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CURVATURE OF MULTIPLY WARPED PRODUCTS WITH
AN AFFINE CONNECTION

YonG WANG

ABSTRACT. In this paper, we study the Einstein multiply warped prod-
ucts with a semi-symmetric non-metric connection and the multiply warp-
ed products with a semi-symmetric non-metric connection with constant
scalar curvature, we apply our results to generalized Robertson-Walker
spacetimes with a semi-symmetric non-metric connection and generalized
Kasner spacetimes with a semi-symmetric non-metric connection and find
some new examples of Einstein affine manifolds and affine manifolds with
constant scalar curvature. We also consider the multiply warped products
with an affine connection with a zero torsion.

1. Introduction

The (singly) warped product B x; F' of two pseudo-Riemannian manifolds
(B,gp) and (F,gr) with a smooth function b : B — (0,00) is the product
manifold B x F with the metric tensor g = gg @ b%gr. Here, (B, gp) is called
the base manifold and (F, gr) is called as the fiber manifold and b is called as
the warping function. Generalized Robertson-Walker space-times and standard
static space-times are two well-known warped product spaces. The concept of
warped products was first introduced by Bishop and Oneil (see [4]) to construct
examples of Riemannian manifolds with negative curvature. In Riemannian
geometry, warped product manifolds and their generic forms have been used to
construct new examples with interesting curvature properties since then. In [5],
F. Dobarro and E. Dozo had studied from the viewpoint of partial differential
equations and variational methods, the problem of showing when a Riemannian
metric of constant scalar curvature can be produced on a product manifolds
by a warped product construction. In [7], Ehrlich, Jung and Kim got explicit
solutions to warping function to have a constant scalar curvature for generalized
Robertson-Walker space-times. In [3], explicit solutions were also obtained for
the warping function to make the space-time as Einstein when the fiber is also
Einstein.
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One can generalize singly warped products to multiply warped products.
Briefly, a multiply warped product (M, g) is a product manifold of form M =
B Xy, Fy Xpy Fy X+ =Xy, F,, with the metric g = gg®bigr, ®b3gr, O - -®b2 gF,
where for each i € {1,...,m}, b; : B — (0,00) is smooth and (F}, gr,) is a
pseudo-Riemannian manifold. In particular, when B = (¢, d) with the negative
definite metric gg = —dt? and (F;, gr,) is a Riemannian manifold, we call M
as the multiply generalized Robertson-Walker space-time. In [6], Dobarro and
Unal studied Ricci-flat and Einstein-Lorentzian multiply warped products and
considered the case of having constant scalar curvature for multiply warped
products and applied their results to generalized Kasner space-times.

Singly warped products have a natural generalization. A twisted product
(M, g) is a product manifold of form M = B Xx; F, with a smooth function
b: B x F — (0,00), and the metric tensor g = gp @ b%gr. In [8], they showed
that mixed Ricci-flat twisted products could be expressed as warped products.
As a consequence, any Einstein twisted products are warped products. In
[12], we define the multiply twisted products as generalizations of multiply
warped products and twisted products. A multiply twisted product (M, g) is
a product manifold of form M = B Xy, F1 Xp, Fa X - - - X3, Fy, with the metric
g = gpObigr, Ob3gr,®- - -®b2 gF,, , where for eachi € {1,...,m}, b; : BxF;, —
(0, 00) is smooth.

The definition of a semi-symmetric metric connection was given by H. Hay-
den in [9]. In 1970, K. Yano [13] considered a semi-symmetric metric connection
and studied some of its properties. He proved that a Riemannian manifold ad-
mitting the semi-symmetric metric connection has vanishing curvature tensor
if and only if it is conformally flat. Motivated by the Yano’ result, in [11], Su-
lar and Ozgur studied warped product manifolds with a semi-symmetric metric
connection, they computed curvature of semi-symmetric metric connection and
considered Einstein warped product manifolds with a semi-symmetric metric
connection. In [12], we considered multiply twisted products with a semi-
symmetric metric connection and computed the curvature of a semi-symmetric
metric connection. We showed that mixed Ricci-flat multiply twisted products
with a semi-symmetric metric connection can be expressed as multiply warped
products which generalizes the result in [8]. We also studied the Einstein mul-
tiply warped products with a semi-symmetric metric connection and multiply
warped products with a semi-symmetric metric connection with constant scalar
curvature, we applied our results to generalized Robertson-Walker spacetimes
with a semi-symmetric metric connection and generalized Kasner spacetimes
with a semi-symmetric metric connection and we found some new examples of
Einstein affine manifolds and affine manifolds with constant scalar curvature.
We also classified generalized Einstein Robertson-Walker spacetimes with a
semi-symmetric metric connection and generalized Einstein Kasner spacetimes
with a semi-symmetric metric connection. In [1, 2], Agashe and Chafle intro-
duced the notation of a semi-symmetric metric connection and studied some of
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its properties and submanifolds of a Riemannian manifold with semi-symmetric
non-metric connections. In [10], they studied warped product manifolds with a
semi-symmetric non-metric connection. The purpose of this paper is to study
the Einstein multiply warped products with a semi-symmetric non-metric con-
nection and multiply warped products with a semi-symmetric non-metric con-
nection with constant scalar curvature.

This paper is arranged as follows: In Section 2, we compute curvature of mul-
tiply twisted products with a semi-symmetric non-metric connection. In Sec-
tion 3, we study the special multiply warped products with a semi-symmetric
non-metric connection. In Section 4, we study the generalized Robertson-
Walker spacetimes with a semi-symmetric non-metric connection. In Section
5, we consider the generalized Kasner spacetimes with a semi-symmetric non-
metric connection. In Section 6, we compute curvature of multiply twisted
products with an affine connection with a zero torsion.

