1)

φ′2

φ2

]
+ ζ

φ′

φ
= λ.

If ζ = η = 0, by (5.22i), λ = 3, by (4.50ii), λ = 0, this is a contradiction.

If ζ = 0, η 6= 0, plusing (5.22ii), (5.22iii), (5.22iv), we get λ = 0. By (5.22i),
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φ′2

φ2 = 3
η
and φ = c0e

±
√

3
η
t
which satisfies (5.22ii), (5.22iii) and (5.22iv), so we

obtain λ = 0, ζ = 0, η 6= 0, φ = c0e
±
√

3
η
t
.

When ζ 6= 0, if p1 = p2 = p3, we get type (I), so we may let p1 6= p2. By

(5.22ii) and (5.22iii), we have (φζ)′

φζ = λ and (φζ)′′

φζ = 0, so φζ = c1 + c2t and

c2 = λ(c1 + c2t), then λc2 = 0. When c2 = 0, then λ = 0 and φ is a constant,
so by (5.22i), then λ = 3 which is a contradiction. When λ = 0, then c2 = 0
which is also a contradiction. We get the following theorem.

Theorem 5.7. Let M = I ×φp1 F1 ×φp2 F2 ×φp3 F3 be a generalized Kasner

spacetime for pi 6= pj for some i, j ∈ {1, 2, 3} and dimF1 = dimF2 = dimF3 =

1, and P = ∂
∂t
. Then (M,∇) is Einstein with the Einstein constant λ if and

only if λ = 0, ζ = 0, η 6= 0, φ = c0e
±
√

3
η
t
.

6. Curvature of multiply twisted products with an affine
connection with a zero torsion

Let ∇ is the Levi-Civita connection of M , we define

(6.1) ∇̃XY = ∇XY + π(X)Y + π(Y )X,

which has no torsion. Let R and R̃ be the curvature tensors of ∇ and ∇̃,

respectively. Then R and R̃ are related by

(6.2)

R̃(X,Y )Z = R(X,Y )Z +X(π(Y ))Z − Y (π(X))Z

+ g(Z,∇XP )Y − g(Z,∇Y P )X + π(Z)[π(Y )X − π(X)Y ]

− π([X,Y ])Z

= R(X,Y )Z +X(π(Y ))Z − Y (π(X))Z − π([X,Y ])Z

for any vector fields X,Y, Z on M . By (6.1) and Proposition 2.2 in [12], we
have:

Proposition 6.1. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y ∈ Γ(TB) and U ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈ Γ(TB).
Then

(1) ∇̃XY = ∇̃B
XY.

(2) ∇̃XU = [X(bi)
bi

+ π(X)]U.

(3) ∇̃UX = [X(bi)
bi

+ π(X)]U.

(4) ∇̃UW = 0 if i 6= j.

(5) ∇̃UW = U(lnbi)W+W (lnbi)U− gFi
(U,W )

bi
gradFi

bi−bigFi
(U,W )gradBbi

+∇Fi

U W if i = j.

Proposition 6.2. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y ∈ Γ(TB) and U ∈ Γ(TFi), W ∈ Γ(TFj) and P ∈ Γ(TFk).
Then
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(1) ∇̃XY = ∇B
XY.

(2) ∇̃XU = X(bi)
bi

U + g(P,U)X.

(3) ∇̃UX = X(bi)
bi

U + g(P,U)X.

(4) ∇̃UW = π(W )U + π(U)W if i 6= j.

(5) ∇̃UW = U(lnbi)W+W (lnbi)U− gFi
(U,W )

bi
gradFi

bi−bigFi
(U,W )gradBbi

+∇Fi

U W + π(W )U + π(U)W if i = j.

By (6.2) and Propositions 2.4 and 2.5, we have:

Proposition 6.3. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj), U ∈ Γ(TFk)
and P ∈ Γ(TB). Then

(1) R̃(X,Y )Z = R̃B(X,Y )Z,

(2) R̃(X,Y )V = X(π(Y ))V − Y (π(X))V − π([X,Y ])V,

and for other components, R̃ equals to R.

Proposition 6.4. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and let X,Y, Z ∈ Γ(TB) and V ∈ Γ(TFi), W ∈ Γ(TFj), U ∈ Γ(TFk)
and P ∈ Γ(TFl). Then

(1) R̃(V,W )X = R(V,W )X + V (π(W ))X −W (π(V ))X − π([V,W ])X.

(2) R̃(U, V )W = U(π(V ))W − V (π(U))W − π([U, V ])W if i = k 6= j .

(3) R(U, V )W = g(U,W )gradB(V (lnbi))−g(V,W )gradB(U(lnbi))+R
Fi(U ,

V )W− |gradBbi|2B
b2i

(g(V,W )U−g(U,W )V )+g(W,∇UP )V −g(W,∇V P )U

+π(W )[π(V )U − π(U)V ] + U(π(V ))W − V (π(U))W − π([U, V ])W if

i = j = k = l, and for other components, R̃ equals to R.

By Propositions 6.3 and 6.4, we have:

Proposition 6.5. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and P ∈ Γ(TB). Then R̃ic = Ric.

Remark. By Proposition 6.5, then we can get the same conclusions for ∇̃ and
∇.

Proposition 6.6. Let M = B×b1 F1×b2 F2×· · ·×bm Fm be a multiply twisted

product and P ∈ Γ(TFr). Then

(6.3)

R̃ic(V,W ) = Ric(V,W )

+

lr∑

jr=1

εjrg(V (π(Er
jr
))W − Er

jr
(π(V ))W − π([V,Er

jr
])W,Er

jr
)

for V,W ∈ Γ(TFr). For other components, R̃ic = Ric.
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