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EXPONENTIALLY FITTED INTERPOLATION FORMULAS
INVOLVING FIRST AND HIGHER-ORDER DERIVATIVES

KYUNG JOONG KIM

ABSTRACT. We construct exponentially fitted interpolation formulas using
the values of the w-dependent function f as well as its derivatives up to the
nth order at a finite number of nodes on a closed interval 2. The function
f is of the form,
f(@) = fi(z) cos(wz) + f2(z) sin(wz),z € Q,

where f; and f2 are smooth enough to be approximated by polynomials
on 2. Some properties of the formulas are newly found. The properties are
numerically investigated and reexamined by producing some figures.
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1. Introduction

Phenomena with oscillatory character appear in mechanics and physics. The
investigation of such phenomena may imply mathematical operations on the
function f with a frequency w which is of the form,

f(x) = fi(x)cos(wx) + fox)sin(wz), = € [a,b], (1)
where fi and f> are smooth enough to be approximated by polynomials. The
mathematical operations include differentiation and quadrature. The Schrodinger
equation provides a good example to explain why the operations are considered
on the f defined in (1). In the case of the Schrédinger equation, the solution
is partly described by the function in (1). See Chapter 3 of [5] for more de-
tails. Since this equation represented the starting point for exponentially fitted
techniques, Ixaru[4, 6] derived exponentially fitted formulas for differentiation,
quadrature and multistep solvers for ordinary differential equations. Such tech-
niques were further extended to solve boundary value problems [1, 2]. An error
analysis for exponentially fitted interpolation formulas was examined [7]. Also,
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extended exponentially fitted interpolation formulas were constructed and inves-
tigated at two nodes and at more than two nodes [8]. Now our current research
establishes some properties regarding exponentially fitted interpolation formulas
involving derivatives up to the nth order at a finite number of nodes.

Technically, when an interpolation formula for a function is constructed at
a finite number of nodes, consideration is usually given to the imposition of
some conditions on the formula at the given nodes. Such conditions may be
provided by the function values or its derivatives up to the nth order at the
nodes. According to the conditions selected, a variety of interpolation formulas
are generated. We will construct exponentially fitted interpolation formulas
which use not only the values of the function f but also of its derivative up to
the nth order at 2N + 1 nodes. They will be denoted Z3'y,, ;. It is instructive to
note that in building up these formulas we do not follow the standard procedure
to construct interpolation formulas. Specifically, we will not impose the kth
derivative conditions on Z3'y,, such as

v = dl (2)
at the nodes where k = 0,1,2,...,n, so that Z7y ; does not necessarily satisfy
(2) at the beginning of its construction. However, it will turn out that Z3y_ ,
satisfies (2). In fact, the results of (2) can be derived from obtaining some
properties of the coefficients of Z3'y, , at the nodes. Thus, we will focus on
producing various results regarding the coefficients of Z3y,, at the nodes, in
particular that 73y, satisfies (2).

This article is organized as follows. In Section 2, exponentially fitted in-
terpolation formulas, denoted by Z3'y, , are introduced. In Section 3, various
properties of the coefficients of 73, | are shown. In Section 4, numerical results

are given to illustrate some of the characteristics of Z3y,; when n = 1 and
N =2.

2. Constructing Zyy

For the w-dependent function f given in (1), we will investigate exponentially
fitted interpolation formulas, denoted by Z3'y , , to use not only the values of
the function f but also of its derivatives up to the nth order at 2IV + 1 nodes
where n and N are positive integers. The Z3y, ; is defined by

f(l‘o + Nht) (3)
~Iyng(t) = Z;‘L:o h (Zf-v:—zv e (w; h, £) 9 (o + Th))
where z is a real number, h > 0 and —1 < ¢ < 1. The «; ,(w, h,t) implies that

the coefficient ¢, depends on the values of w, h and ¢. For simplicity, we shall
write «; , in place of o, (w, h,t). In (3), we denote the jth order derivative by

f(j) _ djf(x)

dxzI
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and assume that fU) is known at the nodes xg + rh where r = —N, —N + 1,
—N+2,...,N. From the formula Z3y , |, we put

T(f@).h V) = fa+Nht) =S5 h (S agnfO@+rh)  (4)

where V is a vector of the coefficients ¢ ,, that is V = (g —n,Q0,-N+1, - - -5

QO N3 O~ N> O —N41s- s QLN -5 Oy — N, Qp,—N41,---,0p N). To find the val-
. " .

