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YEH CONVOLUTION OF WHITE NOISE FUNCTIONALS'

UN CIG JI*, YOUNG YI KIM AND YOON JUNG PARK

ABSTRACT. In this paper, we study the Yeh convolution of white noise
functionals. We first introduce the notion of Yeh convolution of test white
noise functionals and prove a dual property of the Yeh convolution. By ap-
plying the dual object of the Yeh convolution, we study the Yeh convolution
of generalized white noise functionals, which is a non-trivial extension. Fi-
nally, we study relations between the Yeh convolution and Fourier-Gauss,
Fourier-Mehler transform.
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1. Introduction

Since Yeh in [14] introduced the convolution ¢, called the Yeh convolution,
of Wiener functionals ¢ and ¢ by

1 1 1 1
oevty=[ o (F5o+750) v (J5o- 5v)mia) )
for y € Cp[0, 1], whenever the integral exists, where (Cy[0,1],m) is the (stan-
dard) Wiener space with the Wiener measure m, several authors studied the Yeh
convolution with relations between first variations and various transforms (see
[5] and its references).

On the other hand, the white noise theory initiated by Hida [4] to give rigor-
ous meaning of white noise as the time derivative of the Brownian motion has
been extensively developed with wide applications to stochastic calculus, mathe-
matical finance and mathematical physics, etc. The convolution product by Kuo
[8] and Fourier-Gauss transforms [2, 8] of white noise functionals are important
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applications to infinite dimensional (harmonic) analysis. Also, the convolution
products of white noise operators were studied in [6].

In this paper, we study the Yeh convolution of white noise functionals. Since
the test white noise functionals have nice regular properties, the Yeh convo-
lution of test white noise functionals is well defined (see [5]). However, from
singular properties of the generalized white noise functionals, the extension of
Yeh convolution to the generalized white noise functionals is not trivial. Hence
main purpose of this paper is to develop a method to give a rigorous meaning
of the Yeh convolution of generalized white noise functionals. For our purpose,
we study a dual property (see Theorem 3.4) of the Yeh convolution of test white
noise functionals and then as an application of the dual object, we study the
Yeh convolution of generalized white noise functionals. We also study relations
between the Yeh convolution and Fourier-Gauss, Fourier-Mehler transform (see
Theorems 3.3 and 4.4).

This paper is organized as follows: In Section 2 we recall basic notions and
well-known results in white noise theory, which are necessary for our study, see
[12, 8]. In Section 3 we introduce the notion of Yeh convolution of test white
noise functionals and prove a dual property of the Yeh convolution. We study a
relations between the Yeh convolution and Fourier-Gauss transform. In Section
4 we study the extension of the Yeh convolution to the convolution of generalized
white noise functionals. Finally, we study a relation between the Yeh convolution
and Fourier-Mehler transform.

2. Preliminaries

Let Hy be a real separable Hilbert space with inner product (-, -) and let A be
a positive selfadjoint operator on Hy satisfying that there exists an orthonormal
basis {e,}22; and an increasing sequence {l,,}22; with ly > 1 and ) .-, [, % <
oo such that

A€n=lnen, n=12,---
We note that p := [[A7!||,, = ;' < 1 and HA_IHIQ{S < 0. Then by the
standard construction from Hg and A (see [8, 12]), we have a Gelfand triple:
ER C H]R C Eﬂ>§7 (2)

where Ej is the strong dual space of Er. In fact, the topology of Ef is defined
by the Hilbertian norms {|-|, = |AP-[},>0, where |-| is the norm generated
by (-, -) and then Er becomes a countable Hilbert nuclear space. By taking
complexificaion of (2) we have the complex Gelfand triple:

ECHCE",

where ¥ = Ep +iFEr and H = Hg +iHg. The canonical bilinear form on E* x E
is denoted by (-, -) again.
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The (Boson) Fock space I'(H) over H is defined by

e {¢ = ()i : Fn € HE™, 6l° = D nlIfulg < OO},

n=0

where H®" is the n-fold symmetric tensor product of H and H 80 — C. Let
I'(A) be the second quantization of the operator A defined by

L(A)p = (A" fa)ilo, &= (fa)nto € T(H),
and then I'(A) is a positive selfadjoint operator with HF(A)_lHOP < 1 and
HF(A)‘le{S < co. By the standard construction from I'(H) and I'(A), we have
a Gelfand triple:
(E)CT'(H)C(E)".

