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COEFFICIENT BOUNDS FOR CERTAIN SUBCLASSES OF
MEROMORPHIC AND BI-UNIVALENT FUNCTIONS

TRAILOKYA PANIGRAHI

ABSTRACT. In the present investigation, the author introduces two in-
teresting subclasses of normalized meromorphic univalent functions w =
f(z) defined on A := {z € C: 1 < |z| < co} whose inverse f~!(w) is
also univalent meromorphic in A. Estimates for the initial coefficients are
obtained for the functions in these new subclasses.

1. Introduction

Let X’ denote the family of all meromorphic univalent functions of the form:
00 bn
1.1 = il
(1) RN

defined on the domain A := {z: 2z € C and 1 < |2| < 0o} except for a simple
pole at co with residue 1. Let X, be the subclass of ¥’ for which by = 0. It is
well-known that every function f € ¥’ has an inverse f~!, defined by
FHfR) =2 (z€d),
and
fF(f'w) =w (M <|w| <oo, M>0).

If G is the inverse of a function f € ¥’ (i.e., G = f~1), then G has an expansion
of the form

oo Bn

1.2 G = —

(12) w=w+3
in some neighborhood of w = co. A simple calculation shows that the function

G, is given by

by b +bobi by + 2boba + b2b1 + b2
(1:3) Glw) = f~*(w) = w—by— =~ 2t 2001 st Dota it

w w3
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Analogous to the bi-univalent analytic functions (for recent expository work
on bi-univalent functions, see [2, 8, 9]), a function f € ¥’ is said to be mero-
morphic bi-univalent in A if both f and G are univalent in A. The class of all
meromorphic bi-univalent functions is denoted by ;.

In literature, several authors were investigated the coefficient estimates of
meromorphic univalent functions. For f € X, it follows from the area theorem
that [by] < 1. Schiffer [5] obtained the sharp estimates [by| < 2 for f € Xf.
Duren [1] gave an elementary proof of the inequality |b,| < n%_l for f € ¥
with b, =0 for 1 < k < §. For G € X, Springer [7] used variational methods
to prove that

1 1
|Bs + 5B$| < 5 and |Bs] <1

and conjectured that

—9)!
|Bgn_1|§% 7’L=3,4,5,....
Kubota [3] has proved that Springer conjecture is true for n = 3,4,5 by an
elementary application of Grunsky’s inequalities. Furthermore, for G € 3,
Schober [6] obtained sharp bounds for the coefficients Ba,—1, 1 <n < 7.

The object of the present paper is to introduce two new subclasses of the
function class ¥} and find estimates for the initial coefficients by, b1 and b, for
functions in these new subclasses.

We need the following lemma for our further investigation.

Lemma 1.1 ([4]). If h € P, then |ck| < 2 for each k, where P is the family of
all functions h analytic in A :={z:z € C and |z| < 1} for which R(h(z)) >0

where
h(z)=1+c1z+c2®+ 32 +--+ (2 €A).
2. Coefficient bounds for the function class Ms; (a, A)

Definition 2.1. A function f(z) € ¥} given by (1.1) is said to be in the class
Msy (o, A) if the following conditions are satisfied:

(Q;)g{AZJ{ES) +(1-N) (1+ Z;(z))}‘ <5 (0<a<ir>1l:ed)
e
arg{)\wg(;(;;}) +(1-2) (1+%)H < % O0O<a<l,A>1weA),

where the function G is given by (1.3).