ues of the coefficients a; . of 73, |, we may consider

T (2™ cos(wz),h,V) =0 and T (z™sin(wz),h,V)=0 (5)

where m = 0,1,2,.... But, since sin(wz) and cos(wz) are linear combinations
of exp(fiwz), we will solve a system of equations satisfying

T (2™ exp(fiwz),h,V) =0, m=0,1,2,...,2N+1)(n+1)/2—-1, (6)

where n is an odd number. Thus, the coefficients o, of 73y, will be deter-
mined, depending on the values of w,h and t. At this stage, we do not know
that

2 I;N—i—l = & k:071727"'7n7 (7)

dxk dxk I

at the nodes, because we do not impose (7) on Z3y ., as seen in (6). Therefore,
the Z3y ., may provide an approximating formula that fits f on [zo — Nh,zo +
Nh] without necessarily matching the f at the given nodes. However, as it will be
proved in Corollary 3.9, this 73’y | satisfies (7), and therefore 73, | represents
a genuine interpolation formula. The advantage of the new formula is that, in
contrast to formulas in current use, it reproduces the oscillatory behaviour of
the interpolated f, or of discrete data with such a behaviour, according to the
case. The functions =™ exp(Fiwx) in (6) will be called reference functions.

In this article we consider interpolation formulas incorporating the values of
derivatives up to an odd n. For an even n, we need one more equation to obtain
a system with the same number of equations as the number of coefficients, in
addition to the reference functions =™ exp(+iwz). See [4] for more details about
the reference functions to be taken. In the next section, we will see how the
values of o, are determined.

3. Properties of the coefficients «;, of 7'y,

To determine the values of ;. of Z3y 1, let us apply f(z) = exp(Fiwz) to
(4). Then we obtain

T (exp(pzx), h, V) :d exp(px)y(ph, V) @®
an 8
T(exp(—,ux),h,V) = eXp(—M.’L‘)’(/J(—ph,V)

where 4 = iw and

(u,V) = exp(Nut) =T/ (ZiV:,N Qjy exp(ru)) . (9)
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Using (9), we put

and (10)
\Ili(Za V) - i(d)(uvv) 7w(7uav))
where Z = u? = (uh)? = —w?h?. We consider the case in which n = 2n; — 1
where n, is a positive integer. Denote afr by
= 0 N-14r T N1 and O = 0 N_14r — O N1 (11)
where j =0,1,2,...,nand r =1,2,3,..., N. Then we can show Lemma 3.1 and
Lemma 3.2.

Lemma 3.1. U7 s given by

UH(Z,V)
=n-1(N?Zt?)

n N — _
+ Z61:1 [_ 21 a2+(/3—1)7rZB "1 (N+1-7)%7) - a2(6—1),0Z6 L (12)
+ X0 03, (N + 1= 1)Z0n0(N +1-7)°Z)] .

Proof. Use the definition 1 of (9) and see Appendix (or Section 3.4 of [3]) for
the definition of 7, where s = —1,0. O

Similarly as in Lemma 3.1, we have

Lemma 3.2. U~ is given by
v (Z,V)
= Ntno(N?Zt?)
+ 50 [0 ey (N + 1= 1) Z8 (N +1 = 7)22) (13)
= ady 1, 20T A (N +1-1)22) — 0425—1,02&1] :

Proof. The same arguments as in the Proof of Lemma 3.1 are applied. O

Also, using differentiation for the Ixaru’s function 7, such as
d
CTZUS
which is given in Appendix (or Section 3.4 of [3]), we have

1
(Z) = 5n3+1(2)7 s = _17 07 17"'7 (14)

Lemma 3.3. For j,k=1,2,3,...,
i (Z5na((N +1-7)22)) =
(3) [S0 (D)2 4 1= rP k(e = Dk = G = (m+ 1)) (g5

)
2= (N 41— 7)2Z)
+(N+1- r)QjZ"”'nj+a((N +1-— r)2Z)]

wherer =1,2,3,...,N and a = —1 or 0.
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Proof. The conclusion is followed by repeated application of the Product Rule
for differentiation with respect to Z. For example, the Product Rule says
7 ngna((N +1- 7’)22)) .
= iz (Z°) (N + 1= 1) 2) + 2%z (na((NV + 1 -1)*2))
=kZF I (N +1=7)2Z)+ (N +1—7)2Z a1 (N +1—1)22).
O

