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GLOBAL EXPONENTIAL STABILITY OF ALMOST PERIODIC

SOLUTIONS OF HIGH-ORDER HOPFIELD NEURAL

NETWORKS WITH DISTRIBUTED DELAYS OF NEUTRAL

TYPE†
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Abstract. In this paper, we study the global stability and the existence
of almost periodic solution of high-order Hopfield neural networks with dis-

tributed delays of neutral type. Some sufficient conditions are obtained for
the existence, uniqueness and global exponential stability of almost peri-
odic solution by employing fixed point theorem and differential inequality
techniques. An example is given to show the effectiveness of the proposed

method and results.
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1. Introduction

Since high-order Hopfield neural networks (HHNNs) have stronger approxi-
mation property, faster convergence rate, greater storage capacity, and higher
fault tolerance than lower-order Hopfield neural networks, the study of high-
order Hopfield neural networks has recently gained a lot of attention, moreover
there have been extensive results on the problem of the existence and stability of
equilibrium points, periodic solutions and almost periodic solutions of high-order
Hopfield neural networks in the literature. We refer the reder to [1-12] and the
references cited therein. Moreover, time delays may occur in neural procession
and signal transmission, which can cause instability and oscillations in system
and the distributed delays should be incorporated in the model. In other words,
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it is the often the case that the neural networks model possesses both bounded
and unbounded delays (distributed delays).

In addition, because of the complicated dynamic properties of the neural cells
in the real world, the existing neural network models in many cases cannot char-
acterize the properties of a neural reaction process precisely. Thus, it is natural
and important that systems will contain some information about the derivative
of the past state to further describe and model the dynamics for such complex
neural reactions. Therefore, neural networks with delays of neutral type are
considered to be more accordant with reality. Recently, there are many results
on the stability and the existence of periodic solutions to neural networks with
delays of neutral type (see [13-19]). However, few papers have been published on
the stability and the existence of almost periodic solution to neutral high-order
Hopfield neural networks. In this paper, we consider the following high-order
Hopfield neural networks with distributed delays of neutral type

x
′

i(t) = −ci(t)xi(t) +
n∑

j=1

aij(t)

∫ ∞

0

dij(θ)fj(xj(t− θ))dθ

+
n∑

j=1

αij(t)

∫ ∞

0

βij(θ)hj(x
′

j(t− θ))dθ

+
n∑

j=1

n∑
l=1

bijl(t)

∫ ∞

0

kij(θ)gj(xj(t− θ))dθ

∫ ∞

0

kil(θ)gl(xl(t− θ))dθ

+Ii(t), i = 1, 2, . . . , n, t > 0, (1)

where n corresponds to the number of units in a neural network, xi(t) corre-
sponds to the state vector of the ith unit at the time t, ci(t) represents the rate
with which the ith unit will reset its potential to the resting state in isolation
when disconnected from the network and external inputs, aij(t) and bijl(t) are
the first- and second-order connection weights of the neural network, dij , kij
are the kernels, Ii(t) denotes the external input at time t, fj and gj are the
activation functions of signal transmission.

The initial conditions of (1) are of the form

xi(s) = ϕi(s), s ∈ (−∞, 0], i = 1, 2, . . . , n,

where ϕi(·) denotes a differential real-value bounded function defined on (−∞, 0]
and satisfies that ϕ′i(·) is bounded on (−∞, 0) too.

Throughout this paper we assume that:

(H1) ci(t) > 0, aij(t), αij(t), bijl(t) and Ii(t) are almost periodic functions,
i, j, l = 1, 2, . . . , n.

(H2) There exist positive constants ϵi > 0, ϑi > 0, εi > 0, Gi > 0 such that
|fi(x) − fi(y)| ≤ ϵi|x − y|, |gi(x) − gi(y)| ≤ εi|x − y|, |hi(x) − hi(y)| ≤
ϑi|x − y|, |gi(x)| ≤ Gi, for all x, y ∈ R, and fi(0) = gi(0) = hi(0) =
0, i = 1, 2, . . . , n.
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(H3) For i, j ∈ {1, 2, . . . , n}, the delay kernels dij , kij , βij : [0,∞) → R are
continuous and integrable with

0 ≤
∫ ∞

0

|kij(s)|ds ≤ kMij , 0 ≤
∫ ∞

0

|dij(s)|ds ≤ dMij , 0 ≤
∫ ∞

0

|βij(s)|ds ≤ βM
ij .

Our main purpose of this paper is to study the existence, uniqueness and
global exponential stability of almost periodic solution to (1) by employing fixed
point theorem and differential inequality techniques. To the best of our knowl-
edge, this is the first paper to investigate the global exponential stability and
existence of almost periodic solution to system (1).

