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THE INVARIANCE PRINCIPLE FOR RANDOM SUMS OF A
DOUBLE RANDOM SEQUENCE

ZHENLONG GAO AND LIANG FANG

ABSTRACT. In this paper, we extend Donsker’s invariance principle to
the case of random partial sums processes based on a double sequence of
row-wise i.i.d. random variables.

1. Introduction

The early studies of the invariance principle for partial sums of an i.i.d.
random sequence are dated back to P. Erdés and M. Kac ([5, 6]). Various
particular cases of the invariance principle are derived in their articles. The
present paper deals with the general form of the invariance principle defined as
following:

Definition 1.1. (Let {Y,,,n > 1} be a sequence of random variables and

{gn(ala s aan)a n Z 1}
be a sequence of Borel measurable functions. If the limit distribution

le P(gn(Y1,...,Y) <)), —co< A< 0

does not depend on the distributions of {Y},}, then it is said that {Y,,} satisfies
the invariance principle of {g,}.)

The first general invariance principle for partial sums of i.i.d. random vari-
ables is due to M. Donsker ([4]). Let C = C[0,1] be the space of continuous
functions on [0, 1] and C be the Borel o-field with respect to the uniform topol-
ogy, that is, for any x,y € C,

p(x,y) = sup |z(t) —y(t)l.
tefo,1]
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Denote W to be the Wiener measure on (C,C) and C* to be the space of bounded
continuous functions on (C,C). Let X = X]0,1] be the space of continuous
functions except for finite points on [0,1] and X* be the space of bounded
continuous functions on X with respect to the uniform topology. M. Donsker
([4]) obtained the following result: Let {X,} be a sequence of i.i.d. random
variables. Define S, =Y.' | X; and

(L2} , te ﬂ,
(1.1) Tn(t,a1,...,an) = { v 5
G t=0.
For any f € X*, define
gn(ala- .. aan) = f(xn (taala" '70/71))’
then {5, } satisfies the invariance principle of {g,} and

(1.2) nl;rrgo P(gn(S1,...,8) <A =Wz eC: f(z) <), A€ (—o0,00).

D. H. Hu ([9]) extended M. Donsker’s result to the case of random sums.
Let {Z,,n > 1} be a sequence of positive integer valued random variables and
{¢n,n > 1} be a sequence of positive real numbers such that

Zn
(1.3) cn = o0oand 22 Ly 7 n o oo,
Cn

where Z is a positive random variable independent of {Z,,,n > 1}, then (1.2)
is changed into

(1.4) nan;OP(an(Sl,...,SZn) <A)=Wxzel: flx) <), A€ (—o0,0).

In more recent literatures, (1.1) is often modified by

Qi1 $t— =1 e A= ﬂ’i,'zl’_._7;
:Cn(t,al,...,an): \/ﬁ—i_n( n)(\/ﬁ \/ﬁ) (n n] ? n
0 =:ao, t=20
and (1.2) can be written as the following version:
1
Yn(t) = — (S[m] + (nt — [nt])X[nt]+1) , t€[0,1],

NG

then {4 (t)}ieqo,1) 4, SBM, where [z] is the maximal integer that no more
than z and SBM is a standard Brown motion on [0,1]. (1.4) can be rewritten
accordingly.

This general case of invariance principle has been widely studied for many
topics (see P. Billingsley ([1]), P. Hall and C. C. Heyde ([8]), M. Peligrad ([11]),
Q. M. Shao ([13])). Recently, many researchers investigated the corresponding
results for triangular arrays of random variables. For example, A. De Acosta
([3]) derived the invariance principle for triangular arrays of row-wise i.i.d. B-
valued random vectors, where each row has an infinitely divisible distribution
(see also A. D’Aristotile ([2]), A. Rackauskas and C. Suquet ([12])).



INVARIANCE PRINCIPLE FOR RANDOM SUMS 1541

We are interested in the invariance principle for random partial sums pro-
cesses based on a double sequence of row-wise i.i.d. random variables {§, ;,n >
0,7 > 1}, which arose from branching process in varying environment (see D.
H. Fearn ([7])).

Throughout this paper we assume that E(&, ;) =0, Var(§,;) =1, n > 0,

j > 1. Define T\ = 7 €., m > 1 and

n 1 n
i) = = (T, + (mt = It s ) € [0,1],
then we have the following result:

Theorem 1.1. Let {Z,,n > 1},{cp,n > 1} and Z satisfy (1.3), where Z is
independent of {&, j,n > 0,7 > 1}, then

1.5 { (”)t} 4 8B N — 0.
(1.5) fiy (t) o) n— 0o

In Section 2, we give the main steps of the proof for Theorem 1.1. The
technical results needed in the proof are given in Section 3 and Section 4.