2. Preliminaries

Definition 2.1. A multiply twisted product (M, g) is a product manifold of
form M = B Xy, Fy Xp, Fo x -+ Xp F,, with the metric ¢ = gp ® b3gr, ®
bigp, & - & b2 g, , where for each i € {1,...,m}, b; : B x F; — (0,00) is
smooth.

Here, (B, gp) is called the base manifold and (F;, gr,) is called as the fiber
manifold and b; is called as the twisted function. Obviously, twisted prod-
ucts and multiply warped products are the special cases of multiply twisted
products.

Let M be a Riemannian manifold with Riemannian metric g. A linear con-
nection V on a Riemannian manifold M is called a semi-symmetric connection
if the torsion tensor T of the connection V

(2.1) T(X,Y)=VxY - VyX — [X,Y]
satisfies
(2.2) TX,Y)=mY)X —n(X)Y,

where 7 is a 1-form associated with the vector field P on M defined by n(X) =
g(X.P). V is called a semi-symmetric metric connection if it satisfies Vg = 0.
V is called a semi-symmetric non-metric connection if it satisfies Vg # 0.

If V is the Levi-Civita connection of M, the semi-symmetric non-metric
connection V is given by

(2.3) VxY =VxY +7(Y)X

(see [1]). Let R and R be the curvature tensors of V and V, respectively. Then
R and R are related by

R(X,Y)Z = R(X,Y)Z + g(Z,VxP)Y — g(Z,VyP)X

(2.4)
+7(2) (V)X — m(X)Y]
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for any vector fields X,Y, Z on M [1]. By (2.3) and Proposition 2.2 in [12], we
have:

Proposition 2.2. Let M = B Xy, F1 Xp, Fo X -+ X3, Fiy be a multiply twisted
product and let X,Y € T(T'B) and U € I'(T'F;), W € I(T'F}) and P € T'(T'B).
Then

(1) VxY = VaY.

(2) VxU = Xl Xy

(3) VuX = [X(b)+ m(X)]U.

(4) VoW =0 ifi#j.

(5) VoW = U(nb))W+W (Inb))U — 2 grad  bi—bigp, (U, W)grad sb;

+ VW ifi = 3.

Proposition 2.3. Let M = B Xy, | Xp, Fo X -+ X3, oy, be a multiply twisted
product and let X,Y e I(TB) andU € T'(TF;), W € T'(T'F;) and P € T'(T'Fy,).
Then

(1) VxY = V&Y.

(2) VxU = XU + o(P,U)X

(3) VoX = 22y

(4) VoW = g(W, P)U if i # j.

(5) VoW = U(lnb))W+W (Inb) U — 22 grad o bi—bigr, (U, W)grad sb;

+VEW +7(W)U if i = j.
By (2.4) and Proposition 2.4 in [12], we have:

Proposition 2.4. Let M = B Xy, F'| X4, Fo X -+ X3, Fyy be a multiply twisted
product and let X,Y,Z € I(TB) and V € I(TF;), W e I'(TF;), U e T'(TFy,)
and P € T'(TB). Then

(1) RX.Y)Z=R"(X,Y)Z.

2) R(V,X)Y = W +9(Y,VxP) — n(X)r(Y)| V.

(3) R(X, V)W = R(V,W)X = R(V, X)W =0 if i # j.

(4) R(X,Y)V =0.

(5) R(V,W)X = VX (Inb;))W — WX (Inb;)V if i = j.

6) RV,W)U =0 ifi=j#k ori#j+#k

(7) R(U,V)W = —g(V, W) 2zlerdgbotradabil iy — o(v, W) £2U
ifi=j#k

(8) ROXVIW = WX b}V — g(W, V) [TRgatabd . smodn o0

+ B0 x| i =
(9) R(U,V)W = g(U,W)gradg(V (Inb;)) — g(V, W)grad 5 (U (Inb;))
+ RE(U, V)W
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— (gl 4 ER) oV W)U — o(U, W)V
ifi=7=k.
Proposition 2.5. Let M = B Xy, F1 Xp, Fo X -+ X3, Fiy be a multiply twisted
product and let X,Y,Z € I(TB) and V € I(TF;), W e I'(TF;), U e T'(TFy,)

and P € T'(TF;). Then
(1) R(X,Y)Z = RB(X,Y)Z.
(2) R(V.X)Y = ~Z&X0y iz,
(3) BV, X)v = ~ LX)y ry) Yy iy,
(4) RX, V)W = Sa(W)V if i # j.
(5) RV, W)X = =150 X (b)W + 6L X (b,)V if i # .
(6) ROX,Y)V = (V) [Xy - X x|,
(7) R(V,W)X = VX (Inb))W — WX (Inb;)V — 6! XL (V)W — (W) V]
ifi=7j.
(8) RV,WYU =0ifi=j#kori#j#k.
(9) R(U, V)W =—g(V, W) eeleradebogrdsb) iy _ (W, vy, P)U
+a(W)r(V)U = w(U)V] if i = j # k.
(10) R(X, V)W =[WX (Inb,)]V — g(W, V) Taleradabe)