Then exponentially fitted techniques which were explained in [4] suggest that
(6) is equivalent to a system of equations,

L UH(Z,V) =0, LU (Z,V)=0 (16)

where j =0,1,2,...,71(2N+1)—1. Note that 2N +1)(n+1)/2—1=n1(2N+
1) — 1 since n = 2ny — 1. By applying Lemma 3.1 - 3.3 to (16), the first and
second equations of (16) become
(Nt)%n; (NQZtQ)
S [ e [0 GG =)= (B 1= (b + 1)
PTURN + 1= )M 2O (S 2o o 4y (N +1-1)22))
+(N+1- r)QJ‘_Zﬁ nic1(N+1-7)22)]

+anpo1),02 47 2707 ()
S5 g [T GG - 1) (8 (k1))
(N 41— p)2=26=R)+1(8) 7k (M((N+1_r)22))
H(N +1 =) Z0;((N + 1 —7)?Z)]]

and
(Nt)2+1n,(N?Zt%) =
St [—zr VO [ GG = 1) G = (B— 1= (k+1)))
9B—1=k(N 41— 7)2-205-1- k)+1( . )anj—(ﬁ—l—lc)((N+1_T)2Z))
+(N+1- 70)23'+1Z5—1 (N +1-7r)22)] (18)

3N 0ds 1, (SR GG =1 = (B 1= (k+ 1))20 1
(N 41— )220 (P 2o, oy gy (N +1-1)22))
+(N+1=r)2Z0 (N +1-1r)Z)]
+a2571,02jmzﬁ 1}7

respectively. Note that, for j = 0, (17) and (18) are equivalent to
UH(Z,V) =0 and T (Z,V) =0

where ¥F and U™ are given in (12) and (13). Now we have two systems of linear

equations in ozj[r and a; . One is associated with

LWH(Z,V)=0, j=0,1,2,...,n;(2N +1) — 1. (19)
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The other is associated with
dZJ (Z v) 0, j:0,17277n1(2N+1)71 (20)

Since (19), equivalently (17), is linear in a;([a_l),w ag(p-1),0 and agg ., it is
possible to arrange it into a matrix equation,
n,+ n,+ _ yn,+
M3 1 Xon1 = Yonsr (21)
where X7 ]’\,++1 and Y;}VJ;I are both column vectors and M), 1’\711 is a matrix. In
detail, X;;JH is a column vector consisting of entries a;r(ﬁ_l))r, a(g—1),0 and

O‘;ﬁ—l,r' That is

X;N++l = [-AE)'_’ @0,0, Al_a A;_a @20, A3_7 cee 7/43_”172’ Q21 —2,05 -AQ_M,JT (22)
where, for 5 =1,2,...,n1,

“42[3 5 = [aw ar i 1<rT<Nland Ayy | =[agg ;1 <r <N (23)

A few words should be said about the notations in (22) and (23). We use the

notation [a;, : 1 <r < N] to denote a vector with N entries [a; 1,a; 2, ..., aj N].

Also, if more than two vectors are placed inside a pair of brackets, we will omit

all internal brackets except for the far left and right brackets to make a vector.
For example, let us consider a case of X7, j\,++1 in (22) with n = 1 (equivalently,

ny = 1) and denote it by le}\',:l. From the definitions of A;ﬁ_Q and Agﬂ_l in
(23), the lej’\',:l is expressed by
1,4+ 1T
X2N+1 = [A(Tﬂo 0, A ]
= [log, : 1 <7 < NJ,anp, o] 1<r<N]]
T
= [[a{{l,aa:% . ,aa’,N],aQo, [0‘171’ QA1 gyens al,Nﬂ .