2. Sketch of the proof of Theorem 1.1

In this section, we give three main steps in proving Theorem 1.1. Our
main idea is to prove an equivalent condition such that the distribution of

{M(ZZ) (t)}teqo,1) is weakly convergent to the distribution of a standard Brown
motion on [0,1]. We follow the notations introduced in Section 1.

We always assume that & is a fixed positive integer, {a;, j=1,...,k} and
{Bj, =1,...,k} are fixed vectors in R*. Foranyn >0, m >1,i=1,...,m,
j=1,...,k, write

7(n) . . .
(n) i Jjm Jj—17
( ) Sz (m) — > jm [ A :| sy Lk,g ( k_’ k:| s

(22) E7(r?) = {w e S Sz(n)(m) S ﬁjan(jfl),m <1 S nj,maj = 1; .. -7k}a

(2.3) E={zeC:a;<a(t)<Bjt€l;j=1,....k}.
The first step in proving Theorem 1.1 is:
Lemma 2.1. If the conditions in Theorem 1.1 are satisfied, we have
(2.4) im. P(EJ)) = WE).
Foranyn>1, x € C, j=1,2,...,k, define
(25)  Ru={w|weQa; <uf’(t) <Bjtelnj=1,....k},

(n) _ M)y o) _ i ()
(2.6) p; _tzlllfj'uzn(t), q; —tér;,fjuzn(t),
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2.7) pile) = sup @(t), ¢;(z) = inf x(t).
tely tel,;

The second step is to prove:
Lemma 2.2. If the conditions in Theorem 1.1 are satisfied, we have

(2.8) lim P(R,) = WE).

n—roo

For any bounded and Borel measurable function g : R** — R, one has
(2.9) Vyg:=lim [ g (pg"),---,p;i"),qgn),---,q,ﬁn’) AP

LMM@%~WM@%@%~#NWWW)

The last step is to prove:

Lemma 2.3. If the conditions in Theorem 1.1 are satisfied, for any h € C*
one has

(2.10) lim [ B (6)dP = / h(z)W(dz).

Theorem 1.1 follows from Lemma 2.3.

3. Proof of Lemma 2.1

We follow the notations introduced in above sections. The proof of Lemma
2.1 is divided into three steps. First, we prove that:

Lemma 3.1. Let {l,,,n > 1} be a sequence of positive integers with lim,, o Iy,
= 00. Then one has

(3.1) lim P (E}j’) - WE).

n—oo

Second, using Lemma 3.1 we prove that:

Lemma 3.2. Let {Z,,n > 1} be a sequence of positive integer valued random
variables and {c,,n > 1} be a sequence of positive real numbers such that

Zn
(3.2) en =00 and 22 L >0, n— o0,
Cn

where ¢ is a constant. Then we have

(3.3) lim P (Eg;) = WE).

n—o0

Finally, we prove that Lemma 2.1 follows from Lemma 3.2.



INVARIANCE PRINCIPLE FOR RANDOM SUMS 1543

3.1. Proof of Lemma 3.1

Lemma 3.3 (c.f. [10]). Let {k,,n > 0} be a sequence of positive integers with
k,, — oo. Then one has

™
kn d
— N(0,1), n — oo.

Vkn

Lemma 3.4. Let {(Yt(ln), Yt(n), ceey Yt(:)), n > 1} be a sequence of random vec-

2
tors taking values in R™ such that

m
t; >0,i=1,...,m, Ztiélv
i=1

for each n, {Yt(ln), Yt(n), ... ,Yt(:)} are independent and for each i = 1,...,m,

2
YtEn) 4, N(0,t;) when n — oco. For any vectors {a;,1 < j < m},{b;,;1 <j <
m} € R™, write

i
Gn:{w;ajSZth_”)gbj,lgjgm},
=1

J
G:{xeC:aj§x<Zti>§b]}.
i=1

Then one has

(3.4) ILm P(G,) = WG).
Proof. Since for each i =1,...,m, Yt(in) 4, N(0,t;) when n — oo, one has
\t/t_ 4 N©,1), n 00, i=1,...,m.