— gradp, (XInb)gr, (W, V) + X(bl)w(W)V
~ ~ g(W.Vy P)X + n(V)r(W)X if i = j.
(11) R(U, VYW = g(U,W)gradg(V(Inb;)) — g(V, W)grad 5 (U (Inb;))
+ RE(U, V)W — E2G8bln (o (V, W)U — g(U, W)V)
B ifi=j=k#L
(12) R(U, VYW = g(U,W)gradg(V(Inb;)) — g(V, W)grad z(U (Inb;))
2
+ RP(U V)W — [Em2geds (o (v, W)U — g(U, W)V)
+9(W,VuP)V —g(W,Vy P)U +m(W)[r(V)U —m(U)V]
ifi=j=Fk=1L
By Propositions 2.4 and 2.5, we have:
Proposition 2.6. Let M = B Xy, F1 Xp, Fo X -+ X3, Fiy be a multiply twisted
product and let X,Y,Z € I'(TB) and V € I'(TF;), W € I'(T'F;) and P €
I(TB). Then

L Y) =R (XY [T 1, W)= n (X))

)

) = Ric(V, X) = (Ii — )[VX (Inby)].
) =0ifi#j. 2
(V. W) = Ric” (VW) + | £ + (1, — 1) egpbli
+ Z];ﬁzl gp(gradg bb;),grade i) + Z] . J Izb n (n _ 1)121)
7, where dimB = n, dimM = n.

g(V,W)ifi=
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Corollary 2.7. Let M = B Xp, F1 Xp, Fo X -+ X3 Foy be a multiply twisted
product and dimF; > 1 and P € T(TB). Then (M,V) is mized Ricci-flat if
and only if M can be expressed as a multiply warped product. In particular, if
(M, V) is Einstein, then M can be expressed as a multiply warped product.

Proposition 2.8. Let M = B Xy, F1 Xp, Fo X -+ X3, Fiy be a multiply twisted
product and let X,Y,Z € I'(TB) and V € I'(TF;), W € I'(T'F}) and P €
I(TF,). Then

(1) Ric(X,Y) = Ric?(X,Y) + X7, w

(2) Rie(X,V) = (I — 1)[VX (Inb;)] + (7 — 1) X227 (V).

(3) Ric(V, X) = (I — D)[VX (Inb;)] + (1 — ) XL m(V).

(4) Ric(V,W) =0 if i # j. ]
(5) Ric(V, W) = Ric" (V, W) + g(V, W) [ABI’I (1 — 1)l

0 by LRl dn) | (75— 1)g(W, Ty P) + (1= W)n(V)m(W)
ifi=j.
Corollary 2.9. Let M = B Xp, F1 Xp, Fo X -+ Xp, Em be a multiply twisted
product and dimF; > 1 and P € T(TF,). Then (M,V) is mized Ricci-flat if
and only if M can be expressed as a multiply warped product and b, is only

dependent on F,.. In particular, if (M, V) is Einstein, then M can be expressed
as a multiply warped product.

Proposition 2.10. Let M = B Xp, F1 Xp, Fo x --- ><bm_Fm be a multiply
twisted product and P € T(TB). Then the scalar curvature S has the following
exrPression:

5=735" +QZbABb +Z—+Zl ) gradpbils

b2
gp(gradgb;, grad b-) " P(b)
(2.5) +ZZlilj Bb.b‘ BEL 4 (=11 )
i=1 j;éi It} i=1 ¢
+ZZH Jer [divgP — w(P)].
=1 j=1 =1

Proposition 2.11. Let M = B Xp, F1 Xp, Fo X -+ Xp, Fy be a multiply
twisted product and P € T(TF,.). Then the scalar curvature S has the following
expression:

5= SB+2Z %A b +Z—+Zzzf1 gradB“B

gB(gradgb;, gradzb;) _
2.6 l;l; 1-— P
(2.6) + E 3 ]E# b, + (1 —n)n(P)
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lT
+@—1) > &,9(Ver PEJ).

Jr=1

3. Special multiply warped products with a semi-symmetric
non-metric connection

Let M =1 xp, F1 Xpy Fo X -+ X3, Fyy be a multiply warped product with
the metric tensor —dt? @ b?gpr, @ --- ® b2,gr,, and I is an open interval in R
and b; € C(I).

Theorem 3.1. Let M = I xp, F1 Xy, Fo % Xbm Fp, be a multiply warped
product with the metric tensor —dt? @ blgp1 - ®b2,gF, and P = %. Then
(M, V) is Einstein with the Einstein constant \ if and only if the following
conditions are satisfied for any i € {1,...,m}

(1) (F;, VT) is Binstein with the Einstein constant \;, i € {1,...,m}.
m by

@ Xr L (1-5) =

(3) i = b — (I — 1)V — i 2 1 b iy YT z.’;_f = 2.

Proof. By Proposition 2.6, we have

(3.1) Ric (at at) Zz <1 - b—//)

— (0 = a\
(3.2) Ric <§,V> = Ric <V, 6t> =0;

(3.3)
Ric (V, W) = Ric™ (V, W)

+gp, (V,W) | =bib?! — (lflb’beb’Zl +b2215
J#i

By (3.1)-(3.3) and the Einstein condition, we get the above theorem. O

Definition 3.2. (]\Lv) is called pseudo-Einstein with the Einstein constant
M if 1[Ric(X,Y) + Ric(Y, X)] = Ag(X,Y).