Then we omit all internal brackets except for the far left and right brackets in
the above to make a vector

T
+ o+ + - = -
{0‘0,1’040,2’-~-’%,Nvao,ov%l,aw--~,oz17N} . (24)

Thus we regard Xé}\}:l as a vector in (24). Also, we denote M (u,v) and Y (u)
by the (u,v) entry of a matrix M and the uth entry of a vector Y, respectively.
Now, all entries of M2N+1 and Y. N+1 in (21) are obtained from (17).
Theorem 3.4. For j =0,1,2,....n2N+1)—1,8=1,2,3,...,n1 andr =
1,2,3,..., N, the matrix MQnJ’VJ;I and column vector Y;}\’,il satisfy
(1): the (j +1,2N 4+ 1)(8—1) 4+ r) entry of Mznj\,tl is given by

Maia G+ 1L, (N + (B ~1)+7) =

Sz U =1 (= (B= 1= (k+1))2°1F

(N 4 1= )2 2610 () 2o o 4y (N +1 - 1))

H(N+1=7)22 1 (N +1-r)22),
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i1): the (7 +1, + — entry o, S 18 gen 0y
ii): the (j +1,2N+1)8 - N f M35, s given b
M (G +1L,@N +1)8 = N) =2 7 277,
ii): the ( +1, + — N +71) entry o A 15 gen 0y
iii): the (j +1,2N +1)8— N f M3ty is given b
My (G + LN+ 1) =N +7) =
— IS U =D G = (B (e 1))2
N4 L= 20 () 2o, (N 1= 7)22)]
+(N+1—r)2%1Z0n,(N+1-r)%2Z)],
(iv): the (j + 1)th entry of YQT;Vil is given by
YV +1) = (N6, 1 (N?Z12).
Thus X;]’\,++1 consisting of 04;'(6_1) > Q2(3—1),0 and Qg Can be determined

by solving (21) with the results of Theorem 3.4. Similarly as in (21), (20)
(equivalently (18)) can be replaced by another matrix equation,

M;N_-HX;LJ’V_H = YQ@\;H (25)
because it is linear in Qy5-1) a;@,_l’r and aop_1,0. In (25), X;LJ’V_H is a column

vector whose entries are a;(ﬂ_l) - a;BA ,» and aog_10. It is denoted by

- _ _ _ T
X;L],\]J,_l = [AO aAi’—a a1,0, AQ 7-’4;,_7 3.0, -- 7-’427“—2’ A;’_nl—lv a2n1—170} (26)
where, for  =1,2,3,...,n1,
Ayg o= [a2_ﬁ72,r :1<r<N] and ./43'671 = [ag_ﬁfl,r :1<r<NJ
In the following, all entries of Mj3,; and Yy, in (25) are obtained from (18):
Theorem 3.5. For j =0,1,2,....,n(2N+1)—-1, 8=1,2,3,...,n1 and r =
1,2,3,..., N, the matriz Myi | and column vector Yy5 | satisfy
(i): the (j +1,(2N +1)(B — 1) + ) entry of My}, is given by
MG+ 1N+ 1) (B = 1) +7) =
— S UG- G- (B 1= (e 1)))28 ik
(N 41— r)22B-1-k)+1 (ﬁgl)zknj_(ﬂ_l_k)((N 11— T)Qz):|
HN +1 =) Z0 (N +1-1)22)],
(ii): the (j +1,(2N +1)(8 — 1) + N + 1) entry of M3y, is given by
My G+ 1L, 2N+ 1)(B - 1)+ N+7) =
Yoo G =1 = (BT (k+1))2° 1
(N +1- 'r')2j_2(’8_1_k) (ﬁzl)anj—(B—l—k)—l((N +1— 7“)22)}
N +1=7)2281n; (N +1-71)22),
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(iii): the (j +1,(2N 4+ 1)B) entry of My3 ., is given by
MQHN_-H(] +1,(2N +1)8) =2/ dngJ VAR
(iv): the (j + 1)th entry of Yy5 ., is given by
Yok (G +1) = (Nt)2+ g (N2 212).
Thus, X,3,, whose entries are Xap-1), agﬂfl’r and apg_1, is also deter-

mined by solving (25) with the results of Theorem 3.5. By the way, our main
task in this article is to show that the properties of Z3'y , | such as

L) = Lof@), k=0,1,2,...,n
are satisfied at the nodes where x = x¢ + IVht. It is necessary to obtain first and
higher-order derivatives of the coefficients of 73y, ; up to the nth order at the
nodes. This can be achieved by calculating first and higher-order derivatives of

YQT;(/il and YQT;VjH (27)

with respect to t at t = :I:% or 0 where r = 1,2,3,..., N. Therefore, we
first consider differentiating Y, 5", ; with respect to t.

