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REMARKS ON NEIGHBORHOODS OF INDEPENDENT SETS
AND (a,b, k)-CRITICAL GRAPHS'

SIZHONG ZHOU*, ZHIREN SUN AND LAN XU

ABSTRACT. Let a and b be two even integers with 2 < a < b, and let
k be a nonnegative integer. Let G be a graph of order n with n >
(atb— 1>(a+b 2)+bk=2 A graph G is called an (a, b, k)-critical graph if after
deleting any k vertices of G the remaining graph of G has an [a, b]-factor.
In this paper, it is proved that G is an (a, b, k)-critical graph if
(a—1)n+|X|+bk—2

a+b—1
for every non-empty independent subset X of V(G), and
(a—1l)n+a+b+bk—3

a+b—1 ’
Furthermore, it is shown that the result in this paper is best possible in
some sense.

NG (X)| >

5(G) >
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1. Introduction

The graphs considered in this article will be finite undirected graphs which
have neither multiple edges nor loops. Let G be a graph. We use V(@) and
E(G) to denote its vertex set and edge set, respectively. For each xz € V(G),
the degree and the neighborhood of z in G are denoted by dg(z) and Ng(z),
respectively. The minimum degree of G is denoted by §(G). For any S C V(G),
we write Ng(S) = UzesNg(z). We denote by G[S] the subgraph of G induced
by S, and by G — S the subgraph obtained from G by deleting vertices in S
together with the edges incident to vertices in S. If G[S] has no edges, then
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we call S independent. For two disjoint vertex subsets S and T of G, we use
ec(S,T) to denote the number of edges from S to T'.

Let a,b and k be nonnegative integers with 1 < a < b. An [a, b]-factor of
G is defined to be a spanning subgraph F' of G such that a < dp(z) < b for
each z € V(G). If a = b = r, then an [a, b]-factor of G is called an r-factor of
G. A graph G is called an (a, b, k)-critical graph if after deleting any k vertices
of G the remaining graph of G has an [a,b]-factor. If a = b = r, then an
(a, b, k)-critical graph is simply called an (r, k)-critical graph. In particular, a
(1, k)-critical graph is simply called a k-critical graph.

Many authors have investigated graph factors [1-7]. Liu and Yu [8] gave
the characterization of (r, k)-critical graphs. Li [9] showed a degree condition
for graphs to be (a, b, k)-critical graphs. Zhou [10-12] obtained some results on
(a, b, k)-critical graphs. Liu and Liu [13] showed a neighborhood condition for
the existence of (a, b, k)-critical graphs. Liu and Wang [14] obtained a necessary
and sufficient condition for a graph to be an (a, b, k)-critical graph. The following
result on k-factors and (a, b, k)-critical graphs are known.

Theorem 1.1 (Woodall [15]). Let k > 2 be an integer and G a graph of order
n withn > 4k — 6. If k is odd, then n is even and G is connected. Let G satisfy

X[+ (k—Dn—1

>
[Ne(X)| = 2% —1
for every non-empty independent subset X of V(G), and
k—1
> 2).
5(6) > s (n+2)

Then G has a k-factor.

Theorem 1.2 (Zhou and Xu [11]). Let a, b and k be nonnegative integers
with 1 < a < b, and let G be a graph of order n with n > w + k.
Suppose that
(a—Dn+|X|+bk—1

a+b—1
for every non-empty independent subset X of V(G), and
(a—1)n+a+b+bk—2

a+b-—1 ’

[Ne(X)| >

0(GQ) >
Then G is an (a,b, k)-critical graph.

Zhou and Xu [11] also showed that the condition |Ng (X)| > {e=ntIXltbh=1

a+b—1
in Theorem 1.2 cannot be replaced by |[Ng(X)| > W%. For the proof
of the optimality (in this sense), they considered the case when (,121;3:11))2 is an

integer. Then they constructed a non (a, b, k)-critical graph G with |[Ng(X)| >

W#. It is easy to see that in this case, either a is odd and b is even,

or a is even and b is odd. Thus, the question is:
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Is the condition |[Ng(X)| > (a_l):;i‘# optimal in the other cases? (i.e.,
a and b have same parity).