Theorem 3.3. Let M =1 xp, F1 Xp, Fo x --- xbm F, be a multiply warped
product with the metric tensor —dt? & bigp, & -+ & b2, g, and P € T(TF,)
and W > 2. Then (M,V) is pseudo-Einstein with the Einstein constant \ if
and only if the following conditions are satisfied for any i € {1,...,m}

(1) (F;, V) (i # r) is Einstein with the Einstein constant )\;, i € {1,...,
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J#i °3 b,
(7= 1) [r(V)m(W) — LSV ELaVRD] for VW € D(TF,), 7 = i.

(4) Xi — b — (I; — 1)b2 — b, >

(3) Ric™ (V, W) — gr, (V, W) {bibg’—i—(li B2 b L 2] =

Héll b —Ab? =0 fori #r.

Proof. By Proposition 2.8, then,

—— (0 0 AN
So we have > [; —Z = -\
(3.5)
Ric 2 by —b/? b,
Ric(V, W) = Ric™ (V, W) + bZgr, (V, W) _b_z- +(l; = 1) bfz + ;lj bib,
VED)
+ @ = Dg(W,VyP) = a(V)r(W)].
When i # r, then Vy P =V P =n(V) =0, so
(3.6)
_ % 2 Y
Ric(V, W) = Ric™ (V, W) + b2gp, (V, W) —E =)+ > o
’ oga

= AbzggFi (V,W).

By variables separation, we have (F;, V%) (i # r) is Einstein with the Einstein
constant \; and

(3.7) Ai — bib! — bb’Zl (I, = 1)b? = N2,
J#i j
When i = r, then

b/
Ric" (V,W) — gr, (V,W) |bb] + (1; — 1)b? + b; b’Zl + Ab?
(3.8) J#i b;
gW, Vv P) +g(V, VWP)]
> :

= (7 1) [m(V)r(¥) -
So we prove the above theorem. ([

When M =1 Xy, F1 Xp, Fo X -+ Xy, Fy, be a multiply warped product and

at, by Proposition 2.10, we have

(3.9)
m F m m /b/ m

_ mop SF:
SZ—QZ;lib—Z-l-Z;?ﬁ-Z;li—Z;li(li— Z Jbb

l i=1 j#i i,j=1

Jb"
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The following result just follows from the method of separation of variables and
the fact that each ST is a function defined on Fj.

Proposition 3.4. Let M = I Xy, F1 Xp, Fp X -+ Xy, Fiyy be a multiply warped
product and P = %. If (M,V) has constant scalar curvature S, then each

(F;, VT has constant scalar curvature S¥i.

When P € I'(T'F,), by Proposition 2.11, we have

N m b/'l m SFi m m *b//
S= -2 L,+~+> —+)>» Lili—-1)

+7(P)(1 = 7) + (7 — 1)divg, P.

Proposition 3.5. Let M =1 Xp, F1 Xp, Fo X -+ X3, Fp, be a multiply warped
product and P € T(TF,). If (M, V) has constant scalar curvature S, then each
(F;, VT (i # 1) has constant scalar curvature ST and if gr, (P, P) and divg, P
are constants, then ST is also a constant.

4. Generalized Robertson-Walker spacetimes with a
semi-symmetric non-metric connection

In this section, we study M = I x F with the metric tensor —dt? + f(t)%gr
As a corollary of Theorem 3.1, we obtain:

Corollary 4.1. Let M = I x F' with the metric tensor —dt* + f(t)%gr and
P = %. Then (M, V) is Einstein with the Einstein constant A if and only if
the following conditions are satisfied

(1) (F, V) is Einstein with the Einstein constant \p.

2) f'=Q1-f.

B)Ar+ A =Df?+ (3 =1=Nf+1f'f=0.

By Corollary 4.1(2) and elementary methods for ordinary differential equa-
tions, we get:
Case i) A\ < [, then f = c1e + coe™ where a = /1 — % By Corollary 4.1
(3), then

A A
Ar + 2cic0 [7 —1=-X+(- 1)a2] + c3e?at {(1 —1)a® + (7 —-1=-XN+ la]

(4.1) +cje 2t [(1 —a® + (% —1-)) — la] —0.
So
(4.2i) AF + 2c1c2 [% —1-XA+(- 1)a2] = 0;

(4.2i1) c [(1 —)a* + (% —1-X)+ la} =0;
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2 2 (A
(4.2iii) c5 [(1 —a* + (7 —1—-X)—la|l =0.
When ¢; # 0, co # 0, by (4.2ii) and (4.2iii), then la = 0, this is a contradiction.
When ¢; = 0 and ¢y # 0, by (4.2iii), (1 —0)a® + (3 — 1 —\) = la. By
a=4/1- %, then a = —1, this is a contradiction. When ¢; # 0 and ¢2 = 0, by
(4.2if), (1—-1)a®>+ (2 —=1—A) = —la, then a = 1 and A = 0. By (4.2i), Ap = 0.
So we get Ap = A =0, f=cel.

Case ii) A > I, f = cjcos(bt) + casin(bt), where b = (/2 — 1. By Corollary
4.1(3), we have
(4.3)

Ar + (1 —=1)(—cybsin(bt) + cobcos(bt))? + (% — 1 — A\)(cicos(bt) + cosin(bt))?
+ l(cycos(bt) + casin(bt))(—cy bsin(bt) + cabeos(bt)) = 0.

So
A
31 —1)c1b” + (7 =1 = A)ey — le1cab = —AF;

4.3 1l§b2l1,\§ZbA

. 212 (A 2
(4.3ii) (1 —=1De3b” + (7 —1—=XN)cf +lercab = —Ap;

2 A 2 2
(4.3iii) —2(1 —l)creod” + 2c102(7 —1=X)+1l(-cf+c5)b=0.

By (4.3i) and (4.3ii) and b* = 2 — 1, we get

A
(4.4) (1—1)b* — (7 —1=X)| (c2 —c2) —2lcieab =0, ¢ — c2 = 2cicab.

