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IDEALIZATIONS OF PSEUDO BUCHSBAUM MODULES

OVER A PSEUDO BUCHSBAUM RING

Nguyen Thi Hong Loan and Nong Quoc Chinh

Abstract. Let (A,m) be a Noetherian local ring and M a finitely gener-
ated A-module. The notion of pseudo Buchsbaum module was introduced
in [3] as an extension of that of Buchsbaum module. In this paper, we
give a condition for the idealization A⋉M of M over A to be pseudo
Buchsbaum.

1. Introduction

Throughout this paper, let (A,m) be a Noetherian local ring andM a finitely
generated A-module with dimM = d. The concept of principle of idealization
was introduced by M. Nagata [10]. We make the Cartesian product A × M
become a commutative ring under the componentwise addition and the mul-
tiplication defined by (a, x)(b, y) = (ab, ay + bx). This ring is called the ideal-

ization of M over A and denoted by A⋉M. Note that the idealization A⋉M
is again a Noetherian local ring with the unique maximal ideal m × M . The
Krull dimension of A⋉M equals dimA.

The notion of principle of idealization plays an important role in the study
of Noetherian rings and modules. For example, Reiten [11] used the principle
of idealization to show that any Noetherian local ring possessing a Gorenstein
module of rank 1 is a homomorphic image of a Gorenstein local ring. Then,
Aoyama [1] studied the condition for the idealization to be quasi-Gorenstein
and used this for the first step of the proof that any localization of the canonical
module KA of A at p ∈ SuppAKA is the canonical module of the local ring.
In [13], K. Yamagishi clarified the condition for the idealization of Buchsbaum
rings and modules to be Buchsbaum. Recently, Cuong-Morales-Nhan [6] used
successively the notion of idealization in order to answer an open question by
Sharp-Hamieh [12] on the polynomial property of the length of fractions.

The class of pseudo Buchsbaum modules was introduced by N. T. Cuong
and the first author in [3], which contains strictly all Buchsbaum modules. The
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structure of pseudo Buchsbaum modules are known by the works of Cuong-
Loan [3], [4], in which they presented many properties of these modules which
are still good and closely related to that of Buchsbaum modules. Especially,
if the ring A admits a dualizing complex then M is pseudo Buchsbaum if
and only if the unmixed part M/UM (0) is Buchsbaum. Here UM (0) is the
largest submodule of M of dimension strictly less than d. The study of pseudo
Buchsbaumness for Noetherian local rings is also very important because of
the fact that the Monomial Conjecture raised by M. Hochster [9] is valid for
all pseudo Buchsbaum rings.

In this paper, we study the pseudo Buchsbaumness for the idealization of
finitely generated modules over a pseudo Buchsbaum ring. The following the-
orem is the main result of this paper.

Main Theorem. Let A be a pseudo Buchsbaum ring and M be an A-module

with dimM = dimA. Then the following statements are true.

(i) If A⋉M is pseudo Buchsbaum and AnnR M = 0, then M is pseudo

Buchsbaum.

(ii) If M is pseudo Buchsbaum with

d∑

i=1

(at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )M :M ai = (at+1

1 , . . . , at+1
d )M

for every system of parameters a = (a1, . . . , ad) of A and all large integers t,
then A⋉M is pseudo Buchsbaum.

In the next section, we recall some properties of pseudo Buchsbaum modules.
The proof of Main Theorem will be shown in Section 3.

2. Preliminaries

In this section, we recall the notion of pseudo Buchsbaum modules and
present some known properties of these modules that we need in the sequel.

Let a = (a1, . . . , ad) be a system of parameters (s.o.p. for short) of M . Set

QM (a) =
⋃

t>0

(at+1
1 , . . . , at+1

d )M :M at1 · · ·a
t
d.