Note that for each n, {Yt("),Yt(j), .. ,Yt(:)} are independent, by (4.16) and

1

(4.17) of P. Billingsley ([1, p. 26]) we know

< i} t2 b i>]\7(O,Imxm), n — 00,

where I,,xm is the unit matrix of order m x m. Define
0 V2 V2 - Vi

0 0 0 o At
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according to Theorem 5.1 of P. Billingsley ([1]), when n — oo, one has

<<n> ZY(n) 7iyt5n>>
=1

y. (™ (n) (n)
Y, Y,
= ( L L e )-A—)d N(0, Iyuxm) - A.

Vi VT Vi
According to the definition of Wiener measure W(-) (see [1]), we complete
the proof of (3.4). O

Proof of Lemma 3.1. Fix n, for any 1 < r < I, there exists {1 < j, < k} such
that

NGr=1sdn < TS Wil
where 7., is defined in (2.1). Define

l(n)r - {w L Qy < Si(n)(ln) < ﬁjan(jfl),m <1< Mj,m5 1<i<jr— 1}
ﬂ {w tay, < Si(") (In) < Bjry (i, —1),m <8 < 7’}
N{w:as, <50y <8}

It is obvious that
(3.5) (E(" ) ZP (E(" )

where E is defined in (2.2). Let x be any fixed positive integers and € be
any fixed positive real number. For any 1 < j <k, 0 < d < y, define

(s d) = [U_Tl)l’wglﬂ

For any 1 < r <, there exists 0 < d,- < x such that

In(Grydy) <7 < 1n(jr,dr +1).

It is obvious that
(n) (n) (n) n

(3.6) P (Eln,r) (E n (‘Sl (Grsdr +1) ln) = SS )(l")

+P (BN (

-0)
S iy tn) = SO0 <€) ).

where Si(") (m) is defined in (2.1). Note that
E(&, ;) =0, Var(&,;) =1, n>0, j > 1,

ln
ln(jTadT + 1) - S ln(jr;dr + 1) - ln(jradr) S |:]€_:| )
X
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according to Tchebychev’s inequality one has

(n) n 1
P (|84 a0 = S| = €) <

which means that the first term on the right of (3.6) is bounded by 1/(e*ky).
For the second term on the right of (3.6), we define

Fl(nn):{w:ajgs("). (ln) <Bj,i=1,...,k; d:O,l,...,x},

Fl(nn) {w a3+€<Sz (Jd)( n) <Bj—€6j=1,. k;dZO,l,...,X}.
According to the definition of El(n 1)T, for any 1 < r <1, one has
< e)
c{wrag <5 <8, 0 (|80 o () = S (L)

{w S(n)gr 4,41 In) < aj, +eor Sl Gty (In) > B = 6}
c [F)e.

ln e

A = B0 (8100 ) = 50 0)

<

Note that r is arbitrary we know that
ln
U A(n) C [F}(n)}c
:1 ’Vl7 s
On the other hand, El(:) C Fl(n") By (3.5) and (3.6) one has

1
7 P (F(")) <P ( (”>) (F(")) .
(3.7) te) T @l In
For any y = 27, where T is positive integer, define

DX{xGC’ ajgx<%> gﬂj,dl,Q,...,x;j1,...,k},

Dx,ez{xeczaﬁegx(W)gﬁj—e,d:1,2,...,X;j=1,...,k}.

Taking
[iln /kX] [

i
t = —, Yt.: Z i=1,2,....kx,
7 \/_

kx =[(i—1)ln Jkx]+1
one can obtain that for fixed n, {Y;,,i = 1,2,...,kx} are independent. Ac-
cording to Lemma 3.3 and Lemma 3.4 one has

lim P( <">) W(Dy) and  lim P (Flfj)) = (D).

n—oo

Hold x, € fixed and let n — oo in (3.7) we have

! < liminf P (E(")) < limsup P (E(n)) < W(Dy).

€2 X n—00 n—00

(3.8) W(Dy ) —
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Note that
lim W(D,)=W(E) and lim W(D,.) = W(E.),
X‘)OO

—00
where E is deﬁ:led in (2.3) and
(3.9) E.={zecC:aj+e<z(t)<Bj—¢ tel; j=1,...,k}
Note that when € — 0 one has E. T E, then (3.1) is obtained if we first let
X — oo and then € — 0 in (3.8). O
3.2. Proof of Lemma 3.2

In the case of Lemma 3.2, for any ¢ > ¢ > 0, with a large probability,
{Z,} is dominated in ((c — €)cy, (¢ + €)c,) when n is sufficiently large. Taking
l, = [(c—€)ey) and 1, = [(c + €)cy] respectively in Lemma 3.1, it is reasonable
that we can obtain the conclusion of Lemma 3.2. Details are given below.

