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CYCLIC CODES OVER SOME SPECIAL RINGS

CRISTINA FLAUT

ABSTRACT. In this paper we will study cyclic codes over some special
rings: Fqlu]/(u"), Fqlu, .. ..,ui’}/(u%,u%, cu urug —ugu, . upuy —
ujug, - ..), and Fglu,v]/ (uf, 07, uv — vu), where Fq is a field with g ele-
ments ¢ = p” for some prime number p and r € N — {0}.

0. Introduction

Codes over finite rings have been intensively studied in the last time, some
of the earliest results of them are in [5], [18]. Ones of the most important finite
rings in the coding theory are: the finite field F; and the ring Z,, where ¢ = p”
for some prime number p and r € N — {0}. For example, in the paper [10]
some codes over Z, are investigated. The class of cyclic codes is an important
class of linear codes with a big interest in coding theory. Described as ideals in
certain polynomial rings, they have a good algebraic structure and the cyclic
codes over some special finite rings were recently described (see [2], [3], [6], [9],
[14], [15], [19]). Two classes of these main rings are: Galois rings and rings
of the form F,[u]/(u’) or generalization of these, where ¢ = p” for some prime
number p and r € N — {0}.

In this paper, we will investigate the structure of cyclic codes of arbitrary
length over the rings:

Fylu]/(u"),
Folui,... ,ui]/(u%,ug, .. .,u?,u1u2 — UUT, . .., URUj — UjUk, .. .),

Folu,v]/ (v, 07, uv — vu) .

1. Preliminaries

The Galois ring GR (q,n) is the residue class ring Z/p"Z[x] / (f(z)), where
f(z) is a monic irreducible polynomial of degree n in Z,-[z] such that f(x) mod
p is a monic irreducible polynomial in Z,[z]. The existence of the polynomial
f(z) is given by the Hensel lifting, which allows us to “lift” a root p of a
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polynomial f mod p' to a new root ¢ for the polynomial f mod p**t, ¢t € N—{0}
(see [8], [13]). From here, it results that we can choose the polynomial f,
monic and irreducible over Z,, as in the standard construction of the Galois
field Fpr from Z,, and we lift it to a polynomial over Z/p"Z. We remark that
|GR (¢,n)| = p™™. For example, GR (¢,1) = Z, and GR (p,r) = F,. Let 0 be
a root of the polynomial f(z). Since we can think at GR(¢,n) as a Galois
extension Z,-[0] of Z,» by aroot 0 of f (x), each element v € GR (¢, n) has the
form
v=ag+af+a0®>+---+ an_19"_1,
where a; € Zyr, 1€ {0,1,...,n — 1} (see [16] and [17]).
The Galois ring GR (¢, n) is a free module of rank n over Z, and the set

{1,0,0%,...,0" "}

is a free basis for GR (¢, n) . Since the ring Z,~ satisfies the invariant dimension
property, it results that all bases in GR (¢,n) have n elements.

Let R be a commutative ring and I be an ideal of the ring R. The ideal [ is
called principal if it is generated by one element. The ring R is called principal
if all its ideals are principal. The ring R is called a local ring if it has a unique
maximal ideal. A ring R is called a chain ring if the set of all ideals of R is
ordered by inclusion (is a chain under set inclusion). For a chain ring its unique
maximal ideal contains the nilpotent elements.

All ideals in a finite chain ring R are principal. Indeed, if I is not a principal
ideal, since R is finite, we have that I is finite generated and I = {aq, ..., as),
where {a1,...,a:} is a minimal set of generators. It results (a;) & (a;), ¢ #
jyi,7 € {1,2}, which is a contradiction, since R is a chain ring. We obtain
that all ideals in a finite chain ring are principal and there is a unique maximal
ideal. It results that a chain ring is a local ring. For details about the chain
rings, the reader is referred to [12].