For A =1, we denote the class My; (o, \) = My (a).
We state and prove our main results.
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Theorem 2.2. Let f € My (o, A). Then

(2.3) |bo| < 27(1
Ao

(2.4) bi] < 5\ (@ =22 + 55,
and

2a 6a? — A% (a? — 3a +2)
(2.5) [ba| < 367 —2) [2{ e }+32a}
Proof. Since f € My (ar, A), there exist two functions p and ¢ such that
(2.6) Az;(i";) (1= (1 + ZJ{(S)) = (p(2))°
and
(2.7) )\wg(igj) +(1- ) (1 + wg(f:;)) = (q(w))",

respectively, where p(z) and ¢(w) satisfy the inequalities R(p(z)) > 0 (z € A)
and R(q(w)) > 0 (w € A).
Furthermore, the functions p(z) and ¢(w) have the forms:
C1 C2 C3

p(z):1+?+;+z—3+-~- (z € A)
and J J p
gw) =1+ —+ S+ -5+ (wel)
By definition of f and G, we have
zf'(2) ( zf”(z))
2.8 A +(1=-MN[1+
B8 Ay T T
Ao ABZ+2(1—20)by  AbE — 3Aboby — 3(2 — 3A)b
=1l-—+ 2 - 3 +
z z z
and
(2.9)
wG (w) wG" (w)
A——— 1-XMN1(1
G+ 0 (1 G0
A\b AbZ2 —2(1 = 20\)b Ab2 — 3(2 = 3\)by — 6(1 — 2)\)bgd
14204 o (2 )1+ 0 ( )23 ( )01+
w w w

A simple calculation shows

1 — 1)
(2.10) (p(2))* =1+ 2 4 ga(e — ey - aca

52
oo —1)(a —2)c + ala — 1)ciez + acs

23
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and

o adi  tala—1)d? + ady
(211)  (qw)* =1+ =%+ 2 — !

ta(a—1)(a—2)df + a(a — 1)dids + ads N

w3
Using (2.8), (2.10) in (2.6) and (2.9), (2.11) in (2.7), we get
(2.12) —)\bo = Q(Cq,
1
(2.13) AbZ 4 2(1 — 20)by = gaola - 1)ci + aca,

ala—1)(a—2)

(2.14) —Ab3+3\boby +3(2 —3\)be = A +ala—1)eie+acs,

(2.15) Abp = audy,
1
(2.16) AZ —2(1 —2\)by = 5a(a —1)d? + adsy
and
(2.17)

ala—1)(a—2)

Abg — 6(1 — 2\)bob1 — 3(2 — 3\)by = 43 + oo — 1)dydy + ads.

From (2.12) and (2.15), it follows that

acy ady
2.1 = = - _
(2.18) bo S v (a=-di)
and
2 o 2 2
(219) bO = m(cl + dl)
As R(p(z)) > 0 in A, the function p(L) € P. Similarly ¢(%) € P. So, the

coefficients of p(z) and g(w) satisfy the inequality of Lemma 1.1. Applications
of triangle inequality and followed by Lemma 1.1 in (2.19) give us the required
estimates on by as asserted in (2.3). Also, the estimates on by follows from the
direct consequence of (2.12).

By squaring and adding (2.13) and (2.16), using (2.19) in the computation
leads to

a? (a—1)2
S2r_12| 4
2

(c] +d}) + (2 +d2) + (a — 1)(cEea + didy)

by =
o (4+d4+22d2)
2/\201 1 C1a1)| s

which in turn yields the estimates on by given in (2.4).
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Finally, to determine the bounds on bz, consider the sum of (2.14) and (2.17)
with ¢; = —dy, we have

-
— [«
3(bA —2)
Subtracting (2.17) from (2.14) with ¢; = —d;, we obtain

—1)(a—2
(2.21) —6(3\ — 2)by = 22b3 + 3(3\ — 2)bob1 + %ci’

+ a(a = Deg(ea + da) + ales — ds).
Using (2.18) and (2.20) in (2.21) gives

6(3A—2), _ 60® —N(a®—3a+2) , 4(1-a)2A-1)
2 = 1
3N2 5A— 2
2A(1 — a) 4270 — 1) 2\
5x_2 2T ¢

(2.20) bob1 = o — 1)61(02 — d2) + Oé(Cg + d3)] .