Lemma 3.6. For 5=1,2,3,...,ny andr=1,2,3,..., N,
(1):
[ O]y e = NP N (B = 1) 4 7),
(ii):
[;;2% L (. )} = N2DMEE (- 2N +1)8 - N),

(iii):

[ O]y = NPT ON £ 1)8 = N ),
(iv):

{%Yg\}il(')} —Nilor = - [%YSNL(')L}W )

(v):

28—1 n,+
{jﬁﬂ Yon (- )L:o = 0.
Proof. Using (iv) of Theorem 3.4, (14) and
771(N2Zt2) n-_1(N? thz)Z:ZO(NQZt ) (28)
we have -
der= Yoy (1) = N2P7220 1y (N2 Zt2)
and (29)

28—1

A Yy (1) = N2-L(Nt) 200 (N2 Zt2)
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where 8 =1,2,3,...,n1. From the Appendix, we know that

(N2 Z12) = nj—2(N?Zt%) A(IQ2JZt1)nJ (N2 282 ) i=1,2,3,. (30)

In fact, (28) comes from j = 1 in (30). Again, using (w) of Theorem 3.4 and
(14),

Lyt G+ 1) = L(Nt)¥n; (N2 Z82)

= N [QJ(Nt)jSl’I]jfl(N2Zt2) + (Nt)2j+1Z77j(N2Zt2)] . (31)
Then, for j > 1,
Yok i+ ) = & (V5L G+ 1)
=N [(Nt)%_l( , (NQZtQ) + 05— (NthQ))] (by (30))
_ Nf [(2j - 1)(Nt)23* (nj—2(N2Zt%) + n;—1 (N2 Zt?)) (32)

+(N)H (Zn;-1(N?Zt*) + Zn;(N*Zt%)) ]
= N2 [25(Nt)2 =20, (N2 Zt2) + (Nt)% Zn; 1 (N?Zt?)] (by (30)).

Similarly as in (32), for j > 1,

n, . 2 v n, .
Yol + 1) = & (VG + D)
= N3 [j(j — 1)22(Nt)P ~3n;_o(N2Zt%) (33)
+()2(N)Z 1220, (N2 Zt2) 4+ (Nt)%1 220, (N2 Z42)] .

In general, for 1 < 5 <mnp and j > 1,

d2B=1) o n,+
PGy Y2N+1(J +1) =

N2(-1) [ZB SiG-1DG-2)...(G—(B-1-(k+1)) (34)
98— 1=k (N¢)2—(5-1- k))(ﬁ Yz Nj—(g—1-k)—1 (N2 Zt?)
HNO) 20711 (N2 Z¢2)

and

a2t on s _
T YVan (G +1) =

NS 5G = D0 =2 (G = (8= (k+ 1)) (35)
IR (NO2O BRI (D) 2R, (54 (N2Z82) + (NP 2P, (N2 242)]

where ns = 0 for s = —2, -3, —4,.... Using the first equation of (29) and (34),
(¢) is obtained from () of Theorem 3.4. Likewise, using the second equation of
(29) and (35), (i4) is obtained from (i) of Theorem 3.4. Also, (iv) is shown by
(791) and (35). To get the results of (i7), (34) is rearranged by

2(B=1) 1 ,n . _ L. . .
S YN+ 1) = N2 [z" LG =D =2 (G~ (m—2))
.gm— 1(Nt)2(g (m— 1))(B I)Zﬂ ™y (N2Zt2) (36)

+(NO)¥ZP~ (NQZtQ)]

The right hand side of (36) contains 5 terms and each term contains a factor Nt
with an exponent. If the exponent of Nt is negative (equivalently if m > j+ 1),
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the related term vanishes. Therefore, the right hand side of (36) is continuous
at t = 0. From this fact, we can obtain

[ ¥ata G+ 1) (37)
by

limyg [j;((‘; 11)> Yz@vﬁﬂ] + 1)}
Thus, for 1 < j < 8 —1, (36) says that
(87) = N2V 1) —2)... ()2 () 286D
= N26-D2I(8—1)(8—2)(8—3)...(8 — )27+

because only one term survives in the right hand side of (36). In general, we
have

2(8—1) —+ .
[%Yﬁwﬂ@ + 1)} =

t=0
N2(B-1) 781 if j=0,
NP0 = 1)(B=2)...(B-5)2°7 0D if1<j<p-1,  (38)
0 ifj=>p.
Note that the right hand side of (38) is expressed by
Y
N2B-1)9j = 7B8-1
dzi

where j =0,1,2,.... Using (i) of Theorem 3.4,

28-1) {p, n,
[;ﬁ(ﬁ 1>Y2Nil(] +1) —o = N2(B- 1)M2NJSr1(J +1,(2N +1)3—N).