2. Existence of almost periodic solution

To obtain the existence of almost periodic solution of system (1), we shall
recall the following definitions and lemmas:

Definition 2.1 ([20, 21]). Let u : R → Rn be continuous in t, u(t) is said to be
almost periodic on R if, for any ε > 0, the set T (u, ε) = {δ : |u(t+ δ)− u(t)| <
ε, ∀t ∈ R} is relatively dense, i.e, for ∀ε > 0, it is possible to find a real number
l = l(ε) > 0, for any interval with length l(ε), there exists a number δ = δ(ε) in
this interval such that |u(t+ δ)− u(t)| < ε, for ∀t ∈ R.

For z = (z1, z2, . . . , zn)
T ∈ Rn, we define ∥z∥ = max

1≤i≤n
|zi|.

Definition 2.2. Let x ∈ Rn and Q(t) be a n× n continuous matrix defined on
R. The linear system

x′(t) = Q(t)x(t) (2)

is said to admit an exponential dichotomy on Rn if there exist positive constants
k, α, projection P and the fundamental solution matrix X(t) of (2) satisfy

∥X(t)PX−1(s)∥ ≤ ke−α(t−s) (∀t ≥ s), ∥X(t)(I − P )X−1(s)∥ ≤ ke−α(s−t) (∀s ≥ t).

Lemma 2.3 ([20, 21]). If the linear system (2) admits an exponential dichotomy,
then the almost periodic system:

x′(t) = Q(t)x(t) + g(t)

has a unique almost periodic solution x(t), and

x(t) =

∫ t

−∞
X(t)PX−1(s)g(s)ds−

∫ +∞

t

X(t)(I − P )X−1(s)g(s)ds.

Lemma 2.4 ([20, 21]). Let ci(t) be an almost periodic function on Rn, and

M [ci] = lim
T→+∞

1

T

∫ t+T

t

ci(s)ds > 0, i = 1, 2, . . . , n.

Then the linear system

x′(t) = diag(−c1(t),−c2(t), . . . ,−cn(t))x(t)
admits an exponential dichotomy on Rn.
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For the sake of convenience, we introduce the following notations:

cmi = inf
t∈R

ci(t), cMi = sup
t∈R

ci(t), Ii = sup
t∈R

|Ii(t)|, aij = sup
t∈R

|aij(t)|,

αij = sup
t∈R

|αij(t)|, bijl = sup
t∈R

|bijl(t)|, i, j, l = 1, 2, . . . , n.

A = max

{
max
1≤i≤n

{
Ii
cmi

}
, max
1≤i≤n

{
Ii + cMi

Ii
cmi

}}
,

B = max
1≤i≤n

{
max

{
1

cmi
, 1 +

cMi
cmi

} n∑
j=1

[
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|

+
n∑

l=1

bijlGlGjk
M
ij k

M
il

]}
.

ϕ0(t) =

(∫ t

−∞
e−

∫ t
s
c1(u)duI1(s)ds,

∫ t

−∞
e−

∫ t
s
c2(u)duI2(s)ds, . . . ,∫ t

−∞
e−

∫ t
s
cn(u)duIn(s)ds

)T

,

X = {ϕ|ϕ = (ϕ1(t), ϕ2(t), . . . , ϕn(t))
T },

where ϕi : R → R is a continuously differential almost periodic function.
Then, X is a Banach space with the norm defined by

∥ϕ∥X = sup
t∈R

∥ϕ(t)∥1 = max{∥ϕ∥0, ∥ϕ′∥0},

where

∥ϕ(t)∥1 = max{∥ϕ(t)∥0, ∥ϕ′(t)∥0}, ∥ϕ(t)∥0 = max
1≤i≤n

|ϕi(t)|, ∥ϕ∥0 = sup
t∈R

∥ϕ(t)∥0.

Theorem 2.5. Suppose that (H1)− (H3) and

(H4) For i = 1, 2, . . . , n, cmi > 0 and

ξ = max
1≤i≤n

{
max

{
1

cmi
, 1 +

cMi
cmi

} n∑
j=1

[
aijd

M
ij ϵj + αijβ

M
ij ϑj

+2εj

n∑
l=1

bijlGlk
M
ij k

M
il

]}
< 1

hold, then there exists a unique continuously differentiable almost periodic solu-
tion of system (1) in the region X0 = {ϕ|ϕ ∈ X, ∥ϕ− ϕ0∥X ≤ Aξ+B

1−ξ }.