C1C2

2 Bt

Finally, an application of Lemma 1.1 for the above equation immediately yields
the desired estimates on by given by (2.5). The proof of Theorem 2.2 is thus
completed. (I

Taking A = 1 in Theorem 2.2, we get the following results.
Corollary 2.3. Let f € My, (). Then
|b0| S 20&,

|b1] < av/5a? — 4o+ 4,

and

1
1bs] < %(2042 +1).

3. Coefficient bounds for the function class Tx; (8, )

Definition 3.1. A function f(z) € X given by (1.1) is said to be in the class
Tsy; (B, A) if the following conditions are satisfied:

(3.1) %{Afo;S) (- <1+ z}f/’ég))} S8 (0<B<lA>1 zch)
and
(3.2)

wG' (w) B wG" (w) o
%{A G(w) +0 )\)<1+ G'(w) >}>ﬂ (0<B<1, A>1, weA),

where the function G is the inverse of f given by (1.3).

For A = 1, we use the notation:

Tsy (B, A) = Ts; (B).
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Theorem 3.2. Let f(z) given by (1.1) be in the class Ts; (8, A). Then

(33 o < 20250
(1-5) 41— p)?
(3.4) b1] < N1 1+ 2z
and
2(1-p) 4(1 - B)?
(3.5) bl < 553 [1 + =5 ] .
Proof. Let f € Ts; (8, A). Then, by definition of the class Tx; (8, A),
L (1 DY s
(3.6) A 5 +(1=XN <1+ 70 ) =06+ (1-p)p(2)
and
wG' (w) 3 wG"(w)\ 3 w
e At (1 g ) - st

where p and ¢ are as in Theorem 2.2.
Equating coefficients in (3.6) and (3.7) yield

(3.8) —Abo = (1 = B)ex,
(3.9) AbZ +2(1 — 20)by = (1 — B)ea,
(3.10) — b3 4 3A\boby + 3(2 — 3\)by = (1 — B)cs,
and
(3.11) Abg = (1 = B)dy,
(3.12) AZ —2(1 = 20)by = (1 — B)da,
(3.13) b —3(2 — 3\)by — 6(1 — 2\)boby = (1 — B)ds.
From (3.8) and (3.11), we get

Cc1 = —d1
and

@2
(3.14) by = (12/\5) (cf +d7).

An application of triangle inequality and Lemma 1.1 in (3.14) give the desired
estimate on by as asserted in (3.3). The estimate on by also follows from the
direct consequence of (3.8).

Next, to determine bound on by, squaring and adding (3.9) and (3.12), we
obtain

(3.15) 8(1 — 20267 + 20203 = (1 — B)*(c3 + d2).
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Using (3.14) in (3.15) gives
1 1-p)
= l1-—p22 a2 —
8(1 — 2))2 (1= B)%(cz + ) 222 (¢t + d} + 2¢3d?)
An application of Lemma 1.1 in the above equation, yields the required estimate

on by as asserted in (3.4).
Finally, in order to obtain the bound on b, adding (3.10) and (3.13) yields

b =

(1-5)
3.16 boby = ———2— ds).
(3.16) ob1 3(5/\72>(03+ 3)
Subtracting (3.13) from (3.10), we obtain
(3.17) —6(3X — 2)by = 2\b5 + 3(3\ — 2)boby + (1 — B)(c3 — d3).
Using (3.8) and (3.16) in (3.17) lead to
_ (1= [@-8)2 5 2021-1 A
(3.18) Esmey | e T oz et emoa®)

which eventually leads to the desired estimates (3.5) on by. The proof of The-
orem 3.2 is thus completed. (I

Taking A = 1 in Theorem 3.2, we the get the following result.

Corollary 3.3. Let the function f(z) given by (1.1) be in the class Ts; (B).
Then

b1] < (1= B)V/4B* —4B+5
and
|bs| < w(w? — 4B +5).

Remark 3.4. From the above discussion it is cleared that the estimates of by, by
and by in Theorem 2.2 when o = 1 is the same as the corresponding estimates
in Theorem 3.2 when 8 = 0.
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