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IDEALIZATIONS OF PSEUDO BUCHSBAUM MODULES
OVER A PSEUDO BUCHSBAUM RING

NcuYyEN THI HONG LOAN AND NONG QUuocC CHINH

ABSTRACT. Let (A, m) be a Noetherian local ring and M a finitely gener-
ated A-module. The notion of pseudo Buchsbaum module was introduced
in [3] as an extension of that of Buchsbaum module. In this paper, we
give a condition for the idealization AxM of M over A to be pseudo
Buchsbaum.

1. Introduction

Throughout this paper, let (A, m) be a Noetherian local ring and M a finitely
generated A-module with dim M = d. The concept of principle of idealization
was introduced by M. Nagata [10]. We make the Cartesian product A x M
become a commutative ring under the componentwise addition and the mul-
tiplication defined by (a,z)(b,y) = (ab, ay + bx). This ring is called the ideal-
ization of M over A and denoted by Ax M. Note that the idealization Ax M
is again a Noetherian local ring with the unique maximal ideal m x M. The
Krull dimension of AxM equals dim A.

The notion of principle of idealization plays an important role in the study
of Noetherian rings and modules. For example, Reiten [11] used the principle
of idealization to show that any Noetherian local ring possessing a Gorenstein
module of rank 1 is a homomorphic image of a Gorenstein local ring. Then,
Aoyama [1] studied the condition for the idealization to be quasi-Gorenstein
and used this for the first step of the proof that any localization of the canonical
module K4 of A at p € Supp, K4 is the canonical module of the local ring.
In [13], K. Yamagishi clarified the condition for the idealization of Buchsbaum
rings and modules to be Buchsbaum. Recently, Cuong-Morales-Nhan [6] used
successively the notion of idealization in order to answer an open question by
Sharp-Hamieh [12] on the polynomial property of the length of fractions.

The class of pseudo Buchsbaum modules was introduced by N. T. Cuong
and the first author in [3], which contains strictly all Buchsbaum modules. The
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structure of pseudo Buchsbaum modules are known by the works of Cuong-
Loan [3], [4], in which they presented many properties of these modules which
are still good and closely related to that of Buchsbaum modules. Especially,
if the ring A admits a dualizing complex then M is pseudo Buchsbaum if
and only if the unmixed part M/Up;(0) is Buchsbaum. Here Ups(0) is the
largest submodule of M of dimension strictly less than d. The study of pseudo
Buchsbaumness for Noetherian local rings is also very important because of
the fact that the Monomial Conjecture raised by M. Hochster [9] is valid for
all pseudo Buchsbaum rings.

In this paper, we study the pseudo Buchsbaumness for the idealization of
finitely generated modules over a pseudo Buchsbaum ring. The following the-
orem is the main result of this paper.

Main Theorem. Let A be a pseudo Buchsbaum ring and M be an A-module
with dim M = dim A. Then the following statements are true.

(i) If AxM is pseudo Buchsbaum and Anngp M = 0, then M is pseudo
Buchsbaum.

(ii) If M is pseudo Buchsbaum with

d
t+1 t+1 41 t+1 ) ot t+1
E (@™ ai i, a5y, ay )M oy ag = (ar . ag )M
i=1
for every system of parameters a = (a1,...,aq) of A and all large integers t,

then Ax M is pseudo Buchsbaum.

In the next section, we recall some properties of pseudo Buchsbaum modules.
The proof of Main Theorem will be shown in Section 3.

2. Preliminaries

In this section, we recall the notion of pseudo Buchsbaum modules and
present some known properties of these modules that we need in the sequel.