Let m be the maximal ideal in a finite chain ring and let u be its generator,
i.e., m = (u) = Ru. Since R is finite, the chain R = (u°) D (u!) D (u?) D
<+ (u?) D - is a finite chain. It results that there is an element j with the
property (u/) = 0. The smallest number ¢ such that (u') = 0 is called the
nilpotency index of u. The residue field F = R/m has ¢ = p’ elements with p
a prime number, charF = p and |[F*| = p* — 1.

For details about the finite chain rings, the reader is referred to [12].

Galois rings or the rings of the form F,[u]/(u?) are principal ideal rings.

Galois ring GR (p”,n) is a finite chain ring (of length r).

Finite chain rings allow us to find good description for cyclic codes over
these rings.

Let R be a unitary finite commutative ring. A code C of length n over R
is a nonempty subset of R = R x R X --- x R. The elements of C' are called
codewords. A linear code C' of 1engt7i1tn e(iver R is a R-submodule of R". We
remark that such a submodule is not necessary a free module. A linear code
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C of length n is a cyclic code if for each codeword ¢ = (co,...,cn—1) € C, the
codeword (¢p—1,¢o, ..., Cn_2) belongs to C.

For the cyclic codes, we will write the codewords as polynomials. Let C be
a cyclic code. For each ¢ = (cg,...,cn—1) € C we associate the polynomial
c(z) of degree less than n, c(z) = co + 12+ -+ -+ iz’ + -+ 12"t € R[x],
called the associated polynomial. The codeword ¢ = (¢,—1,¢o,...,Cn—2) has
the associated polynomial ¢(x) = c,—1 + coz + - + ;'L + -+ ¢pp_ga™ !
and we have ¢(z) = c¢(z)x — ¢—1 (2™ — 1), therefore ¢(x) = c(x)x mod (2™ — 1).
We remark that c¢(z) € C mod (2™ — 1) if and only if ¢(x)z € C mod (z™ — 1).
Using induction steps, c¢(z)x € C mod (z™ — 1) if and only if ¢(z)z? € Cmod
(z™ —1). Therefore we have c¢(z)z' € C mod (2" —1) for all i € N — {0}.
From here, it results that C is a cyclic code of length n over R if and only if C'
is an ideal in the ring R[z]/ (2™ —1).

2. The rings

With the above notations, we consider the rings
R; == Fy[u]/ ('),
S Fylug, ... w]/ (Ui, us, ... uf, ugts — U, .« ., URUj — Ujllg, - . .), Kk # J,
Tii,5) = Folu,v]/ (u', 07, uv — o), i,j € N—{0}.
For example, the ring R; is a commutative chain ring and (u) is a maximal
ideal (see [7]).
For R € {R;, S;,T(; j)}, 4,5,m € N— {0}, we denote
Ri,n = Rl[l']/ (.Tn — 1) N
Si,n = Sl[l']/ (.Tn — 1),
T gy = T plal/ (2" = 1).
Remark 2.1. Since the rings R;, S;, T(; ;) are finite rings, the rings R,

Sin> T(i,j),n are isomorphic with the group ring RG,where G = (g / g" —1 = 0)
is the cyclic group of order n and R € { R, Si.n, T(i j)n }-

Remark 2.2. If the characteristic of the ring is not prime with the length n of

the code, then the polynomial 2™ — 1 factors uniquely over Fy, but does not

factor uniquely over the rings R;, S;,T(; j). Indeed, for example, for p = 2,r =

2,i=3,7=2,n=2,we have 22 — 1 = (z — 1)? = (x — (1 — u?))? over Ra,

?—-1=(x—-12=(@x—-1+u}+ud+u3))?over Sz, 22 — 1= (x—1)? =
9 2

(x — (1 +u” + v)) over (3 9).

In [15], if ged (n,p) = 1, the authors proved that R;, is a principal ideal
ring. In the case of the rings S;, and T\, j , situation is not the same.