Proof of Lemma 3.2. Since Z,/c, Ly ¢ when n — 00, we know that for any
e >0, > 0, there exists Ny = Ny(e,d) such that for any n > Ny one has

(3.10) P(|Z, — ccn| > ecp) < 6.
By (3.10) and P(E(ZZ)) =S P(ESY, Z, = m) one has
(3.11) L= S P (Egy),zn - m) <P (E(Z’jf) <5+1,

[m—ccn|<ecn
For any n > Ny, denote
(3.12) U, =Up(c):=[(c—e)cn], Vo =Vale) :=[(c+e)ey].
According to the definition of 7; »,, (see (2.1)), one has

0<njv, =nju, <Vo—=Un, j=1,....k;

NG+1),U, — M,Un = [%} -1> [(C%] -2, j=1...,k—1
Then there exists a constant €9 > 0 such that for any € < £g one has
MjUn = M0,V < NG+1),U, J =10 k=1
In addition,
5,0, < Njm < NG+1),Upns j=1..., k=1, U, <m<V,.
If U, <m <V, that is, |m — cc,| < ¢y, by the definition of EY (see (2.2)),

E’y(g)c{w Ly S Sz(n)(m) S 6_]3 n(jfl),m <1 S N5,Un > j: 1aak}

{w : HUEO@' < Si(n)(Un) < uUﬁﬂj, NG—1)m <t <Mju,, 1<J< k} .

For any n € R,y > 0 and real numbers a, b, denote

(313) B, = {wra—n< 8P m) <840,
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Njm << NG41)ms J =1, .,k} ,
(3.14) Ag:,)i(a,b) = {w ta < SZ-(n)(m) < b} , U, <m <V,
315)  BOM) = {w:ls0 W) - SO <)

77(j—1>,Un, ES (=1, V-
Note that for any U, < m <V,, one has

A <,/ aj, | — ﬁj> c AV (a;—d, B +d),
where
Vn - Un
(3.16) d=d(c) := { max \/T} - max {Josl, 15,1}

< {max 26$} max {[a;l,[5;]}-

n>No \| [(c —€)ep] [ 1<i<k
Thus,
77] Un ( ) m m
Ep) c m N AZ <\/U_aj’”U_ﬁj>
Jj=li=ngG-1),m+1 " "
77] Un
= ﬂ N A7 (e —d B +d).
Jj=li=ngG-1),m+1
Then

N3,Un
B c ﬂ N ARy —d.p+d)

Jj=1lt=n@-1),m+1
C

NG—1),Vn NG—=1),Vn
AN N seltuln AT e
j=li=n¢_1),u, +1 j=li=ng-1),u, +1

77] Vin

Jj=1li=n¢-1),u, +1

C
NG—1),Vn

0|0 N7 sl csue

Jj=li=ngG_1),u, +1

where

(3.17) p=p(c) = d(c) +,
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M3,Vn

a-U U syor

j=li=ngG_1),u, +1

o xS () - ST 20 )

NG—1),Un <I<NG -1,V 1<5<k
Similarly, when U,, < m <V, that is, |m — cc,| < €c¢y, one has
E’r(rz:) ) {w L0y < Sz(n)(m) < Bjan(jfl),m <1< UIAZY j=1.. ak}
(n)  _ A(n)
DBy, -Gy

Note that E(&,;) = 0, Var(é,;) = 1, n > 0, j > 1, according to Kol-
mogorov’s inequality one has

NG—1),Un <ESN(G—1),Vp

k
P(GM) < ZP ( max S % v +1(Un) = SM(U,)| > 7)
Jj=1

k
Szng 1)V g DU k(V, —Up) < 2kcne-
j=1 Unv? Unv?

According to the definition of I,, (see (3.11)) one has

(3.18) L< Y PEY UGEY Z,=m)
|m—cen|<ecn
(n) _ 2kc,e
< Y P Ze=m+
|m—cen|<ecn
(n) 2kcpe
< P(EUmp) U2

Similarly, when U,, < m <V, one has

2kc, e
3.19 I, > P(E™ §— =t
( ) ( Va 7p) Un’)’2

By (3.11), (3.18) and (3.19) one has

2kcye
Unv?