In this paper, we study this question when the integers a and b are both even.
In this case, we improve our previous result and obtain the following theorem.
Furthermore, we use some new techniques in the proof of the main result.

Theorem 1.3. Let a and b be two even integers with 2 < a < b and k be a non-
negative integer, and let G be a graph of order n with n > (a+b71)(atb72)+bk72.
Suppose that

(a—1)n+|X]|+ 0k —2
a+b—-1
for every non-empty independent subset X of V(G), and

|Na(X)| >

(1)

(a—1)n+a+b+0bk—3

2(G) > a+b—1

(2)
Then G is an (a,b, k)-critical graph.
If k = 0 in Theorem 1.3, then we obtain the following corollary.

Corollary 1.4. Let a and b be two even integers with 2 < a < b, and let G be
a graph of order n with n > w, Suppose that
(a—Dn+|X|—-2

a+b—1

[Na(X)| >

for every non-empty independent subset X of V(G), and

(a—1)n+a+b-3
a+b—1 '

0(G) >

Then G has an [a, b]-factor.

2. The Proof of Theorem 1.3

Let a and b be two positive integers with a < b, and let G be a graph. For
any S C V(G), define

da-s(T) = Z dg-s()

zeT
and
0¢(S,T) = b|S| +de-s(T) — a|T|,
where T ={z:2 € V(G)\ S, dg—s(x) < a — 1}. In the following, we define
h =min{dg_g(z) : z € T}.

Obviously, 0 < h < a—1.
The following lemmas are applied in the proof of Theorem 1.3.
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Lemma 2.1 (Liu and Wang [14]). Let a,b and k be nonnegative integers with
1 <a<b, and let G be a graph of ordern > a+k+1. Then G is (a, b, k)-critical
if and only if for any S C V(G) with |S| > k

5(S,T) > bk,
where T ={x:2 € V(G)\ S, dg_s(x) <a—1}.
Lemma 2.2 (Zhou, Xu and Wu [12]). Let a and b be two even integers with
2 <a<b, and let k be a nonnegative integer. Let G be a graph of order n. If
86(8,T) < bk —1 for some S C V(G), then |S| < (e=ntbe=2,

In the following, we prove Theorem 1.3.

Proof. Suppose that G satisfies the hypothesis of Theorem 1.3, but is not an
(a, b, k)-critical graph. Then by Lemma 2.1, there exists a subset S of V(G)
with |S| > k such that

06 (S, T) = b|S| + dg-s(T) — a|T| < bk — 1, 3)

where T = {z : z € V(G) \ S, dg-s(z) < a—1}. Obviously, T # 0 by (3).
Let h be as in the previous, and 0 < h < a — 1. We choose 1 € T such that
dc—s(xz1) = h. Then the following inequalities hold.

6(G) < dg(z1) < dg-s(z1) +1[5| =h+15],
which implies
S| > 6(G) — h. (4)
In view of (2) and (4), we obtain
(a—1)n+a+b+bk—3
a+b—1 B
We shall consider various cases by the value of h and derive a contradiction
in each case.
Case 1. h=0.
Set X = {z € T :dg_s(z) = 0}. Clearly, X # 0 and X is independent.
Thus, by (1) we have
(a—1)n+|X|+bk—2
a+b—1
Subcase 1.1. |[S|+|T|<n-—1.
According to (3), |S|+|T] <n—1 and a > 2, we obtain

1] > 6(G) — h > . (5)

< [Ne(X)| < |5]. (6)

bk—1 > 6c(S,T)="0b|S|+dg_s(T) — a|T|
> S|+ [T| = [X]—alT]
= bS] = (a—1)[T| - |X]
> S| =(a=1)(n-1-]5]) —|X|
= (a+b=D|S|-|1X|-(a—1)n+a—1
> (a+b-—1|S|—|X|-(a—1)n+1,
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which implies
(a —Dn+|X|+bk—2

<
151 < a+b—1

9

which contradicts (6).

Subcase 1.2. |S|+|T| = n.