Proposition 2.3. The rings S;,, and T(; ;) are not principal ideal rings.
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Proof. In the following, we will use some ideas given in [19], Lemma 2.4, when
the authors proved the above result for S; ,, in the case when¢ =2,p=2,r =1.

Let R € {S;,1(; )} From Remark 2.1, we define the ring morphism ¢ :
RG — R,y (co +cix+--- —i—cn_lx"_l) =c+c + -+ cp_1, which is a
surjective map, called the augmentation morphism. Let I; = (uy,...,u;) be
the ideal in S; generated by the elements {u1,...,u;} and I, , be the ideal in
T ;) generated by the elements {u,v}. These ideals are not principal ideals.
Let I € {I;,I,.}. We have that ¢~ (I) = J is an ideal in RG. Since ¢ is
surjective, therefore ¢ (J) is an ideal in R and ¢ (J) = ¢ (¢~ (1)) = I. From
here, if J is a principal ideal, it results that I is a principal ideal, false. O

Proposition 2.4. With the above notations, for n = p'k, with k > 1, ged(p, k)
=1, the rings Rin, Sin and T(; jy n are not local rings.

Proof. From [11], we know that a ring is local if and only if the non-units form
a maximal ideal in the ring. Let R € {R;n, Sin, T(ij).n}-
Case 1. ged(p, k — 1) # 1. From the hypothesis, in R, we have

0=2aPF —1=(a" —1) (xpl(k—l) 4P (=2 4y 1) .

It results that f(z) = a?' (k=1 4 7' (k=2) 4 ... 4 1 s a zero divisor, so that it
is not invertible in k. We obtain

w(xpl(k72)+xpl(k72)+...+1):1+1+...+1:0_
—————

(k—1)-times

Then g(z) = a?' *=2) 4 27'(x=2) ... 4 1 is a non-unit in R. Since zP' (k=1 z?' =
1, we have that f(x) — g(z) = 27" (k=) g a unit in R. Therefore non-invertible
elements in R do not form an ideal, hence R is not a local ring.

Case 2. ged(p,k —1) = 1. Let g1 = ug, g1 be a non-unit element. Such
an element is a nilpotent element. Denoting h(xz) = f(z) + ¢1(z), we have
o (h(z)) = k+ (k— 1) u. Since ged(p, k — 1) = 1, it results that (kK —1)u is a
nonzero nilpotent element. From here, we obtain that k + (k — 1) » is a sum
between an invertible element, k, and a nilpotent element, therefore it is an
invertible element. It results that ¢ (h(x)) is a unit and h(z) is also a unit,
hence non-invertible elements do not form an ideal. We just proved that R is
not a local ring. O

Proposition 2.5. With the above notations, for n = p' the rings Rin, Sin,
T(i,jy,n are local rings.

Proof. Let Ry, € {Rin, Sin, T(ij)n ) R € {Ri, Si, T(; 5y} We will prove that the
non-units form an ideal in the ring R,,. First of all, we remark that a non-unit
element in R,, different from zero is a zero divisor. Indeed, if & € R,,,a # 0,
is a non-invertible element, then the ideal generated by « is different from R,,.
Hence we can find the elements a; # as such that a;a = asa. Therefore
(1 —a2)a = 0 and « is a zero divisor. We remark that an element 6 in R
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has the form 6 = 0 4 02, where §; € F; and 0, € R —F,. If 0 is a unit in R,
then 0 € Fy. Let s =so +s12+ -+ sp_12" "t € R, and s = (sk)1 + (sk)2,
where (s)1 € F, and (sg)s € R —TFy,j € {1,...,n — 1}. Since ¥ = 1, it
results that s?’ = sgj + s’fj + 4 sff_l and s”’ is a unit or a zero divisor.
If s” is a zero divisor, then s is a zero divisor, hence a non-unit. If sP is a