For a d-tuple of positive integers n = (n1, . . . , nd), put a(n) = (an1

1 , . . . , and

d ).
Set

JM (a(n)) = n1 · · ·nde(a;M)− ℓ(M/QM (a(n))),

where e(a;M) is the multiplicity of M with respect to a. Then JM (a(n))
can be considered as a function in n. Note that this function is non-negative
([5, Lemma 3.1]) and ascending, i.e., JM (a(n)) ≥ JM (a(m)) whenever ni ≥
mi for all i = 1, . . . , d, cf. [2, Corollary 4.3]. Sharp and Hamieh [12] asked
that if the length of generalized fraction 1/(an1

1 , . . . , and

d , 1) is a polynomial for
n ≫ 0, or equivalently, if the function JM (a(n)) is a polynomial for n ≫ 0.
Unfortunately, Cuong-Morales-Nhan [6] gave a counterexample to show that,
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in general JM (a(n)) is not a polynomial for n ≫ 0. However, we have the
following important result, cf. [5, Theorem 3.2].

Lemma 2.1. JM (a(n)) is bounded from above by polynomials and the least

degree of all polynomials bounding above this function is independent of the

choice of the s.o.p. a of M.

Following Cuong-Minh [5], this least degree is denoted by pf(M). The
notions of pseudo Cohen-Macaulay module and pseudo Buchsbaum module
were introduced by Cuong-Nhan [7] and Cuong-Loan [3] respectively. From
now on, we stipulate that the degree of the zero-polynomial is −∞.

Definition 2.2. M is called pseudo Cohen-Macaulay if pf(M) = −∞. We say
that M is pseudo Buchsbaum if there exists a constant C such that JM (a) = C
for every s.o.p a of M.

It should be mentioned that every Cohen-Macaulay (resp. Buchsbaum)
module is pseudo Cohen-Macaulay (resp. pseudo Buchsbaum). The converse
statement is not true. However, the following results, proved in [7] and [3],
showed that the pseudo Cohen-Macaulayness (resp. pseudo Buchsbaumness)
are closely related to the Cohen-Macaulayness (resp. Buchsbaumness).

From now on, denote by UM (0) the largest submodule of M of dimension

less than d. Set M = M/UM (0) and M̃ = M̂/U
M̂
(0).

Lemma 2.3. Suppose that A admits a dualizing complex. Then

(i) M is pseudo Cohen-Macaulay if and only if M is Cohen-Macaulay.

(ii) M is pseudo Buchsbaum if and only if M is Buchsbaum. In this case,

for every s.o.p. a of M we have

JM (a) =

d−1∑

i=1

(
d− 1

i− 1

)
ℓ(Hi

m
(M)).

Note that pf(M) = pf(M̂), cf. [5]. Hence M is pseudo Cohen-Macaulay if

and only if so is M̂. Therefore we get by Lemma 2.3 that M is pseudo Cohen-

Macaulay if and only if M̃ is Cohen-Macaulay. The similar result for pseudo
Buchsbaumness is also true, although its proof is much more complex (see [3]).

Lemma 2.4. M is pseudo Buchsbaum if and only if M̃ is Buchsbaum. In this

case, for every s.o.p. a of M we have

JM (a) =

d−1∑

i=1

(
d− 1

i− 1

)
ℓ(Hi

m̂(M̃)).

The Monomial Conjecture raised by M. Hochster [9] says that for every

s.o.p. a = (a1, . . . , ad) of A, (a1 · · ·ad)
t
/∈ (a1

t+1, . . . , ad
t+1)A for all positive

integers t. It is well known that the Monomial Conjecture is always true for
all Buchsbaum rings. The following result, which is proved in [3], claims that
Monomial Conjecture is still valid for all pseudo Buchsbaum rings.
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Proposition 2.5. If A is a pseudo Buchsbaum ring, then A satisfies the Mono-

mial Conjecture.

3. Proof of Main Theorem

Firstly we recall the notion of principle of idealizations introduced by Na-
gata in [10]. We make the Cartesian product A×M into a commutative ring
with respect to the componentwise addition and the multiplication defined by
(a, x)(b, y) = (ab, ay+ bx). We call this ring to be the idealization of M over A
and denote it by A⋉M. The idealization A⋉M is a Noetherian local ring with
the identity (1, 0), its unique maximal ideal is m×M, and its Krull dimension
is dimA.