Using (3), (6) and |S| + |T'| = n, we obtain
bk—1 > 6g(S,T)="0]S|+dg-s(T)—a|T)|
> 0S|+ |T| = [X]| = alT|

bS| = (a = D|T| - [X]
= S| = (a=1)(n—|[S]) - |X]|

(a+b-1)|S|—(a—1)n —|X]
(a—=Dn+|X[+b0k—1

> -1 —1)n—|X
> (a+b-1) o (a=1)n— ||
= bk—1,
which implies
dg-s(T) = |T| - |X| (7
and
d¢(S,T) =b|S|+dg-s(T) — a|T| = bk — 1. (8)

Claim 1. dg_g(7T) is even.

Proof. Obviously, X C T. If | X| = |T|, then from (7) we have dg_s(T) = 0. In
the following we assume that | X| < |T'|. In terms of (7) and the definition of X,
we have dg_g(v) =1 for any v € T'\ X. Combining this with |S| + |T| = n, we
obtain dg\ xj(v) = 1 for any v € T'\ X, and so G[T"\ X] is a perfect matching.
Hence, |T| — | X| is even. In view of (7), dg_s(T') is even. This completes the
proof of Claim 1. (|

According to Claim 1 and a — b = 0 (mod 2), we have 6q(S,T) = b|S| +
dg—s(T) — a|T| is even. Which contradicts (8).

Case 2. 1<h<a-1.

According to (3) and Lemma 2.2, we have

(a —h)n+bk—2

S| < 9
151 a+b—nh )
Using (5) and (9), we obtain
(a—hn+bk—2 (a—1)n+a+b+bk—3
—h. 10
a+tb—h a+b—1 (10)
If h = 1, then by (10) we have (4=Hntbb=2 o (e Uniatbibh=3_j _ (a-Dnibh-2

That is a contradiction. In the following, we assume that 2 < h < a — 1.
If the left-hand and right-hand sides of (10) are denoted by A and B respec-
tively, then (10) says that
A—-B>0. (11)
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Multiplying (11) by (a + b — 1)(a + b — h) and rearranging, we obtain
0 < (a+b—1)(a+b—h)(A-B)
B (a —h)n+bk—2
= (a+b—1)(a+b—h)( -
-1 +b+bk—3
(a=Dn+a+b+ )
a+b-—1
= —(h—=1)bn—(a+b—1)(a+b—h)—bk+2).
Combining this with 2 < h < a — 1, we have
- (a+b—1)(a+b—h)+bk—2 < (a+b—1)(a+b—2)+bk—2
b - b ’
which contradicts that n > (a+b71)(a+bb72)+bk72.

From the contradictions we deduce that G is an (a, b, k)-critical graph. This
Completes the proof of Theorem 1.3. (]

Remark 2.1. Let b > a > 2 be two even integers such that W is

an integer, and let k be a nonnegative integer. We write n = w + k.

It is easy to see that m is an integer. In the following, let us show that the

condition |Ng(X)| > W# in Theorem 1.3 can not be replaced by

|[Ne(X)| > W#. We can show this by constructing a graph G =

Kappenoa V(@ +b+ DK U (SRR — (0 +5)Ks). Let X = V((a+

b+ 1)K1). Then §(G) = a+ b+ k — 1 > @=Unbadbibb=3 o4 |Ng(X)| =

a+b—
a+b+k— ml)’;ﬁ# and it is easy to see from this that [Ng(X)| >

W# for every non-empty independent subset X of V(G). Let S =

V(Katpir-1) € V(G), T=V((a+b+ 1)K U (02— (a4 b)) Ky) C

V(G). Then |S| = a+b+k—1, |T| = DG — (g 4 b) 4 1, and

da-s(T) = W —2(a +b). Thus, we get

0c(S,T) = blS|+dg-s(T)—alT|
= bla+b+k— 1)+(a+b_(a1)_(al)+b_2)2(a+b)
_a<(a+b—(1) )+b 2) Cain+1)
= bk—2< bk

According to Lemma 2.1, G is not an (a, b, k)-critical graph. In the above sense,

the condition |Ng(X)| > W# in Theorem 1.3 is best possible.