1

. . . . . J_ J J . ..
unit, it results that s is a unit, since s - s = sP". If sP is a zero divisor,

then 22;11 (sij )1 = 0 and this characterize a zero-divisor, hence a non-unit in
the ring R,,. Let t = to + t1@ 4 -+ + tp_12""" € Ry, with 721 (#2); = 0,
be another non-unit. The element 7 = s + ¢ is also a non-unit. For prove
this, we compute Zz;i(TZJ)l- It results S.P71(’2 )y = Sp— (s + tr)? =
— J — J
P ) 4+ p 1 (7)1 = 0+ 0 = 0, therefore 7 is a non-unit and non-units
form an ideal. Hence R is a local ring. ]

Propositions 2.5 and 2.6 were proved for the ring S; ,, in [19] in the particular
case i = 2 (see Theorem 2.5 and Theorem 2.7).

3. Ranks for the cyclic codes over the rings R;, S;, T j)

In [4], Proposition 1, the authors described cyclic codes of length n over the
Galois ring GR (q,1) = Zym|[z]/ (f), deg f =1, ¢ = p™, (n,q) = 1. Using some
ideas given in this proof, we can describe cyclic codes over the rings R;, S;, T{;
in the general case.

9)

Proposition 3.1. Let R € {R;, S;,T(; ;)}. A non-zero cyclic code C' of length
n over R is a free module over R if it is generated by a monic polynomial h(z),
where h(x) | (z™ — 1) over R. In this case, rank C = n —r, degh(x) = r, and
{h(z),zh(x),..., 2" ""Lh(z)} is a basis in C.

Proof. Let C be a non-zero cyclic code C' of length n over R generated by the
polynomial h(z), where h(z) | (™ — 1). Since h(x) | (™ — 1), we can consider
h(z) a monic polynomial. Then there is a monic polynomial ¢(z) € R such
that h(z)q () = 2™ — 1. From here, it results that deg ¢(z) = n — r and ¢ has
the form q(z) = qo + quv +---+2"7". Let Ry, € {Rin, Sin, T(ij),n}- In Ry, we
have h(z)q(z) = h(x)(qo + 1z + - + 2"~ ") = 0. Therefore z*h(z), for i >
n—r, can be written as a linear combination of the elements {h(z), zh(z),...,
2" "h(x)}, hence each element in C of the form p(z)h(z), p(x) € R, is a
linear combination of {h(x), zh(x),..., x" ""1h (x)}. It results that the system
{h(z), xh(z),..., 2" ""1h(x)} spans C. For linearly independence over R, let
0y -+, Qp_r—1 € Rsuch that aph(z)+ayzh ()4 +an_r_12" "~ h(z) = 0.
We obtain (g + a2+« + ap_p_12" "~ Hh(x) = 0 in R,, hence (2™ — 1) |
(o + a1+ + ap_p—12" " 1)h(x) in R[], with

deg(ag + a1z + -+ ap_p_12" " HA(z) =n — 1 < n.
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From here, we have (ag + a1 + -+ + 12" "~ Hh(x) = 0 in R[x]. Since
h(z) is monic, it results ag + a1z + -+ + ap_r—12" "1 = 0, hence ap = a1 =
=y =0, O

We remark that another proof of the above results can be obtained using
the main result from [9)].

Corollary 3.2. With the notations used in Proposition 3.1, if C' is a nonzero-
cyclic code of length n over R generated by a monic polynomial h(x), where
h(z) | (z™ — 1) over R, then |C|= |R|""".

Proposition 3.3. Let C' be a non-zero cyclic code of length n over R €
{R;, Si,Ti )} generated by the polynomials {hi, ..., hs}. Therefore C is a vec-
tor space over Fy and |C| < |q|*" , where s = dimp, R.