Thus, (i) is proved. Similarly as done by (34) to prove (ii), (v) is proved by
(35). 0

Similarly as in Lemma 3.6, M, N1 and Y27;\’7_+1 are closely related as follows.
Lemma 3.7. For 6 =1,2,3,...,n1 andr=1,2,3,..., N
(i):
[ i (O] e = NOOMEL (LN 15 = 1) +1),

(ii):

q2(B—-1) — . 42(B-1) —
|:dt2(ﬁ—1) Y27}V+1( ’ >:| poNt1lr [dﬁ(ﬁ 1) YQWJLVJrl( ) fo N41or
=N = N
(iif):
q2B=1 _
{dtzw D Y271Lv+1( )]t=0 = 0,
(iv):

26-1 n,— — n,—
[%Y2N+1( : )L—i’”l*r = N2P 1M2N+1( S@N+1)(B—-1)+ N +r),
- N
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(v):
28—1 o
[ ¥k ()]
Proof. The proof proceeds similarly as in the proof of Lemma 3.6 but by using
Theorem 3.5 instead of Theorem 3.4. In fact, as done with (34) and (35) in
Lemma 3.6, this can be done by

e N2IMGRT (-, (2N + 1)B).

42(B-1) n,
Py Y2N+1(J +1) =

N2 [5G =10 = 2)- (= (B= 1= (k+1))
9B—1- k:(Nt)Z(J (B— lfk))Jrl(B;l)anj_(B_l_k)(NZZtZ)
+(Nt)2H 281y, (N2 Z42))]

and .
;t?[ﬂ 11 YQ%+1(J +1) =
N2 SR =10 = 2) (= (B=1 = (k+1)))
9B8—1— k(Nt)Q(j (5_1_k))(ﬂil)anj,(ﬁ,]_,k),]_(N2Zt2)
+(Nt)2 ZB=1n,_1(N?2Zt?)] .
O

Now we are ready for obtaining first and higher-order derivatives of the coef-
ficients oy, of Z3'y | as follows.

Theorem 3.8. Form,j=0,1,2,...,nandq,r = —-N, —N+1, —-N+2,... N,

am N™, if j=m andr =q,
—a; = .
dgm " Py 0, otherwise.
- N
Proof. To solve the two linear systems,
A+ + + : :
M;NHX;NH Y27;v+1 and 2N+1X2nN+1 YQT;V-H’ (39)

apply the Cramer’s Rule to the linear systems respectively, by using Theorem 3.4
and 3.5. Then the mth derivatives of X2 Ny and X3 ~Ni1s €quivalently the mth
derivatives of aj7k and «;o, with respect to ¢t at t = ¢/N are derived from
Lemma 3.6 and 3.7 where m,j = 0,1,2,...,n, k = 1,2,3,...,N, and ¢ =
—N,—N +1,...,N. It is known that the determinant of a square matrix M is
equal to 0 if two columns (or rows) of the matrix M are equal. This determinant
property is used to derive the mth derivatives of afk and a0 when the Cramer’s
Rule is applied. Finally, use (11) to get the mth derivative of ¢, where j =
0,1,2,....,n,7r=—N,—N+1,...,N and r # 0. For easy understanding, let us
consider the case of n =1 and N =1 in (39). From Theorem 3.4 and (22), the
first equation of (39), M31’+X§’+ = Y31’+, becomes

n-1(Z) 1 —Zno(Z) 0‘3,1 n-1(Zt*)
n(Z) 0 —(1-2n(Z) + Zm(2)) a0 | = | *no(Zt*) | . (40)
m(Z) 0 —(2-2m(2)+ Zn2(2)) g4 thm (Zt?)
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Lemma 3.6 says that

@ [ErO] L = METCD, G )] = M),
i) [y )] =M, (41)
() [#%:7C)] _ =-MTC9), ) [#1270)] =0

Then, by applying the Cramer’s Rule to (40), we have
(i) af;=1latt=—11,
ag, =0att=0, dag, =0att=-1,0,1,
(Zl) Qp,0 = latt= 0,

apo=0att=—1,1, 40p0=0att=-1,0,1, (42)
(iii) Loj,=latt=-1, Loj,=-latt=1,
ap, =0att=-1,01, Fay, =0att=0.