Remark 2.2. Zhou and Xu [11] proved Theorem 1.2, and showed that the
condition |Ng(X)| > % is sharp when either a is odd and b is

even, or a is even and b is odd. In this paper, we improve the condition by
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[N (X)| > (‘I_I)Zi‘# when a and b are both even, and show the condition
in this case is sharp. Thus, we present the following problem:

Open Problem. Let a, b and k be three nonnegative integers such that 1 <
a < b, a and b are both odd. Suppose that n is sufficiently large for a, b and

k, 6(G) > %7 and |Ng(X)| > W%. Then, whether a

graph G of order n is (a, b, k)-critical or not?

REFERENCES

1. J. Ekstein, P. Holub, T. Kaiser, L. Xiong and S. Zhang, Star subdivisions and connected
even factors in the square of a graph, Discrete Mathematics 312(17) (2012), 2574-2578.

2. G. Liu, Q. Yu and L. Zhang, Mazimum fractional factors in graphs, Applied Mathematics
Letters 20 (2007), 1237-1243.

3. H. Matsuda, Fan-type results for the existence of [a, b]-factors, Discrete Mathematics 306
(2006), 688-693.

4. O. Fourtounelli, P. Katerinis, The existence of k-factors in squares of graphs, Discrete
Mathematics 310 (2010), 3351-3358.

5. S. Zhou, A new neighborhood condition for graphs to be fractional (k,m)-deleted graphs,
Applied Mathematics Letters 25 (2012), 509-513.

6. S. Zhou, Binding numbers and [a,b]-factors excluding a given k-factor, Comptes rendus
Mathematique 349 (2011), 1021-1024.

7. D. Bauer, H. J. Broersma, J. van den Heuvel, N. Kahl, E. Schmeichel, Degree Sequences
and the Ezistence of k-Factors, Graphs and Combinatorics 28 (2012), 149-166.

8. G. Liu, Q. Yu, k-factors and extendability with prescribed components, Congressus Numer-
antium 139 (1999), 77-88.

9. J. Li, A new degree condition for graph to have [a,b]-factor, Discrete Mathematics 290
(2005), 99-103.

10. S. Zhou, Independence number, connectivity and (a, b, k)-critical graphs, Discrete Mathe-
matics 309 (2009), 4144-4148.

11. S. Zhou, Y. Xu, Neighborhoods of independent sets for (a,b, k)-critical graphs, Bulletin of
the Australian Mathematical Society 77 (2008), 277-283.

12. S. Zhou, J. Jiang, L. Xu, A binding number condition for graphs to be (a,b, k)-critical
graphs, Arab Journal of Mathematical Sciences 18(2) (2012), 87-96.

13. H. Liu, G. Liu, Neighbor set for the existence of (g, f,n)-critical graphs, Bulletin of the
Malaysian Mathematical Sciences Society 34 (2011), 39-49.

14. G. Liu, J. Wang, (a, b, k)-critical graphs, Advances in Mathematics (China) 27(6) (1998),
536-540.

15. D. R. Woodall, k-factors and neighbourhoods of independent sets in graphs, Journal of the
London Mathematical Society 41 (1990), 385-392.

Sizhong Zhou was born in anhui province, China. He received his B.Sc. and M.Sc. from
China University of Mining and Technology. Since 2003 he has been at School of Math-
ematics and Physics in the Jiangsu University of Science and Technology, where he was
appointed as an associate professor of mathematics in 2009. More than 80 research papers
have been published in national and international leading journals. His current research
interests focus on graph theory and its application.

School of Mathematics and Physics, Jiangsu University of Science and Technology, Mengxi
Road 2, Zhenjiang 212003, Jiangsu, P. R. China.
e-mail: zsz_cumt@163.com



676 S. Zhou, Z. Sun and L. Xu

Zhiren Sun received M.Sc. from Nanjing Normal University, and Ph.D. from Chinese
Academy of Sciences. He is currently a professor at Nanjing Normal University since 2006.
His research interests are graph theory and its application.

School of Mathematics Science, Nanjing Normal University, Nanjing 210046, Jiangsu, P. R.
China.

e-mail: zrsun@njnu.edu.cn

Lan Xu received B.Sc. from Shanxi Normal University, and M.Sc. from Xinjiang University.
She is currently an associate professor at Changji University. Her research interests are graph
theory and its application.

Department of Mathematics, Changji University, Changji 831100, Xinjiang, P. R. China.
e-mail: xulan6400@163.com