Proof. We know that R is a vector space over F,. Let s = dimp, R and
{1,v1,...,v5_1} be abasis in R. We will prove that B = {1,z,..., 2" vy, vz,
1T L U1, V51T, ., vsm1 2™} iS a basis in the Fy-vector space

Rn; Rn S {Ri,n; Si,n; T(i,j),n}'

First, we will show the linearly independence of the elements from B. If
there are the elements oy, Q2iy,...,Qsi, € Fq, i, € {0,1,2,...,n -1}, j €
{1,2,...,s} such that a1 -1+ -+ 4+ @ p_12" 1 + -+ + Qs ovs—1 + - +
asyn,lvg,lz"’l = 0, comparing the coefficients in this equation, we get

(3.1.) 1,0 -1+ g 0Vs—1 + -+ s 0vs—1 = 0.

Since v1,...,vs—1 are nilpotent elements in R, if a; ¢ # 0, from relation
(3.1), we obtain that a unit is equal with a nilpotent element, false. Hence
a1,0 = 0 and a9 gvs—1 + -+ + a5, 0vs—1 = 0, therefore asp = -+ = a0 = 0.
In the same way, comparing coefficients of x,z2,...,2" ! with zero, we have
Qi =g, = =ag,;, =0foralli; €{0,1,2,...,n—1}, j€{1,2,...,s}.

We will prove that B generates R,,. Let f(x) € R,. By straightforward
calculations, we obtain that f(x) is a linear combination of elements in B with

coefficients in Fy. It results |R,| = |q|™".
Now, let C' be a nonzero cyclic code. Then C' is a vector subspace of the
FF,-vector space R, therefore |C| < |¢|" . O

In [2], Theorem 3, and in [3], Theorem 4.2, the authors gave a basis or a
minimal spanning set for the codes of even length over Zy + uZs, respectively
Zy + uZo + -+ + uF"1Zy. The same description could be done, in general
case, over the ring R;. If we have supplementary relations between polynomials
hi,...,hs, we can compute |C|, as we can see in the following examples.

Example 3.4. Over R;, for i« = 2, using Theorem 3 from [2], if C is a
nonzero cyclic code of length n, (n,p) # 1, and C = (g(z) + up(x), uva(x)),
a(z) | g(z) | (™ —1), with degg(z) = r, dega(x) = ¢, r > t, dega(x) >
degp(z), then |C| = (¢)?" "t Indeed, C is a vector space over F, and let



CYCLIC CODES OVER SOME SPECIAL RINGS 1519

B = {g(z)+up(z), 2(g(x)+up(z)),.. ., 2" " (g(2) +up(x)), ua(x), vua(z), . ..,
2" " lya(x)}. We will prove that B is a basis in the F,-vector space C.

First, we will show that B spans C. Let ¢(z) € C. Then
o(z) = q(z) (9(z) + up (2)) + g2(x)ua(x), ¢ (v) € Rla], i € {1,2}.
If deg g1 () < n —r and degga(x) < n —t, we have B spans C. If degq;(x) >
n —r or degge(x) > n — ¢, it suffices to show that ="~ " (g(x) + up(x)),
u(g(x) + up(z)) and 2" *ua (x) are generated by B over F,.

We have 2" " (g(z) + up(x)) = 2™ —1+¢q(z), degq(x) <n—1.But ¢ (z) € C
and, by the division algorithm, we have ¢(x) = (g(z) + up(x)) hi(z) + s1(z),
degsi(z) < r, deghy () < n—1, s1(x) = wa(x)hs (x) + s2(x), degsa(z) <
degua (x), deg ho(x) < r —t. Since degua(x) = dega(z) and in C' any polyno-
mial must have degree greater or equal with deg a(x), it results so(x) = 0. Since
a(x) | g(x), hence g(x) = a(x) h(z) and we have ug(z) = u (g (z) + up(x)) =
ua(x)h(x), with degh(z) <r —t <n —t— 1. It results that u (g(z) + up(z))
is generated by B over F,. To finish the proof, it is enough to show that
the element uz" ‘a(x) is generated by B over F,. We have uz"‘a(z) =
u(g(z) + up(x)) + uhs(x), where uhs belongs to C and t < deghs(x) < r.
Therefore uhs(z) = agua(r)+arzua(z)+- - +a,_s—12" " lua(z),a; € Fy,i €
{0,...,r —t—1}.