In fact, the (projective) topology of (E) is determined by the family {[|-||,},>0
of norms defined by

Igl2 = " nllfals, &= (fa)iZo € (B).
n=0

It is known that for each ® € (E)* there exists a unique sequence (F},)52, with
F, € (E®™)x . such that

sym

(@, ) =D nl(Fu, fa), &= (fu)o2o € (B),

in this case, ® is denoted by ® = (F,)5,,.
It follows from the Bochner-Minlos theorem that there exists a unique prob-
ability measure p on Ej such that its characteristic function is given by

1 .
exp (—2 |§|(2)) = /E el(m’au(dm), ¢ € Eg.

The above probability measure pu is called the standard Gaussian measure on
E} and the probability space (Ef, u) is referred to as the (standard) Gaussian
space. 'The unitary isomorphism between L?(E%, u;C) and I'(H), called the
Wiener-It6-Segal isomorphism, is uniquely determined by the correspondence:

X2 Rn
F(H)qu)g: (1,5,%,...,%,...)

— Ge(m) = 287388 ¢ L2(EE 1 C),

where ¢ is called an ezponential vector (or coherent state) and ¢¢(x) is called
the Gaussianization of ¢c.

Since {¢e, @ - @ ¢¢,, : & € E, i =1,2,...,m} spans a dense subspace of
(E)®™, every 2 € L((E)®™, ((E)®™)*) is uniquely determined by the function
G : EmT" — C defined by

G(gla"'vgnhnlw"?nn) = <<E(¢§1 PR ®¢£m)a ¢7]1 PR ®¢77n>> (3)
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for &, &msm, .-« ,nn € E. In particular, for 2 € L((E), (E)*), the form given
as in (3) is denoted by Z and called the symbol of =.

Theorem 2.1 ([7]). A Gateauz-entire function G : E®™T" — C is expressed
in the form (3) with 2 € L((E)®™, ((E)®™)*) if and only if there exist constant
numbers C >0, K >0 and p > 0 such that

|G(£la cee 7£m77717 ce ,nn)|2 < CGK( ;n':1|fj‘?,+zz:1|77k|12,)

for any €1, ... &m, 11, -+ € E. Moreover Z € L((E)®™, (E)®") if and only
if for any € > 0 and p > 0 there exist constant numbers C > 0 and g > 0 such
that

IG(Er,- - a1 [P < CefEm Il i I, (4)

forany &1, .. &ms 1,1 € E.

For more study of analytic characterization theorems in white noise theory,
we refer to [13, 9, 11, 1].

For each x;,, € (E®Hm)* by applying Theorem 2.1 we can see that there
exists an operator =, (ki,m) € L((E), (E)*), called an integral kernel operator,
such that

(1)

(& n) = {Kim, N @EE™Y &M ¢ ne E.

Note that =y, (k1,m) € L((E), (E)) if and only if k;,, € E® @ (E®™)*. For
f € E*, we write

Eo,1(f) =alf), Eio(f) =a"(f).
The operator a(f) and a*(f) are called the annihilation and creation operator,
respectively.

Let 7 be the trace corresponding to the identity operator I € L(FE, E) under
the canonical isomorphism £(E,E*) = (E® E)* by the kernel theorem, that is,

(,n®&=(E&mn, &nek.

The Gross Laplacian [3] Ag € L((E), (E)) is defined by Ag = E¢2(7) and then
we have -
Ac(&m) = (&S, &nek.

3. Convolutions of Test White Noise Functionals
In this section, we study the Yeh convolution of test white noise functionals.

3.1. Translation and Dilation Operators. For each y € Ef, the translation
operator 7, on (E) is defined by

Tyd(x) =d(xz+y), € Eg
In fact, for £ € E we have
Type = eV 8¢ = 2 W, i(g’ n) = e &),
Therefore, by applying Theorem 2.1, we can see that 7, € L((E), (E)).
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For each o € C, by applying Theorem 2.1 we can easily see that there exists
an operator D, € L((E), (E)) such that

a2

Dal,n) = 2 EMTTEO ¢ e E,

which implies that

Date(r) = “ T €0 (2) = ge(an), v € B E€B.