By (4.4) and (4.3iii), we have cjcg = 0, then ¢; = ¢g = 0. This is a contradic-
tion.
Case iii) A =1 and f = ¢1 + caot, by Corollary 4.1(3), we get

A
(45) AF + (1 — Z)Cg + (7 —1- )\)(Cl + C2t)2 + Z(Cl + Cgt)CQ =0.
Then

A
(4.61) (7 —1—X)e3 =0;
N A 2
(4.6i1) 2(7 —1—=Xcieg +lc; =0
2 (A 2
(4.6iii) Ar+(1=Des+ (7 —1=X)c{+lcica =0.
By A = [ and (4.6), then c; = 0. By (4.6iii), then ¢; = 1/2£. So we get

A=1, f= ’\TF We get the following theorem.
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Theorem 4.2. Let M = I x F with the metric tensor —dt* + f(t)*gr and
P = % and dimF > 1. Then (M, V) is Einstein with the Einstein constant X
if and only if (F, V") is Einstein with the Einstein constant A\r and one of the

following conditions holds 1) A\p =X =10, f=ciet,2) A=1, f =4 /)\TF'
By (3.9) and Proposition 3.4, we have:

Corollary 4.3. Let M = I x F with the metric tensor —dt*> + f(t)?gr and
P = %. If (M, V) has constant scalar curvature S if and only if (F, V) has
constant scalar curvature ST and
_ SF f// f/2 f/
4.7 S==— 21— —1l(l—- )= +1+1*=.
(4.7) 72 7 ((—1) 72 7
In (4.7), we make the change of variable f(t) = \/v(t) and have the following

equation

=34 1, -8 SF
4. - — (1) — ) — 2 =
@8 O+~ gV - e - =0
Theorem 4.4. Let M = I x F with the metric tensor —dt> + f(t)%gr and
P =% and dimF =1 = 3. If (M,V) has constant scalar curvature S if and

only zf (F, V) has constant scalar curvature S and

(1) S< B and S # 3, v()fcle \/Wt+026 \/@thES_;
(2) S =B, v(t) = cret + cated’ + 5
(3) 8> vt)= creitcos (@t) + coetlsin (@t) + gs__’;
(4) S =3, v(t )fcl——tJch 3t

Proof. If | = 3, then we have a simple differential equation

(4.9) (1) — 0/ (1) + (g —1)w(t) — S—; _0,

If S # 3, we putting h(t) = (§ — Do(t) — F, it follows that h"(t) — 3h'(t) +
(% — 1)A(t) = 0. The above solutions (1)-(3) follow directly from elementary
methods for ordinary differential equations. When S = 3, then v (t) — 20/ () —

% = 0, we get the solution (4). O
Theorem 4.5. Let M = I x F with the metric tensor —dt* + f(t)*gr and
P =5 and dimF =1+#3 and S¥ = 0. Let A = 5 + SIS 1f (M, V) has

constant scalar curvature S if and only if
4

— : +VE& L-vr \ T
3 < iy #1000 (el e )

_4
T+1

(2) S= 4(;—_7_1) +1,0(t) = (cleét + czte%t)
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4
(3) S > #jrl)—l—l, v(t) = (cle4 cos(v t) +ch4 sm(v t))l+1 .
Proof. In this case, the equation (4.8) is changed into the simpler form

V() 1=30 ()2 1V(t) 1-S

(4.10) o(t) 4 )2 20(d) 1

=0.

Putting v(t) = w(t)l%, then w(t) satisfies the equation w” — Lw’ + (Hl) (5 l)w

= 0, by the elementary methods for ordinary differential equat1ons We prove
the above theorem. O

4

When dimF = [ # 3 and S¥ # 0, putting v(¢) = w(t) 1, then w(t) satisfies
the equation
I, (I+1)(S-1) (I+1)8F |_ 4

411 n_ 2 - 2 g
( ) w 2w+ 1 7 w 1 lw + 0

5. Generalized Kasner spacetimes with a semi-symmetric
non-metric connection

In this section, we consider the scalar and Ricci curvature of generalized
Kasner spacetimes with a semi-symmetric non-metric connection. We recall
the definition of generalized Kasner spacetimes ([6]).

Definition 5.1. A generalized Kasner spacetime (M, g) is a Lorentzian multi-
ply warped product of the form M = I Xgp1 Fi X -+ Xgpm Fy, with the metric
g = —dt> ® ¢*Prgp, © - ® ¢*Pmgp, , where ¢ : I — (0,00) is smooth and
pi € Rfor any i € {1,...,m} and also I = (t1,t2).

We introduce the following parameters ¢ = > ", Lip; and n = ", l;p? for
generalized Kasner spacetimes. By Theorem 3.1 and direct computations, we
get:

Proposition 5.2. Let M =1 xgr1 F1 X -+ Xgom Fiy, be a generalized Kasner

spacetime and P = %. Then (M, V) is Einstein with the Einstein constant \

if and only if the following conditions are satisfied for any i € {1,...,m}
(1) (F;, VE?) is Einstein with the Einstein constant \;, i € {1,...,m}.
2 - 0% +¢ (%) +A- T L=0.