According to Lemma 3.1, if we let n — oo in (3.20) we have

2kc,€
U2’

(3200 P(EY) ) -8- = < P(ESY) <6+ P(EY),) +

2ke (n)
< limsup P(E(ZTZ))
n—oo
2k
< WE,) 40+ ——

(c—e)y?
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where E, is defined in (3.9). Note that when ¢ — 0 one has p | ~, then E, 1 E,,
if we first let § — 0 and then € — 0 in (3.21) we have

W(E) < liminf P(E}) < limsup P(E]) < W(E),
which implies (3.3). O
3.3. Proof of Lemma 2.1

In the case of Lemma 2.1, Z is positive almost everywhere. Lemma 3.2 works
on each {Z = ¢}. Finally, we can get Lemma 2.1. Details are given below.

Proof of Lemma 2.1. Denote the distribution function of Z is G(z), according
to the definition of conditional expectation one has

(322)  P(EY)) = / P(EYY|Z)(w)P(dw) = / P(EY|Z = ¢)dG(c).
)= g | .
It is obvious that

(3.23) PEPZ=c= Y PEY Z,=m|Z=c)

[m—cen|<ecn

+ > PEW. Z,=m|Z=c)

|m—cen|>ecn
I(n) (c) + I(n) (¢).

Note that I(n) < P(|Zn/cn —c| 2 e|Z =c¢) and Z,,/c, L, Z we know that

(3.24) /0 ™ (¢)dG(c) P( Zn
(=
_p <

For any ¢ > 0 and n > 1, according to the proof of Lemma 3.2 we know that
when U, (c¢) < m < V,(c) one has

(n) (n) (n) (n)
By e — G CEn” CEy ) (o)

where U, (c), Vy,(c) are defined in (3.12), E{"), is defined in (3.13) and p(c), G{"
are defined in (3.17), so

(n)
(3.25) An(e) = P(ES) i Z =©)

_p(Z

&g
< I{(c) < P(EY 5, yn)|Z = ) + PG| Z = o).

— C

>¢elZ = c) dG(c)

Zn _ Z' >elZ = c> dG(c)

oz
Cn

>5)%0.

UG,

>elZ = c) —P(G\M|Z =c)

Cn
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Note that all the terms in (3.25) are bounded and Borel measurable with re-
spect to ¢, so all the terms are integral. The number of the possible values
of (Un(c),p(c)) is countable, then U,(c), p(c) are measurable with respect to

¢, so if P(EU:(C) p(c)) is viewed as the function of ¢, it is Borel measurable.
According to the independence of Z and {¢, ;,n > 0,7 > 1} one has

(3.26) /0 P(E 4, ) Z = €)dG(c) = /0 P(EY ) olZ = 0)dG )

_ [T g
= /0 P(EY, (¢),()) 4G (€)-

Let n — oo in (3.26), by Lemma 3.2 and Lebesgue’s denominating convergence
theorem,

(3.27) lim PB4 )| Z = €)dG(c) = /0 W(E,())dG(c),

n—oo 0

where E, is defined in (3.9). Note that when ¢ — 0 and 7 — 0 one has
E,) T E, by (3.27) and Lebesgue’s denominating convergence theorem,

lim lim lim P(E™ 1Z = ¢)dG(c) = / lim lim W(E,(.))dG(c)
0

Y0 =0 n=00 J Un(2),0(2) ¥—0e—0
=W(E).
Similarly, we have
Ty o lime o Ty oo [5° PB4 |2 = 0)dG(c) = W(E),
lim, 0 lime 0 limy, 00 fooo P(ng)|Z =¢)dG(c) = 0.

Take the integrations of all the terms in (3.25) with respect to G(c) and let
first n — oo, then ¢ — 0 and finally v — 0, one has

R A _
(3.28) ghi% nhﬂn;o ; I;'dG(c) = W(E).
By (3.22), (3.23), (3.24) and (3.28) one has (2.4). O

4. Proofs of Lemma 2.2 and Lemma 2.3

In this section, we prove the last two lemmas. For Lemma 2.2, our main
idea is to prove that |P(R,) — P(E(ZZ))| is small when n is sufficiently large,
so Lemma 2.2 follows from Lemma 2.1. Lemma 2.2 and an approximation
theorem of M. Donsker guarantee the correctness of Lemma 2.3.