Since the exponential vectors ¢¢ span a dense subspace of (E) and D, is con-
tinuous,

Dog(z) = ¢(azx), =€ Eg, ¢€(E).
Therefore, D, is called the dilation. Moreover, we have

D, = [(al)ezBe((e=1I),
For each o € C and y € E*, put
Ray =DuTy.
Then for any € € E, we have

Rayde(@) = de(az + y) = dae(@)de(y)e T &9, ()
which implies that

Ron(€,n) = &M+ =7HE O+ ) ¢neE.

)

Thus we have the following expression:
Ray = D(al)ezbe(@* DD W) ¢ £((E), (E)). (6)

3.2. Convolutions of Test White Noise Functionals. We start with the
following lemma, for the existence of the operator C!.

Lemma 3.1. There exists a unique operator C' € L((E) ® (E), (E)) such that
fO’f’ any 51,627"71 € E;

<<Cl(¢§1 & ¢E2)a ¢711>> = 6%@17527771)' (7)
Proof. For any p,q > 0, we obtain that

1 1
25 6| < slel i, ©
1
S qu ‘€|p+q ‘7]|—p
1
< gqu |§|i+q te |T"2—p

for any € > 0. Since for any € > 0, there exists ¢ > 0 such that p?? < 8¢2. The
right hand side of (7) is denoted by G(&1,&2,11). Then by applying (8), we can
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see that G(&1,&2,m1) satisfies (4) with m = 2 and n = 1. Therefore, by Theorem
2.1, there exists a unique operator C! € L((E) ® (E), (E)) such that

<<Cl(¢§1 ® d)fz)? ¢T]1>> = G(§1a€2,n1)a 51,527771 €EE,
which gives the proof. O

Lemma 3.2. We have
Cl(d)& ® ¢§2)(y) = <<R%,%y¢€l7 R%7—%y¢52>>7 y € Eg
for &1,& € E.

Proof. For any &1,&; € E, by applying (5), we see that

((Ras e Riggpadea)) = S pie-eo @) ©)
which gives the proof. O

From Lemma 3.2, for any ¢, € (E), we write
¢xy ¥ =Cl oY),

which is called the Yeh convolution of ¢ and ¥ and coincides with the convolution
defined in (1).

For each a, 8 € C, by applying Theorem 2.1 we can easily see that there exists
a unique operator G, g € L((E), (E)) such that

g/a\ﬁ(g,n) — 8 (&OFBEM ¢neE.

The operator G, s is called the Fourier-Gauss transform [2] and its adjoint oper-
ator Fo 5 =G 5 € L((E)*, (E)”) is called the Fourier-Mehler transform. Then
we have

Gop = (BI)e2 e (10)
and the integral representation:

gaﬁgf)(x):/EqS(ﬂer aJrlfﬂZy)u(dy), z e B

(see [10, 2, 5]). Then the following theorem gives a relation between the Yeh
convolution and the Fourier-Gauss transform.

*
R

Theorem 3.3. Let « € C. Then for any ¢, € (E), we have

goﬂ,oz ((ZS >le ’l/)) = <ga2 a¢> (ga2 _aw> ) (11)
23 273
where the Tight hand side is the pointwise multiplication.
Proof. For any &,n € E, by applying (9), we obtain that
Goz o (D6 *y ) = gazﬂ¢%(§*ﬁ)

— 6%2@7”’57”%%(5,”)
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2 2
_ 5 &6+ (n,
—64(£§> 4<7777>¢\(/!§§¢7%n

= (Qazz’y;bg) (ga;7\7§¢’l’]) )
which gives the proof of (11). O
Theorem 3.4. For any ¢,v,¢ € (E), we have

(o5 v, 0)) = ({0 (¥ R 5y0))))

where the right hand side is understood as the bilinear form for the functions of
variable y.

Proof. For any &,n € E, by applying (5), we obtain that

1
——5 (&2,
<<¢52, Rf%,%yd’n» = V32 77)45%7;(?/)’
which implies that

<<¢51 (), <<¢52, R_%7%y¢n>>>> _ ola—gam
= ((¢e, * des: 0n)) -

Therefore, the proof is immediate from the continuities since exponential vectors
span a dense subspace of (E). O

From Theorem 3.4, we write

VY xy o(y) = <<¢7 R_ 1 ¢y<p>>, y € Fxg.

Then we have
(D5 ¥, ©)) = (¢, Y *% @)
for any ¢,1, ¢ € (E).