Let a = (a1, ...,aq) be a system of parameters (s.o.p. for short) of M. Set
Qurla) = U(aiJrl, oy aTYM g al - al.
>0
For a d-tuple of positive integers n = (n1,...,nq), put a(n) = (ai'*,...,a;?).
Set

Ju(a(n)) =ny - -nae(a; M) — (M /Qu(a(n))),
where e(a; M) is the multiplicity of M with respect to a. Then Jys(a(n))
can be considered as a function in n. Note that this function is non-negative
([5, Lemma 3.1]) and ascending, i.e., Jas(a(n)) > Ja(a(m)) whenever n; >
m; for all ¢ = 1,...,d, cf. [2, Corollary 4.3]. Sharp and Hamieh [12] asked
that if the length of generalized fraction 1/(af*,...,a};*,1) is a polynomial for
n > 0, or equivalently, if the function Jys(a(n)) is a polynomial for n > 0.
Unfortunately, Cuong-Morales-Nhan [6] gave a counterexample to show that,
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in general Jys(a(n)) is not a polynomial for n > 0. However, we have the
following important result, cf. [5, Theorem 3.2].

Lemma 2.1. Jy(a(n)) is bounded from above by polynomials and the least
degree of all polynomials bounding above this function is independent of the
choice of the s.o.p. a of M.

Following Cuong-Minh [5], this least degree is denoted by pf(M). The
notions of pseudo Cohen-Macaulay module and pseudo Buchsbaum module
were introduced by Cuong-Nhan [7] and Cuong-Loan [3] respectively. From
now on, we stipulate that the degree of the zero-polynomial is —co.

Definition 2.2. M is called pseudo Cohen-Macaulay if pf (M) = —oco. We say
that M is pseudo Buchsbaum if there exists a constant C' such that Jys(a) = C
for every s.o.p a of M.

It should be mentioned that every Cohen-Macaulay (resp. Buchsbaum)
module is pseudo Cohen-Macaulay (resp. pseudo Buchsbaum). The converse
statement is not true. However, the following results, proved in [7] and [3],
showed that the pseudo Cohen-Macaulayness (resp. pseudo Buchsbaumness)
are closely related to the Cohen-Macaulayness (resp. Buchsbaumness).

From now on, denote by Ujps(0) the largest submodule of M of dimension
less than d. Set M = M /Uy (0) and M = M /U7(0).
Lemma 2.3. Suppose that A admits a dualizing complex. Then

(i) M is pseudo Cohen-Macaulay if and only if M is Cohen-Macaulay.

(ii) M is pseudo Buchsbaum if and only if M is Buchsbaum. In this case,
for every s.o.p. a of M we have

=1, o
@ =3 (57 )0y,
i=1

Note that pf(M) = pf(]\?), cf. [5]. Hence M is pseudo Cohen-Macaulay if
and only if so is M. Therefore we get by Lemma 2.3 that M is pseudo Cohen-
Macaulay if and only if M is Cohen-Macaulay. The similar result for pseudo
Buchsbaumness is also true, although its proof is much more complex (see [3]).

Lemma 2.4. M is pseudo Buchsbaum if and only sz is Buchsbaum. In this
case, for every s.o.p. a of M we have
d—1

d—1 .
OEDS (R LA

The Monomial Conjecture raised by M. Hochster [9] says that for every
5.0p. @ = (ar,...,aq) of A, (a1---aq)’ ¢ (ar*,... ag")A for all positive
integers t. It is well known that the Monomial Conjecture is always true for
all Buchsbaum rings. The following result, which is proved in [3], claims that
Monomial Conjecture is still valid for all pseudo Buchsbaum rings.
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Proposition 2.5. If A is a pseudo Buchsbaum ring, then A satisfies the Mono-
mial Conjecture.

3. Proof of Main Theorem

Firstly we recall the notion of principle of idealizations introduced by Na-
gata in [10]. We make the Cartesian product A x M into a commutative ring
with respect to the componentwise addition and the multiplication defined by
(a,z)(b,y) = (ab, ay + bx). We call this ring to be the idealization of M over A
and denote it by Ax M. The idealization Ax M is a Noetherian local ring with
the identity (1,0), its unique maximal ideal is m x M, and its Krull dimension
is dim A.