From Theorem 3.5 and (26), the second equation of (39), Mg’_Xé’_ = Y;’_,
becomes

—no(Z) n-1(Z) 1 ¥ tno(Z1?)
-m(Z) no(Z) 0 of, | = | Pm(Z?) |. (43)
—-m(Z) m(Z) 0 Q1,0 oo (Zt%)

Lemma 3.7 says that

@ v =M ) [ 6)] = -,
(i) [ ()] =0, ) [# )] = Mi(2), (44)
@ [#vO)] =),

Then, by applying the Cramer’s Rule to (43), we have

(1) agy=latt=—1, ap =—latt=1,
ad[;l:Oatt:O, dagy =0at t=-1,0,1,
(i) dt+a1,1 latt 1,1, i (45)
a;;=0att=-1,0,1, Fa;=0att=0,
(iii) Layg=1att=0,
ao=0att=-1,0,1, La;g=0att=—1,1.
Using (11), we get
@p,—1 = (ail + 04671)/2, Qp,1 = (ail - 050_71)/2’ (46)
ar-1= (o) +a11)/2, a1 =(af; —ag,)/2.
Thus, (42) and (45) give
(Z) Qp,—1 = 1 att:—l, ap,—1 :Oatt:O,l,
app=1latt=1, ap1 =0at t=-1,0, (47)
(’LZ) aq -1 =0att= —170,1, Qg1 =0att= —170,1
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and
(i) Lapg_1=0att=-1,0,1, Lag;=0att=—1,0,1,
(ZZ) d*Oq’_l =latt= —1, d*()q’_l =0att= 0, 1, (48)
01,1 =latt=1, 2101,1 =0att=-1,0.

From (i4) of (42), (i4¢) of (45) and (47) and (48), we conclude that, for m, j = 0,1
and ¢, = —1,0,1,

d—ma- [ 1, if j=mandr =g,
dtm T t=g 1 0, otherwise.

Similarly, other cases are proved. O

Corollary 3.9. Form=0,1,2,....nandg=—-N,-N+1, -N+2,...,N,

am _ a™ f(=z)
T O] = |

where x = xg + Nht.

[ (9)

Proof. Theorem 3.8 says that

dm
I:dx”;Z'L-SN+1( )}x =x0+qh L
- [dtmIgN"Fl( )]t:% ' W

n i N m

= {ijo h (Zr— Ultm ], s FO(wo +rh) )} }L ™
=hm Ziv_, [j;:n A r} t=% f(m (xO + ’I"h)) 1)
= 1" ([ v, t=2 o (a:o + qh)) (NilL)m
= pm (Nmf(m) (zo + qh)) . W
= [0 (x0 + qh) = [ddxfir(nz)

} z=x0+qh '
O

Corollary 3.9 states that the mth derivative of Z3, | with respect to x is equal
to the mth derivative of f with respect to x at the nodes where m = 0,1,2,...,n.
4. Numerical results

To illustrate numerical results, let us choose an example function f on the
domain [a,b] = [-1,1],

f(z) = (1+43z+ 522+ 723 + 92* + 112°) sin(wz + 1), w =235  (50)
which is of the form (1) with fi(z) = sin(1)(1 + 3z + 522 + 72 + 92* + 112°)
and fo(z) = cos(1)(1 + 3z + 52 + 72® + 92% + 112°). For this function, we will
investigate 73y, in (3) with the case of N = 2 and n = 1 when 29 = 0 and
h = 1/2. Let us denote it by Z2. Thus, Z} is expressed by

B = S oo/ +hEl e (%2 )




690 Kyung Joong Kim

FIGURE 1. Comparison between f(z) and EF on [—1,1].
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Note that Z} uses not only pointwise values of the function f but also of its
first derivative at five nodes (equivalently, at = —1,—-1/2,0, 1/2,1) on [a,b] =
[~1,1]. As explained in Section 2, 7} is constructed to be exact for f(z) =
™ exp(Liwz) where m = 0,1, 2, 3, 4. Therefore, some discrepancies between the
example function f and Z} may happen because f; and fo include constant x x°.
The example function f is compared with Z} on the domain [—1,1] in Figure 1
where the solid and dotted lines are represented by f and Z} (=EF), respectively.