Proof of Lemma 2.2. Note that for any j =1,...k,

(G-DF]+2-1_ (G-DF-1+2-1_j-1 J
> = and =,
Zn Zn k Zn k
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one has IZn,[(j—l)ZT"]+2’ N ZnljZn) C Iy, j=1,...,k where I ; is defined
n (2.1). Define
[152] k
J,i”) =1, — U Iz, ﬂ ) < Bj,t € J,E"J)}
i=[(j—-1)Z2]+2 J=1
we have
k
j=1
=1, NEy.
But
kg = ’ Zn Zn 'k
c .7_1 n/k [(j_l)Zn/k]+1 U [jZn/k] [JZn/k]+1
’ Zn, Zn Zn,
IZ (= 1) +1U Zn,[_] -
Therefore,

I, © m {Oéj SM%}(USﬂjatEI Zn,[(5—1) %2 ]+1UI Zn [ k"]"‘l}
k
= Moy <85 1(Za) < Bjoay <S5 1 (Z0) < B}

ﬂm{aj <S(n) ( n)gﬁj;a] <Sv(7:l)z ( n)gﬁj}

NG—1),2Zn

For any n > 0, define
Ty = {w | max {|S" ., —S™ |} >n).

1<]<k 13, ZnJrl N3, Zn

Thus,

k
@1) B 5 Ry o (oay < 8™ (Za) < i)z, < i< mjz, +1}
j=1
») E(Z’Z{_n NTy

where E(ZZ),—W is defined in (3.13). Note that

(4.2)

H'Ma-

PSS, 11(Zn) = S5, (Za)| > n)
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and

P (187, 1(Z0) = S, (Zu)| 2 n)

Mj,Zn 1 Mj,Zn

= [ PUSY (20 = S5, (2012 017 = G

IN

|m—cen|<ecn
+/ Y P(Zy=m|Z=c)dG(c) =: I + I,
0
|m—cen|>ecn

where

[m—cen|<ecn

11=/0°° S PS> 12 = 0dG(e)

€n,1 .
< [ 2P 2012 = 0G0

2ecy,
= 2ecuP(§nal 2 /(e = en) < 5=,

and

L < / P(|ﬁ_Z|ze|zzc)dG(C)=P(
0 C

n

Zn
——Z’Ze),

Cn
so we have
2ecy,

Zn
+P(—=-2>¢

(4.3) P(Ton) <k {m Cn ]

Note that Z,/c, - Z, by (4.1), (4.3) and Lemma 2.2 we have

(4.4) W(E) = lim P(EJY) > limsup P(R,) > liminf P(R,,)
n— o0 n n—oo n—0o0
2ke
>W(E_,) — ——.
> W) n*(c—e)

Let first € — 0, then 7 — 0 in (4.4) one has (2.8).

DeﬁneB:{(tl,...,tQk) oo < t; < By, q <tigr <00, t=1,...

Note that by (2.3), (2.5), (2.6) and (2.7) we have
(4.5) Ry ={w|we® a; <p(t) <Py, t €l j=1,....k}
=@ a”, ") € BY,

(46) E:{$EC|aj§$(t)§ﬁj,te[k,j,j:L...,k’}
= {‘T ecC | (pl(x)a'"apk(‘r)’ql(‘r)""vq]v(‘r)) € B}

/ S PUS, 1 (Za) = S5, (Z)] 0, Za = mlZ = 0)dG(c)
0
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Let Ip be the indictor function of B, by (4.5) and (4.6), we know that (2.8)
is equivalent to

(4.7) Vi, = lim [ Ig (pﬁ"),-.-,pé”’,qi”’,...,q,i")) AP

/CIB<p1(z>,...,pk<z>,q1<x>,...,qk<sc>>w<dz>.

According to the proof of Theorem 2.3 of D. H. Hu ([9]) we know that the
o-field generated by all the sets like B is the Borel o-field of R?*. By the
monotone class theorem one has (2.9). (]

Lemma 4.1 (c.f. [4]). For any h € C* and € > 0, there exist hy, ha € X* such
that

(4.8) hi(z) < h(z) < ho(x), Vo € X, /C[hg(:c) — hi(x)]wW(dx) < e

and h;(z), i = 1,2 can be rewritten by

(4.9) hi(z) = fi(pr(x), ..., pr(z), q1 (), ..., qr (7)),

where f;, i = 1,2 are two bounded and Borel measurable functions on R2*.
Proof of Lemma 2.3. Lemma 2.3 follows from (2.9) and Lemma 4.1. O
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