Proof. For ∀ϕ ∈ X, we consider the almost periodic solution xϕ(t) of the linear non-
homogeneous almost periodic differential equations

x
′
i(t) = −ci(t)xi(t) +

n∑
j=1

aij(t)

∫ ∞

0

dij(θ)fj(ϕj(t− θ))dθ
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+

n∑
j=1

αij(t)

∫ ∞

0

βij(θ)hj(ϕ
′
j(t− θ))dθ

+

n∑
j=1

n∑
l=1

bijl(t)

∫ ∞

0

kij(θ)gj(ϕj(t− θ))dθ

∫ ∞

0

kil(θ)gl(ϕl(t− θ))dθ

+Ii(t), i = 1, 2, . . . , n. (3)

Noticing that ci(t), aij(t), bijl(t), dij(t), kij(t) and Ii(t) are almost periodic functions,
and M [ci] > 0, it follows from Lemma ?? and Lemma ?? that system (3) has a unique
almost periodic solution which can be expressed as follows:

xϕ(t) = (xϕ1 (t), x
ϕ
2 (t), . . . , x

ϕ
n(t))

T

=

(∫ t

−∞
e−

∫ t
s c1(u)du

[ n∑
j=1

a1j(s)

∫ ∞

0

d1j(θ)fj(ϕj(s− θ))dθ

+

n∑
j=1

α1j(s)

∫ ∞

0

β1j(θ)hj(ϕ
′
j(s− θ))dθ +

n∑
j=1

n∑
l=1

b1jl(s)

×
∫ ∞

0

k1j(θ)gj(ϕj(s− θ))dθ

∫ ∞

0

k1l(θ)gl(ϕl(s− θ))dθ + I1(s)

]
ds,

. . . ,

∫ t

−∞
e−

∫ t
s cn(u)du

[ n∑
j=1

anj(s)

∫ ∞

0

dnj(θ)fj(ϕj(s− θ))dθ

+

n∑
j=1

αnj(s)

∫ ∞

0

βnj(θ)hj(ϕ
′
j(s− θ))dθ +

n∑
j=1

n∑
l=1

bnjl(s)

∫ ∞

0

knj(θ)

×gj(ϕj(s− θ))dθ

∫ ∞

0

knl(θ)gl(ϕl(s− θ))dθ + I1(s)

]
ds

)T

. (4)

Now, we define a mapping T : X → X as follows:

(Tϕ)(t) = xϕ(t), ∀ϕ ∈ X,

where xϕ is defined by (4). By the definition of the norm of Banach space X, we have

∥ϕ0∥X = max{∥ϕ0∥0, ∥ϕ
′
0∥0}

= max

{
sup
t∈R

max
1≤i≤n

∣∣∣∣ ∫ t

−∞
Ii(s)e

−
∫ t
s ci(u)duds

∣∣∣∣,
sup
t∈R

max
1≤i≤n

∣∣∣∣Ii(t)− ∫ t

−∞
Ii(s)ci(t)e

−
∫ t
s ci(u)duds

∣∣∣∣}
≤ max

{
max
1≤i≤n

{ Ii
cmi

}, max
1≤i≤n

{Ii + cMi
Ii
cmi

}
}

= A.

Hence, for ∀ϕ ∈ X0 =
{
ϕ|ϕ ∈ X, ∥ϕ− ϕ0∥X ≤ Aξ+B

1−ξ

}
, we obtain

∥ϕ∥X ≤ ∥ϕ− ϕ0∥X + ∥ϕ0∥X ≤ Aξ +B

1− ξ
+A =

A+B

1− ξ
. (5)

Next, we show that T maps the set X0 into itself. In fact, for any ϕ ∈ X0, we obtain
by (H2)− (H3) that

∥Tϕ− ϕ0∥0
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= sup
t∈R

max
1≤i≤n

{∣∣∣∣ ∫ t

−∞
e−

∫ t
s ci(u)du

[ n∑
j=1

aij(s)

∫ ∞

0

dij(θ)fj(ϕj(s− θ))dθ

+

n∑
j=1

αij(s)

∫ ∞

0

βij(θ)hj(ϕ
′
j(s− θ))dθ +

n∑
j=1

n∑
l=1

bijl(s)

×
∫ ∞

0

kij(θ)gj(ϕj(s− θ))dθ

∫ ∞

0

kil(θ)gl(ϕl(s− θ))dθ

]
ds

∣∣∣∣}
≤ sup

t∈R
max
1≤i≤n

{∫ t

−∞
e−

∫ t
s ci(u)du

[ n∑
j=1

(
|aij(s)|

×
∫ ∞

0

|dij(θ)|
[
|fj(ϕj(s− θ))− fj(0)|+ |fj(0)|

]
dθ

)
+

n∑
j=1

|αij(s)|
∫ ∞

0

|βij(θ)|
[
hj(ϕ

′
j(s− θ))− hj(0)|+ |hj(0)|

]
dθ

+

n∑
j=1

n∑
l=1

|bijl(s)|
[ ∫ ∞

0

|kij(θ)||gj(ϕj(s− θ))− gj(0)|dθ

×
∫ ∞

0

|kil(θ)||gl(ϕl(s− θ))|dθ
]