Remark 3.1. There is a canonical projection ρ : A⋉M → A defined by ρ((a, x))
= a and a canonical inclusion σ : A → A⋉M defined by σ(a) = (a, 0). These
maps are local homomorphisms and we can regard any A-module (resp. A⋉M -
module) as an A⋉M -module (resp. A-module) by ρ (resp. σ). Moreover,
the structure of A-modules induced by the composition ρσ coincides with the
original one. Let ǫ : M → A⋉M be the canonical inclusion defined by ǫ(x) =
(0, x). Then we have an exact sequence of A⋉M -modules

0 → M → A⋉M → A → 0.

From now on, we assume that dimM = dimA = d.

Lemma 3.2. Let Q be an ideal of A⋉M . Put q := ρ(Q), where ρ : A⋉M → A
is defined as in Remark 3.1. Then Q is m × M -primary if and only if q is

m-primary. In this case, we have

e(Q;A⋉M) = e(q;A) + e(q;M).

Proof. Since dimM = dimA, the result is clear by the above exact sequence.
�

Lemma 3.3. Let s = ((a1, x1), . . . , (ad, xd)) be a s.o.p. of the idealization ring

A⋉M . Then a = (a1, . . . , ad) is a s.o.p. of both A and M . Let ρ : A⋉M → A
and ǫ : M → A⋉M be defined as in Remark 3.1. Then we have an exact

sequence of A⋉M -modules

M/QM (a)
ǫ′

→ A⋉M/QA⋉M(s)
ρ′

→ A/QA(a) → 0,

where ρ′ and ǫ′ are induced by ρ and ǫ, respectively.

Proof. We can check that ρ(QA⋉M (s)) ⊆ QA(a) and ǫ(QA(a)) ⊆ QA⋉M (s).
Now the result follows. �

Lemma 3.4. Let s = ((a1, x1), . . . , (ad, xd)) be a s.o.p. of A⋉M . Suppose that

d∑

i=1

(at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )M :M ai = (at+1

1 , . . . , at+1
d )M
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for all large integers t (t ≫ 0 for short). Then

(0×M) ∩QA⋉M (s) = 0×QM (a).

Proof. Let (0,m) ∈ 0 × QM (a). Since m ∈ QM (a), there exists some integer
t > 0 such that mat1 · · ·a

t
d ∈ (at+1

1 , . . . , at+1
d )M. So, we can write

mat1 · · · a
t
d = at+1

1 y1 + · · ·+ at+1
d yd

for some y1, . . . , yd ∈ M . It is clear that (a, x)t = (at, tat−1x) for each element
(a, x) ∈ A⋉M. Therefore we have

(0,m)(a1, x1)
t · · · (ad, xd)

t = (0,mat1 · · · a
t
d) = (0, at+1

1 y1 + · · ·+ at+1
d yd).

Hence (0,m)(a1, x1)
t · · · (ad, xd)

t = (a1, x1)
t+1(0, y1) + · · · + (ad, xd)

t+1(0, yd)
and hence

(0,m)(a1, x1)
t · · · (ad, xd)

t ∈ ((a1, x1)
t+1, . . . , (ad, xd)

t+1)(A⋉M).

Therefore (0,m) ∈ QA⋉M (s). Thus, 0×QM (a) ⊆ (0×M) ∩QA⋉M (s).

Conversely, let (0,m) ∈ (0×M) ∩QA⋉M (s). Set B = A⋉M. Then we have

(0,mat1 · · · a
t
d) = (0,m)(a1, x1)

t · · · (ad, xd)
t) ∈ ((a1, x1)

t+1, . . . , (ad, xd)
t+1)B

for all integers t ≫ 0. Therefore there exist (b1, y1), . . . , (bd, yd) ∈ B such that

(0,mat1 · · · a
t
d) = (a1, x1)

t+1(b1, y1) + · · ·+ (ad, xd)
t+1(bd, yd).