(3) F — 1% — (C—Dpilr +C5 =X
By (3.9) we obtain:

Proposition 5.3. Let M =1 Xgp1 Fy X -+ Xgpm Iy be a generalized Kasner

spacetime and P = %.

only if each (F;,V¥i) has constant scalar curvature STi and
m SFi ¢H ¢/2

61 =) g o w205

Then (M,V) has constant scalar curvature S if and

(m— x§+wn—n
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Nextly, we first give a classification of four-dimensional generalized Kasner
spacetimes with a semi-symmetric non-metric connection and then consider
Ricci tensors and scalar curvatures of them.

Definition 5.4. Let M = I x;, Fy x --- Xy, F,, with the metric g = —dt? @

bigr, © - ® by g,

- (M, g) is said to be of Type (I) if m = 1 and dim(F) = 3.

- (M, g) is said to be of Type (II) if m = 2 and dim(F;) = 1 and dim(Fy) = 2.
- (M, g) is said to be of Type (III) if m = 3 and dim(F}y) = 1, dim(F3) =1

and dim(F3) = 1.

By Theorems 4.2 and 4.4, we have given a classification of Type (I) Einstein
spaces and Type (I) spaces with the constant scalar curvature.

- Classification of Einstein Type (II) generalized Kasner space-
times with a semi-symmetric non-metric connection

Let M = I xgr1 Fi Xgv2 Fy be an Einstein type (II) generalized Kasner
spacetime and P = 2. Then ¢ = py + 2p2, n = p? + 2p3. By Proposition 5.2,
we have

¢/2 d)//
(5.21) (nQ)?wLC(E)vL)\?)O;
B ¢H ¢/2 ¢/

(5.21i) Py (= 1)p1ﬁ + CE =\
)\2 d)// ¢/2 ¢/ B
(5.2iii) pErE *]72? - (¢ - 1)]?2? + CE = A

where )5 is a constant. Consider following two cases:
Case i) ( = 0.
In this case, po = —ip1, n = 3p?. Then by (5.2), we have
¢/2
(5.31) 77? +A-3=0,
" /2

(5.3ii) 1 (% + i—2> =\

by 1 d)// ¢/2
(5.3iii) ¢72pl — §p1 (_E + F =\

Case i a) n =0, then p; = 0, by (5.31), A = 3. By (5.3ii), A = 0, this is a
contradiction.
Case i b) n # 0, then p; # 0.
Case i b)1) \; = 0. By (5.3ii) and (5.3iii), A = 0 and
" 12 /2
(5.4) _¢ ¢—=0, ¢——3,
¢ ¢? >
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3
then ¢ = coei\/:t which satisfies the first equation in (5.4), so we get

C=0, 740, \=\p =0, 6= coeTV T,

Case i b)2) A\ #0. By (5.3ii) and (5.3iii), we have ¢/—\?)1 =3\ s0¢isa
constant. By (5.3ii), A = 0, so Ay = 0, this is a contradiction.

Case ii) ¢ # 0, then n # 0. Putting ¢ = 1/1%, then ¢” + (’\Z—S’)"w = 0. Hence,

3=X) _ 3=X)
MA<B p=creV & ‘e Vo

(2))\:351/}:Cl+02t5

(3) A >3, ¥ = cicos (1 /(’\E—S’)"t) + cosin ( /(/\2_23)7715) _

We make (5.2) into

(A =3)n

(5.51) "+ e P =0;
; P (&) (Y
(5.511) _?1 ¢< + ¢< — )\7
A S\ Y
(5.5iii) ¢212”2 _ % (ic) N ((Z)C) .

When p; = po, the type (II) spaces turns into type (I) spaces, so we assume
p1 # p2. By (5.5ii) and (5.5iii), then

A 20¢ A
>0 e A
Case ii)(1) A < 3, ¥ = c1e™ + cpe™*, where a = ,/(32—5‘)". By (5.6),
(5.7)
acie™ — acge™ = (I)fl_%(cleat + cyf‘“&)l_m_nzC + g(cleat + coe™ ).
Case ii)(1)(a) c; =0, then
6.9 Ja 2] cnerrt = L ey

Case ii)(1)(a)l) pida # 0, then po, = 0 and ¢ = py, n = p? and P = cpe™ L.
By (5.5ii), we get —a? —a = A and —/3 — X\ = 3, this is a contradiction.
Case ii)(1)(a)2) piX2 = 0. If p; = 0, then ¢ = 2ps, n = 2p3. By (5.8),a = —3
and ¢¢ = coe~ 2%, By (5.5iii), then
A2

—dpgat
ce

(5.9) —2a% —2a =\,
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so Ay =0 and —2¢> —2a = \. By a = —%, then A = 0 and a = 0, this is a
contradiction. )

If A =0, p; #0, by (5.5ii) and a = —% and ¢¢ = c’e*%7 then A = 0 and
a = 0, this is a contradiction.

Case ii)(1)(b) c2 =0, then

)‘77] t P1A2n t\1— 2228

5.10 a— —| e = ———(c1e? n.

(5:10) [ ¢l (pQ*pl)CQ(l )

Case ii)(1)(b)1) p1Xs # 0, then ps = 0 and ¢ = p1, n =p? and V3 — A — X =
—X2. By (5.5i1), we get —a® +a = A and A = —6, s0 A2 = —9. In this case,
(5.2iii) holds, so we get p2 =0, p1 #0, A= —6, do = —9, ¢ = cie <.