We will prove that B is a linearly independent system. Indeed, if there
are the elements aj;,,a2,, € Fy, i; € {0,1,2,...,n — 1}, j € {1,2} such
that a0 (9(2) +up(@)) +- -+ a1 12" (g(x) + up(2)) + azoualz) + - -+
@2.n—12" """ lua (r) = 0, comparing the coefficients in this equation, we get
a1,09 (0) + aq,0up (0) + azoua (0) = 0. If ay 9 # 0, since ¢ (0) is a unit and
u a nilpotent element, it results that a unit is equal with a nilpotent, false.
Therefore a1 9 = 0. We obtain agoua (0) = 0. If ago # 0, it results ua (0) =
0, false, since a (0) is a unit. We repeat this procedure and we get oy, =
as;, = 0 for all i, € {0,1,2,...,n — 1}, j € {1,2}, hence B is a linearly
independent system. It results that B is a basis in the Fs-vector space C and
Cl = lgI™" 7"

4. Minimum Hamming distance for the cyclic codes over the rings
R;, Si, T j)

Let C be a linear code over the ring R. The Hamming distance between

two codewords ¢; and ¢, denoted by H (c1,cz2), is the number of coordinates

in which the codewords ¢; and ¢y differ. The number of nonzero entries of a

codeword ¢, denoted w(c), is called the Hamming weight of the codeword c.
The Hamming distance of a linear code C' is

d(C) = min{w(c) | c € C,c # 0}.

In [1], the authors studied the Hamming distance of cyclic codes of even length,
especially codes of length 2°,e € N — {0} (Lemmas 16, 17, and 18). In the
following, using some ideas from the mentioned lemmas, we will investigate the
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Hamming distance for cyclic codes of length n = p”,r € N— {0}, over the rings
Ri, Siy T(i jy-

Definition 4.1. Let n = a,_1p° ! + as_ap* 2 + -+ + ar1p' + agp?, a; €
{0,1,...,p—1}, i € {0,1,...,s8 — 1}, be the p-adic expansion of n.

)M as—1 = =as—t+ #0,s—t>0and asg_; =0 for all s € {t + 2,¢ +
3,...,8— 1}, then n has a p-adic length ¢ zero expansion.
2) If as—1 = - = as—¢t # 0, s —t > 0 and as—; # 0 for some elements

1e€{t+2,t+3,...,5s— 1}, then n has a p-adic length ¢ non-zero expansion.
3) If s = ¢, then n has a p-adic full expansion.
Proposition 4.2. Let C = (g(z)) be a cyclic code over R € {R;, S;,T(; j)} of

length p",r € N — {0}, where g(z) = (" — 1)gy(z). If g1 (x) generates a
cyclic code of length p"=1 and Hamming distance d, then d (C) = 2d.

Proof. For ¢ € C we have ¢ = (2" — 1)g1(z)g 2( 2( F,lx]/ (2™ —
1) and:(l]l (x) g2(z) € (g1(x)). It results w( ) = w((z° - 1)g1( Vg () =
Wz g1 (2)g2 () + w (g1 (2)g2(x) - Then d (C) = d+d = 2. 0

Conclusion. In this paper we investigate the structure of cyclic codes of
arbitrary length over the rings R;, S;, T(; j). Moreover the ranks and minimum
Hamming distance of these codes were studied. Since the rings with Hamming
weight cannot produce always better codes, a more relevant weight as, for
example, the homogeneous weight on the above mentioned rings can be studied.
The remark above can constitute the starting point for further research.

Acknowledgements. I would like to thank the referee for his/her many sug-
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