It follows that at+1
1 b1 + · · ·+ at+1

d bd = 0 and

mat1 · · ·a
t
d = (at+1

1 y1 + · · ·+ at+1
d yd) + t(at1b1x1 + · · ·+ atdbdxd).

For all i = 1, . . . , d, from the first equation we have

at+1
i bi ∈ (at+1

1 , . . . , at+1
i−1, a

t+1
i+1, . . . , a

t+1
d )A.

Hence bi ∈ (at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )A : at+1

i and hence

bixi ∈ (at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )M : at+1

i

for all i = 1, . . . , d. Therefore atibixi ∈ (at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )A : ai. It

follows that

d∑

i=1

atibixi ∈

d∑

i=1

(at+1
1 , . . . , at+1

i−1, a
t+1
i+1, . . . , a

t+1
d )A : ai

for all i = 1, . . . , d. By hypothesis we have
∑d

i=1 a
t
ibixi ∈ (at+1

1 , . . . , at+1
d )M.

Combining these facts, we get mat1 · · · a
t
d ∈ (at+1

1 , . . . , at+1
d )M for some integer

t ≫ 0. It means that m ∈ QM (a). Hence (0,m) ∈ 0×QM (a). Therefore

(0×M) ∩QA⋉M (s) ⊆ 0×QM (a)

and the result follows. �
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Proof of Main Theorem. (i) Set B = A⋉M. Let a = (a1, . . . , ad) be a s.o.p. of
M . Since AnnR M = 0 by hypothesis, it follows that (a1, . . . , ad)A is an
m-primary ideal of A. Therefore a is a s.o.p. of A. By Lemma 3.2, s =
((a1, 0), . . . , (ad, 0)) is a s.o.p. of B. Therefore, we have by Lemma 3.3 an exact
sequence of B-modules

M/QM (a)
ǫ′

→ B/QB(s)
ρ′

→ A/QA(a) → 0.

For any element (r,m) ∈ B and any integer t > 0, we have

(a1, 0)
t · · · (ad, 0)

t(r,m) = (at1 · · · a
t
dr, a

t
1 · · ·a

t
dm).

Moreover,

((a1, 0)
t+1, . . . , (ad, 0)

t+1)B = (at+1
1 , . . . , at+1

d )A× (at+1
1 , . . . , at+1

d )M

for any integer t > 0. It follows that

QB(s) = QA(a)×QM (a).

Then we get

Ker ǫ′ = {m+QM (a) | m ∈ M, (0,m) ∈ QB(s)}

= {m+QM (a) | m ∈ M, (0,m) ∈ QA(a)×QM (a)}

= {m+QM (a) | m ∈ QM (a)} = 0.

Hence ǫ′ is injective and hence ℓB(B/QB(s)) = ℓA(M/QM (a))+ ℓA(A/QA(a)).
We have e(s;B) = e(a;M)+e(a;A) by Lemma 3.2. So, JM (a) = JB(s)−JA(a).
As A and B are pseudo Buchsbaum, so is M .

(ii) Let s = ((a1, x1), . . . , (ad, xd)) be a s.o.p. of B. Then a = (a1, . . . , ad) is
a s.o.p. of A by Lemma 3.2. Therefore a is a s.o.p. of M . Then, we have by
Lemma 3.3 an exact sequence of B-modules

M/QM (a)
ǫ′

→ B/QB(s)
ρ′

→ A/QA(a) → 0.

By Lemma 3.4, we have (0×M) ∩QB(s) = 0×QM (a). Therefore

Ker ǫ′ = {m+QM (a) | m ∈ M, (0,m) ∈ QB(s)}

= {m+QM (a) | m ∈ QM (a)} = 0.

So ǫ′ is injective. So, we get by the following exact sequence that

ℓ(B/QB(s)) = ℓ(M/QM (a)) + ℓ(A/QA(a)).