4. Convolution of Generalized White Noise Functionals

In this section, we study an extension of convolution operator to generalized
white noise functionals.

Theorem 4.1. There exists an operator C™ € L((E)* ® (E), (E)) such that
C'poe)=vs*vy
for o € (E).
Proof. Consider the function G : E x E x E — E defined by
G&r,momp) = Va8 g € B

Then by applying similar arguments used in the proof of Lemma 3.1 and Theo-
rem 2.1, there exists a unique operator Z € L((E), (E) ® (E)) such that

<<E(¢§1), ¢771 ®¢772>> = G(flaﬁh”?), Elv”laﬂQ e E.
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On the other hand, by the kernel theorem, we have the following topological
isomorphisms:

[Py

22
LI(E) ®(E),(E) = (E)© (E)®(E)" =
In fact, for any 2 € L((E)* ® (E),(E)) and ®,¥
that

L((E),(E)® (E)).
€ (E)*, ¢ € (E), we obtain

(E(®®¢), ¥) = ((LE, T @2 ®¢))
= {{((/21E) (¢), ¥ © @)).
Put
Cr=Jrt (5 1(3).
Then for any &;,71,7m2 € E, we obtain that
<<CT(¢712 ® P¢,), ¢171>> = ((51(C7), Oy @ by, @ ey ))
= ((L2(1(C")(e1); Py @ ¢12))
<E(¢E1)v ¢771 ® ¢772>>
(

—evE m—nz,81)

= <<Cl(¢)m ®¢n2)7 ¢51>>'

Therefore, for any &1,m,1m2 € E, we have

<<CT(¢?72 Y ¢§1)a ¢T]1>> = <<¢TI17 ¢?72 *TY ¢§1>> = <<¢7I2 >kTY ¢§17 ¢771>>7
which implies the proof. U

For each ® € (E)* and ¢ € (E), from Theorem 4.1, the convolution ® %%, ¢ €
(E) is defined by

Py ¢ =C"(P®9).

Theorem 4.2. The operator C' can be extended to (E)* ® (E)* as a continuous
linear operator in L((E)* @ (E)*, (E)*) of which the extension is denoted by the
same symbol.

Proof. By the dual property, the proof is enough to see that (C')* € L((E), (E)®
(E)). For any &1,11,n2, we have

({(CY* ($e,); bny @ by )) = ((CHmy @ by S, )
= <<¢771 >le ¢7727 ¢El>>

— e%("71*772;§1>

Then by applying similar arguments used in the proof of Lemma 3.1, we see that
(CH* € L((E), (E) ® (E)). Therefore, C' € L((E)* @ (E)*, (E)*). O

For each ®, ¥ € (E)*, the Yeh convolution ® x{, ¥ € (E)* is defined by
Pl U=Cl(P00).
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Theorem 4.3. For any ®,V € (E)* and ¢ € (E), we have
(@ W, 0)) = (B, W5, ).
!

Proof. The proof is immediate by the definitions of the convolutions i, and
*5. O
Y

The following theorem gives a relation between the Yeh convolution and the
Fourier-Mehler transform.

Theorem 4.4. Let a« € C. Then for any ®,¥ € (E)*, we have
(Fan®) #b (Fan¥) = Fo (@, 0). (12)
Proof. Note that for any o € C, € C\ {0} and & € E,
D(BD)e86 g = 268 g = ™7 " AST (BT gy,
which implies that
T(BI)e*de = e*f "AaT(B]).

Also, we note that for any a € C and y € E*, e4We8c = ¢@Aca(¥)  Therefore,
by (6) and (10), we obtain that

Ul Gorh = <<xp r (—%1) e—iaceﬁa@)em%»

1 1 1
= ({0, 6D (1 ) e ibaevW) >>
(e (-537) ¢
= (-7:2(1,1\11) >k’r‘Y ¢a
and
Got (B %y §g) = " VEEWHEONG 4 = Gl (Gga0n)
which implies that
Gaa (WY ) = Uy (Gaap), Ve(B), ¢e(B).
Therefore, we obtain that

((Fap®+y Farl, o))

(D, Ga,1 (Fan Vv ©)))

(@, (¥ G51G5.10)))

(@, (¥ xy Ga,19)))

((Far (24 9), 0)),

which gives the proof of (12). O
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