Remark 3.1. There is a canonical projection p : Ax M — A defined by p((a, x))
= a and a canonical inclusion o : A - Ax M defined by o(a) = (a,0). These
maps are local homomorphisms and we can regard any A-module (resp. Ax M-
module) as an Ax M-module (resp. A-module) by p (resp. o). Moreover,
the structure of A-modules induced by the composition po coincides with the
original one. Let € : M — AxM be the canonical inclusion defined by e(z) =
(0, ). Then we have an exact sequence of Ax M-modules

0—>M— AxM — A — 0.
From now on, we assume that dim M = dim A = d.

Lemma 3.2. Let Q be an ideal of AX M. Put q:= p(Q), where p: AxM — A
is defined as in Remark 3.1. Then Q is m x M-primary if and only if q is
m-primary. In this case, we have

e(Q; AxM) =e(q; A) + e(q; M).

Proof. Since dim M = dim A, the result is clear by the above exact sequence.
O

Lemma 3.3. Let s = ((a1,21), ..., (ad,xq)) be a s.0.p. of the idealization ring
AxM. Then a = (a1,...,aq) is a s.0.p. of both A and M. Let p: AxM — A
and € : M — AxM be defined as in Remark 3.1. Then we have an ezxact
sequence of Ax M -modules

M/Qu(a) S AxM/Qawn(s) & A/Qala) — 0,
where p' and € are induced by p and €, respectively.

Proof. We can check that p(Qaxnr(s)) € Qa(a) and €(Qa(a)) C Qaxnr(s).
Now the result follows. O

Lemma 3.4. Lets = ((a1,x1), ..., (aq,2q)) be a s.0.p. of AxM. Suppose that
d
Z(a?d, ce aff%, afii, e af;rl)M M A = (aiJrl, ce af;rl)M
i=1
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for all large integers t (t > 0 for short). Then
(0 x M) NQaxn(s) =0x Qul(a).

Proof. Let (0,m) € 0 x Qar(a). Since m € Qpr(a), there exists some integer
t > 0 such that ma} - - af, € (ai™,...,a5"") M. So, we can write

) )
t t t+1 t+1
maj---ag=ay iy + -+ al M ya

for some y1,...,yq € M. It is clear that (a,z)" = (a',ta’"'x) for each element
(a,x) € Ax M. Therefore we have

(Oﬂ m)(a’lv'rl)t e (advxd)t = (O,T)’Laﬁ e a’tti) = (07 a’§+1yl + -+ af;_lyd)

Hence (0’ m)(a’la :L'l)t e (ada :L'd)t = (ala xl)H_l(Oa yl) +ee (a’da :Ed) (05 yd)
and hence

(Oﬂ m)(alyxl)t T (a’dﬂ zd)t € ((a’lvxl)tJrla ) (a’dﬂ zd)tJrl)(A[XM)'

Therefore (0,m) € Qaxr(s). Thus, 0 x Qar(a) C (0 X M)NQaxn(s).
Conversely, let (0,m) € (0 x M) NQaxn(s). Set B = Ax M. Then we have

(O,T)’Laﬁ e a’il) = (Ovm)(alv'rl)t T (a’dvxd)t) € ((alvxl)t+1a BRI (adﬂ zd)t+1)B
for all integers ¢ > 0. Therefore there exist (b1,y1),..., (b4, yq) € B such that

(0,ma} -~ ah) = (a1, 21) ™ (b1,91) + - + (aa, 2a) " (ba, Ya)-

It follows that a{™'by + -+ + a/;" by = 0 and
mat - -aly = (aTly + -+ a ya) + talbizy + -+ ahbaza).
For alli=1,...,d, from the first equation we have
af"'lbi € (attt ... af"_‘}, afi%, e Z'H)A.
Hence b; € (a1, ... it} alt], ... al")A o™ and hence
bx; € (a’i""l,...,aff%,afi},.. H'1)M alt
for all i = 1,...,d. Therefore alb;z; € (a™,... a1, alf],...,at ) A a.

follows that
t+1 t+1  t+1 t+1
ZabszZ +,..., l+1,alil,..., d+ A :a;

atbiz; € (alth, ... alTM.