Hence JB(s) = JM (a) + JA(a) by Lemma 3.2. Because A and M are pseudo
Buchsbaum, so is B. �

Corollary 3.5. Suppose that A admits a dualizing complex which is pseudo

Buchsbaum. If M is pseudo Cohen-Macaulay with dimA = dimM = d, then
A⋉M is pseudo Buchsbaum.
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Proof. Let a = (a1, . . . , ad) be a s.o.p. of A. Then a is a s.o.p. of M . Let
UM (0) be the largest submodule of M of dimension less than d. Since M
is pseudo Cohen-Macaulay, we get by Lemma 2.3(i) that M = M/UM(0) is
Cohen-Macaulay. So, it follows by [3, Corollary 2.4] that

[(a1
t+1, . . . , ad

t+1)M + UM (0)] : at1 · · ·a
t
d = (a1, . . . , ad)M + UM (0)

for all integers t ≫ 0. By [8, Theorem 2.3], the submodule

[(a1
t+1, . . . , ad

t+1)M + UM (0)] : at1 · · · a
t
d

is equal to
∑d

i=1

(
[(a1, . . . , ai−1, ai+1, . . . , ad)M + UM (0)] : ai

)
for all integers

t ≥ 1. Therefore

d∑

i=1

[(a1, . . . , ai−1, ai+1, . . . , ad)M + UM (0)] : ai = (a1, . . . , ad)M + UM (0).

It follows that
∑d

i=1(a1, . . . , ai−1, ai+1, . . . , ad)M : ai = (a1, . . . , ad)M for any
s.o.p. a of M. Now, the result follows by the Main Theorem. �

Acknowledgment. The authors thank Professor Le Thanh Nhan for many
useful suggestions.

References

[1] Y. Aoyama, Some basic results on canonical modules, J. Math. Kyoto Univ. 23 (1983),
no. 1, 85–94.

[2] N. T. Cuong, N. T. Hoa, and N. T. H. Loan, On certain length functions associated to

a system of parameters in local rings, Vietnam J. Math. 27 (1999), no. 3, 259–272.
[3] N. T. Cuong and N. T. H. Loan, A characterization for pseudo Buchsbaum module,

Japan. J. Math. 30 (2004), no. 1, 165–181.
[4] , A blowing-up characterization of pseudo Buchsbaum modules, Vietnam J. Math.

34 (2006), no. 4, 449–458.
[5] N. T. Cuong and N. D. Minh, Lengths of generalized fractions of modules having small

polynomial type, Math. Proc. Cambridge Philos. Soc. 128 (2000), no. 2, 269–282.
[6] N. T. Cuong, M. Morales, and L. T. Nhan, On the length of generalized fractions, J.

Algebra 265 (2003), no. 1, 100–113.
[7] N. T. Cuong and L. T. Nhan, Pseudo Cohen Macaulay and pseudo generalized Cohen

Macaulay modules, J. Algebra 267 (2003), no. 1, 156–177.
[8] S. Goto and K. Yamagshi, The theory of unconditioned strong d-sequences and modules

of finite local cohomology, Preprint, 1986.
[9] M. Hochster, Contraced ideals from integral extensions of regular rings, Nagoya Math.

J. 51 (1973), 25–43.
[10] M. Nagata, Local Rings, Interscience Tracts in Pure and Applied Mathematics, No. 13

Interscience Publishers a division of John Wiley & Sons New York-London 1962.
[11] I. Reiten, The converse to a theorem of Sharp on Gorenstein modules, Proc. Amer.

Math. Soc. 32 (1972), 417–420.
[12] R. Y. Sharp and M. A. Hamieh, Lengths of certain generalized fractions, J. Pure Appl.

Algebra 38 (1985), no. 2-3, 323–336.
[13] K. Yamagishi, Idealizations of maximal Buchsbaum modules over a Buchsbaum ring,

Math. Proc. Cambridge Philos. Soc. 104 (1988), no. 3, 451–478.



1530 NGUYEN THI HONG LOAN AND NONG QUOC CHINH

Nguyen Thi Hong Loan

Vinh University

Nghe An, Vietnam

E-mail address: hongloanncs@yahoo.com

Nong Quoc Chinh

Thai Nguyen College of Sciences

Thai Nguyen, Vietnam

E-mail address: chinhnq2010@gmail.com