Obviously, Figure 1 shows some discrepancies between the two lines. Now, let
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us magnify the two lines in Figure 1 near x = —1, —1/2. Thus, Figure 2 and 3
are provided to compare the two lines near x = —1 and —1/2, respectively. In
details, Fig. 2 shows that Z3 has the same value as f at = —1 and it does the
same slope as f at the same node. The same argument as in Figure 2 is applied
for Figure 3 at z = —1/2. In fact, it is numerically confirmed that Z} passes
through f at the remaining nodes, x = 0,1/2,1, and it has the same slope as f
at the same nodes. In other words, the behaviors of Z} at the nodes are in full
agreement with the theoretical results given by (49). All computational results
in the figures are obtained from Matlab[9].

In this article, we concentrated on obtaining theoretical results given by (49)
regarding Zyy,; at the nodes. Finally, we may suggest another investigation to
construct exponentially fitted interpolation formulas at unequally spaced nodes.
Maybe our study will afford a good foundation for the investigation.

F1aure 3. Comparison between f(x) and EF near x = —1/2.
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Figure Captions.

(1): The notation ‘EF’ in Figure 1 — 3 is used to denote Z}.
(2): In Figure 1-3, w = 35 and

f(z) = (1432 + 522 + 72% + 92 + 112°) sin(wzx + 1).
Figure 1: Comparison between f(z) and EF on [—1,1].
Figure 2: Comparison between f(z) and EF near z = —1.
Figure 3: Comparison between f(z) and EF near z = —1/2.

Appendix
1. Define functions 75 by
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[ cos(|Z)?) it Z <0
n-1(2) = { cosh(Z/?) if Z >0,

sin(|Z|Y/2)/|1Z|V? it Z <0
n(Z) = 1 if Z=0
sinh(Z1/2)/Z1/? if Z >0,

(iii): for Z #0 let

15(2) = (s-2(2) = (28 = )ns1(2))/Z (s =1,2,3,...),

for Z =0 let
285!
ns(0) =

_ES (6= 11,2,3...).
(25 +1)! (5=1,23,..)

2. The functions defined above satisfy the following two properties.

(i) Power series:

14(Z) =2 9.qZ7/(2q + 25 + 1)!
q=0

with

[ if s =0
I5a =V (q+1)(qg+2)...(g+s) fs=123....

(ii) Differentiation with respect to Z:

d 1

CTZUS(Z) = 57734_1(2), s= —1,0, 1,....

REFERENCES

. D. Hollevoet, M.V. Daele and G.V. Berghe, The optimal exponentially-fitted Numerov
method for solving two-point boundary value problems, J. Comput. Appl. Math. 230 (2009),
260-269.

. D. Hollevoet, M.V. Daele and G.V. Berghe, Exponentially-fitted methods applied to fourth-
order boundary value problems, J. Comput. Appl. Math. 235 (2011), 5380-5393.

. L.Gr. Ixaru, Numerical Methods for Differential Equations and Applications, Reidel, Dor-
drecht, Boston, Lancaster, 1984.

. L.Gr. Ixaru, Operations on oscillatory functions, Comput. Phys. Commun. 105 (1997),
1-19.

. L.Gr. Ixaru and G.V. Berghe, Ezponential Fitting, Kluwer Academic Publishers, Dordrecht,
2004.

. L.Gr. Ixaru, G.V. Berghe and M.D. Meyer, Frequency evaluation in exponential fitting
multistep algorithms for ODEs, J. Comput. Appl. Math. 140 (2002), 423-434.

. K.J. Kim, Error analysis for frequency-dependent interpolation formulas using first deriva-
tives, Appl. Math. Comput. 217 (2011), 7703-7717.

. K.J. Kim and R. Cools, Extended exponentially fitted interpolation formulas for oscillatory
functions, submitted.



Exponentially fitted interpolation formulas involving first and higher-order derivatives 693

9. MATLAB, Language of Technical Computing, The Mathworks, Inc.

Kyung Joong Kim received a Phd from Yonsei University in 1998. Since 2004 he is a
professor at Korea Aerospace University. His research interests include cubature rules for
multivariate integrals and exponentially fitted interpolation formulas for oscillatory func-
tions.

School of Liberal Arts and Sciences, Korea Aerospace University, Goyang-si, 412-791, Korea.
e-mail: kj-kim@kau.ac.kr