Case ii)(1)(b)2) p1A2 = 0. If p; =0, then ¢ = 2py, n = 2p2 and ¥ = e

and a = 2 = 4. By (5.5iii),

A2
Apgat
ce ¢

5o A2 = 0 and —2a%+2a = A, then A\ = a = 0, this is a contradiction. If Ay = 0,
by (5.5ii), then A = a = 0, this is a contradiction.
Case ii)(1)(c) ¢1 #0, c2 #0.

2p2¢
If py # 0, then e, e~ (c1e® +coe=)'" "7 are linear independent, by (5.7),
then

A A A
(5.12) [a - C_Z] 1 =0, {a - —"] s =0, % = 0.

(5.11) —2a? +2a = ),

So a = 0, this is a contradiction.
If po = 0, then by (5.7),

(5.13) P R L —

¢ (p2—p1)¢?
so a = 0 and we get a contradiction.
Case ii)(2) A =3, ¥ = ¢1 + cat. By (5.6), we have

An__piden

T T )@

P1A2n 1-22¢ 31
———(c1 +cot n +—01+Cgt).
(pzfpl)CQ( ) CQ(
Case ii)(2)a) c2 #0, s0o po = 0. By (5.5ii), then ¢¢ = coel=*2tM? and
1 + cat = coe 2T this is a contradiction with g # 0.
Case ii)(2)b) ¢3 = 0, then ¢ and ¢ are constants, by (5.5ii), then A = 0. This
is a contradiction with A = 3.
Case ii)(3) A > 3, ¢ = cicos (at) 4 cosin (at) , where a = ()‘2—23)" By (5.6),
we have

(5.14) Cy =

p1ian
(p2 —p1)¢?

1— 2p2¢

a(—cysin(at) + cocos(at)) = (cicos(at) + cosin(at)) ™ 7
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A
(5.15) + 2

2 (cicos(at) + cosin(at)).

2paC

If po # 0, then sin (at clcos at) + cosin(at 1= are linear inde-
p ) )

pendent, so —ac; = ’C\—;ZCQ, aco = <2 22cy and a = 0, this is a contradiction. If

p2 = 0, then

D1A2n + C ac D1A2n 1 + M}c
———5C 2} ACy = ——————>C1 + €1
(p2 — p1)¢? ¢? (p2 — p1)¢? ¢?

Then a = 0, this is a contradiction. By the above discussions, we get the
following theorem:

(5.16) —ac) =

Theorem 5.5. Let M =1 Xy Fy Xgr2 I be a generalized Kasner spacetime

and dimFy} = 1, dimFy, = 2 and P = %. Then (M,V) is Einstein with

the Einstein constant \ if and only if (Fy,V¥?) is Einstein with the Einstein
constant A2, and one of the following conditions is satisfied
3

(1) C=0,n£0, A=Ap =0, 6= coe™ V',

(2) pa=0,p1 #0, \=—6, A\g = =9, ¢ = cre <.

- Type (II) generalized Kasner space-times with a semi-symmetric
non-metric connection with constant scalar curvature

By Proposition 5.3, then (Fy, VI2) has constant scalar curvature S and

_ SF2 ¢H 9 ¢/2 ¢/

(5.17) S:%_ C?_( n+¢ —2g)¢2+3§¢+3
If { =0, when 7 = 0, then p; = po =0 and S = S¥2 4+ 3. If  # 0, then

/2 SFQ _
n(Z—Q = o + (=S +3).

2
If { # 0, putting ¢ = 1+¢2 | we get

(5.18)

B 44-2 6C2
77+42w n+¢?

- Type (III) generalized Kasner space-times with a semi-symmetric
non-metric connection with constant scalar curvature

(5.19) W+ (=5 +3) + SPp T — 0,

By Proposition 5.3, then

¢// ¢/2 ¢/
(5.20) §= 200 — ¢ =205 +305+3
If { =7 =0, then p; = pp = p3 =0, we get S = 3.

If (=0, n#0, then [(Ing)']? = f%, so when S > 3, there is no solutions,
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— — —S+3
when S = 3, ¢ is a constant and when S < 3, ¢ = coetV Tt

2
If ( # 0, then n # 0, putting ¢ = 7+, then

3 (S-3)(n+¢*

(5.21) e R Al

LetA:%fW.Soweget
— 9¢2 LAY 3-Vv&
(1)S<W+3a"/}:016 = etz 1
(2) S = 4(77+42) + 3, 1/)—6164 +02te4

(3) S > 1D +<2) +3, v = 0164 tcos ( Y= t) +ch%tsin(V7At) . So we get

2

the following theorem.
Theorem 5.6. Let M = I Xyr F Xgr2 Fo Xg4rs F3 be a generalized Kasner
spacetime and dimF; = dimF, = dimF5; = 1, and P = %. Then S is a
constant if and only if one of the following case holds

(1) ¢=n=0,5=3.

(2) ¢ =0, n #0, when S > 3, there is no solutions, when S = 3, ¢ is a

Y =

constant and when S < 3, ¢ = cpe noo.

(3) I C £ 0.

(3a) S <

2¢
ngt §-va,\ e
ey T3 ¢ = T '+ coe” 2 )

4(n+C2
_2¢
(3b) § = n+<2) +3, 6= (cle%t +62t63t) e
_2¢
(8¢) S > 72y +3, 6 = (creitoos (V521 + eaeitsin (Y554) ) 77

- Einstein Type (III) generalized Kasner space-times with a semi-
symmetric non-metric connection.