)

foralli =1,...,d. By hypothes1s we have Zl 1 ak

Combining these facts, we get mal - --al, € (a!*',... a;"1)M for some integer

t > 0. It means that m € Qpr(a). Hence (0,m) € 0 x Qpr(a). Therefore

(0x M)NQannm(s) C0x Qula)
and the result follows. O
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Proof of Main Theorem. (i) Set B = AxM. Let a = (a1, ...,aq) be a s.0.p. of
M. Since Anng M = 0 by hypothesis, it follows that (ai,...,aq)A is an
m-primary ideal of A. Therefore g is a s.o.p. of A. By Lemma 3.2, s =
((a1,0),...,(aq,0)) is a s.0.p. of B. Therefore, we have by Lemma 3.3 an exact
sequence of B-modules

M/Qui(a) > B/Qa(s) % A/Qala) = 0.
For any element (r,m) € B and any integer ¢ > 0, we have
(a1,0)---(aqg,0) (r,m) = (a} ---alyr,al ---alym).
Moreover,
((a1,0)1 ... (ag,0)"™B = (a}™, ... ,athrl)A x (afth ..., af;rl)M
for any integer t > 0. It follows that
Qp(s) = Qala) x Qum(a).
Then we get
Ker ¢ = {m + Qu(a) | m € M, (0,m) € Qp(s)}
={m+Qu(a)|me M, (0,m) e Qala) x Qu(a)}
={m+Qu(a) | me Qu(a)} =0.

Hence € is injective and hence £5(B/Qp(s)) = La(M/Qur(a)) +£A(A/Q a(a)).
We have e(s; B) = e(a; M)+e(a; A) by Lemma 3.2. So, Jy(a) = Jp(s)—Ja(a).
As A and B are pseudo Buchsbaum, so is M.

(ii) Let s = ((@1,21), - - -, (ad,zq)) be a s.o.p. of B. Then a = (ay,...,aq) is
a s.0.p. of A by Lemma 3.2. Therefore a is a s.o.p. of M. Then, we have by
Lemma 3.3 an exact sequence of B-modules

M/Qui(a) S B/Qu(s) % A/Qa(a) — 0.
By Lemma 3.4, we have (0 x M) NQp(s) =0 x Q(a). Therefore
Ker ¢ = {m + Qu(a) | m € M,(0,m) € Qp(s)}
={m+Qu(a) | m e Qu(a)} = 0.
So € is injective. So, we get by the following exact sequence that
U(B/Qp(s)) = {(M/Qu(a)) + £(A/Qala)).

Hence Jp(s) = Jy(a) + Ja(a) by Lemma 3.2. Because A and M are pseudo
Buchsbaum, so is B. O

Corollary 3.5. Suppose that A admits a dualizing complex which is pseudo
Buchsbaum. If M is pseudo Cohen-Macaulay with dim A = dim M = d, then
AxM is pseudo Buchsbaum.
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Proof. Let a = (a1,...,aq) be a s.o.p. of A. Then a is a s.0.p. of M. Let
Up(0) be the largest submodule of M of dimension less than d. Since M
is pseudo Cohen-Macaulay, we get by Lemma 2.3(i) that M = M/Up(0) is
Cohen-Macaulay. So, it follows by [3, Corollary 2.4] that

[(a1t+1, ... ,adt"'l)M + U]M(O)] : a’i .- -a’; = (al, ceey ad)M + U]u(O)
for all integers t > 0. By [8, Theorem 2.3], the submodule
(@, ag™ M + Up(0)] s al -+ - af)

is equal to Zle ([(a1,...,ai—1,ait1,...,aq)M + Up(0)] : a;) for all integers
t > 1. Therefore

d
> M1, i1 aiga, . ag) M+ Un(0)] 2 ai = (ay,. .., aa) M + Up(0),

=1

It follows that Z?Zl(al, ey Qi1 Qg 1y - ad) M s a; = (aq, ... aq)M for any
s.0.p. a of M. Now, the result follows by the Main Theorem. (I
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