By Proposition 5.2, we have

" /2
(5.22i) g(q;) (n— §)(§5—2+>\ 3=0,
. ¢// ¢/2‘ ¢l
(5.22ii) —p1 9 + (¢ - )¢2 +§E = A
1 /27 /
(5.22iii) —p2 q; + (¢ — )22 +<% = A
) ¢/I ¢/2' ¢I
(5.22iv) “p |G D[ G =

If { =n =0, by (5.22i), A = 3, by (4.50ii), A = 0, this is a contradiction.
If (=0, n#0, plusing (5.22ii), (5.22iii), (5.22iv), we get A = 0. By (5.22i),
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’2 3
¢ = > and ¢ = coei\/:t which satisfies (5.22ii), (5.22iii) and (5.22iv), so we

obtain A\=0, (=0, n#0, ¢ = coei\/gt.

When ¢ # 0, if p1 = ps = p3, we get type (I), so we may let p; # pa. By
(5.22ii) and (5.22iii), we have (2" = X and <¢<> =0, 50 ¢¢ = c1 + ot and
co = A1 + cat), then Aca = 0. When ¢o = 0, then A =0 and ¢ is a constant,
so by (5.22i), then A = 3 which is a contradiction. When A = 0, then ¢z = 0
which is also a contradiction. We get the following theorem.

Theorem 5.7. Let M = I Xy Fy Xgro Fo Xg4rs F3 be a generalized Kasner
spacetime for p; # p; for some i,j € {1,2,3} and dimF; = dimFp = dimF3 =
1, and P = %. Then (M, V) is Einstein with the Einstein constant X if and
3
onlyif A\ =0, (=0, n#0, ¢ = coei\/:t.
6. Curvature of multiply twisted products with an affine
connection with a zero torsion

Let V is the Levi-Civita connection of M, we define
(6.1) VxY = VxY +7(X)Y +7(Y)X,

which has no torsion. Let~ R and R be the curvature tensors of V and %,
respectively. Then R and R are related by
R(X,Y)Z = R(X,Y)Z+X(x(Y))Z - Y (x(X))Z
+9(Z,VxP)Y —g(Z,VyP)X + n(Z)[7(Y)X — m(X)Y]
—-n([X,Y)Z

=RX,YV)Z+X(x(Y)Z - Y(r(X))Z — n([X,Y))Z

for any vector fields X,Y,Z on M. By (6.1) and Proposition 2.2 in [12], we
have:

(6.2)

Proposition 6.1. Let M = B Xy, | X4, Fo X -+ X3, oy be a multiply twisted
product and let X,Y € T(T'B) and U € I'(T'F;), W € I'(T'F}) and P € T'(T'B).
Then

(1) = V&Y.

(2) VxU =[5 + =(X)]U
(3) VoX = [ 4 r(x)U
(4) vUW—o if i #

(5)

5) VoW = U (b)) W+W (Inb)U — 25T grad b, —bigr, (U, W)grad by
+ V{;’W ifi=7j.
Proposition 6.2. Let M = B Xy, F1 Xp, Fo X -+ X3, Foy be a multiply twisted

product and let X, Y € I(TB) and U € T'(T'F;), W € T'(TF;) and P € T(T'Fy,).
Then
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(1) VxY =VBy.
(2) VxU = ng U+ g(P,U)X
(3) VoX = XU + o(P,U)X
(4) VoW = w(W)U +w(U)W ifi # .
(5) VuW = U(inb))W+W (Inb))U — 2 grad  bi—bigp, (U, W)grad sb;
+VEW +7(W)U + (U)W if i = j.
By (6.2) and Propositions 2.4 and 2.5, we have:
Proposition 6.3. Let M = B Xy, F1 Xp, Fo X -+ X3, Fiy be a multiply twisted
product and let X,Y,Z € T(TB) and V € I'(TF;), W € I'(TF};), U € T'(TFy,)
and P € T(TB). Then
(1) R(X,Y)Z = RE(X,Y)Z,
(2) RX,Y)V = X(x(Y))V — Y (=(X))V - #([X. Y]}V,
and for other components, R equals to R.
Proposition 6.4. Let M = B Xy, | X4, Fo X -+ X3, Fyy be a multiply twisted
product and let X,Y,Z €e I(TB) and V € I(TF;), W e I'(TF;), U e T'(TFy,)
and P € T'(TF;). Then
(1) RV, W)X =R(V,W)X + V(x(W))X = W(r(V))X — =([V,W])X
(2) RU,V)W =U(x(V)W = V(x(U))W — (U, V)W Zfl =k#j.
(3) R(U, V)W = g(U, W )grads(V (tnb;))—g(V, W)grad (U (Inb,))+RF (U,
2
V)W — ERGERE (o (VW)U —g(U, W)V) +g(W, Vi P)V —g(W, Vy P)U
Fr(W)[r(V)U = a(U)V] + U(=(V))W = V(m(U))W —=([U, V)W if
i=j=k=1, and for other components, R equals to R.
By Propositions 6.3 and 6.4, we have:
Proposition 6.5. Let M = B Xy, | Xp, Fo X -+ X3, oy be a multiply twisted
product and P € T(T'B). Then Ric = Ric.
Remark. By Proposition 6.5, then we can get the same conclusions for V and
V.

Proposition 6.6. Let M = B Xy, ' Xp, Fo X -+ X3, oy, be a multiply twisted
product and P € I'(TF,.). Then
(6.3)

Ric(V, W) = ﬁ(v W)

+ Z e5.9(V(r(E; )W = B (r(V))W — (V. B} )W, Ej)
Jr=1
for V.W € T'(TF,.). For other components, Ric = Ric.
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