+

n∑
j=1

n∑
l=1

|bijl(s)|
∫ ∞

0

|kij(θ)||gj(0)|dθ
∫ ∞

0

|kil(θ)||gl(ϕl(s− θ))− gl(0)|dθ

+

n∑
j=1

n∑
l=1

|bijl(s)|
∫ ∞

0

|kij(θ)||gj(0)|dθ
∫ ∞

0

|kil(θ)||gl(0)|dθ
]
ds

}

≤ sup
t∈R

max
1≤i≤n

{∫ t

−∞
e−

∫ t
s ci(u)du

[ n∑
j=1

aij

∫ ∞

0

|dij(θ)|
(
ϵj |ϕj(s− θ)|+ |fj(0)|

)
dθ

+

n∑
j=1

αij

∫ ∞

0

|βij(θ)|
(
ϑj |ϕ

′
j(s− θ)|+ |hj(0)|

)
dθ

+

n∑
j=1

n∑
l=1

bijlGlεjk
M
il

∫ ∞

0

|kij(θ)||ϕj(s− θ)|dθ

+

n∑
j=1

n∑
l=1

bijlGjεlk
M
ij

∫ ∞

0

|kil(θ)||ϕl(s− θ)|dθ +
n∑

j=1

n∑
l=1

b̄ijlGjGlk
M
ij k

M
il

]
ds

}

≤ sup
t∈R

max
1≤i≤n

{∫ t

−∞
e−cmi (t−s)

[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj

+2
n∑

l=1

bijlGlεjk
M
ij k

M
il

)
∥ϕ∥X

+

n∑
j=1

(
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|+

n∑
l=1

bijlGjGlk
M
ij k

M
il

)]
ds

}
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≤ max
1≤i≤n

{
1

cmi

[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2

n∑
l=1

bijlGlεjk
M
ij k

M
il

)
∥ϕ∥X

+

n∑
j=1

(
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|+

n∑
l=1

bijlGjGlk
M
ij k

M
il

)]}
. (6)

Furthermore, we have

∥(Tϕ− ϕ0)
′
∥0

= sup
t∈R

max
1≤i≤n

{∣∣∣∣ n∑
j=1

aij(t)

∫ ∞

0

dij(θ)fj(ϕj(t− θ))dθ

+
n∑

j=1

αij(t)

∫ ∞

0

βij(θ)hj(ϕ
′
j(t− θ))dθ

+
n∑

j=1

n∑
l=1

bijl(t)

∫ ∞

0

kij(θ)gj(ϕj(t− θ))dθ

∫ ∞

0

kil(θ)gl(ϕl(t− θ))dθ

−
∫ t

−∞
ci(t)e

−
∫ t
s ci(u)du

[ n∑
j=1

aij(s)

∫ ∞

0

dij(θ)fj(ϕj(s− θ))dθ

+

n∑
j=1

αij(s)

∫ ∞

0

βij(θ)hj(ϕ
′
j(s− θ))dθ

+

n∑
j=1

n∑
l=1

bijl(s)

∫ ∞

0

kij(θ)gj(ϕj(s− θ))dθ

∫ ∞

0

kil(θ)gl(ϕl(s− θ))dθ

]
ds

∣∣∣∣}

≤ sup
t∈R

max
1≤i≤n

{ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2εj

n∑
l=1

bijlGlk
M
ij k

M
il

)
∥ϕ∥X

+

n∑
j=1

(
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|+Gj

n∑
l=1

bijlGlk
M
ij k

M
il

)

+

∫ t

−∞
cMi e

−cmi (t−s)

[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2εj

n∑
l=1

bijlGlk
M
ij k

M
il

)
∥ϕ∥X

+

n∑
j=1

(
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|+Gj

n∑
l=1

bijlGlk
M
ij k

M
il

)]
ds

}

≤ max
1≤i≤n

{(
1 +

cMi
cmi

)[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2εj

n∑
l=1

bijlGlk
M
ij k

M
il

)
∥ϕ∥X

+

n∑
j=1

(
aijd

M
ij |fj(0)|+ αijβ

M
ij |hj(0)|+Gj

n∑
l=1

bijlGlk
M
ij k

M
il

)]}
. (7)

Thus, it follows from (5)-(7) that

∥Tϕ− ϕ0∥X = max

{
1

cmi
, 1 +

cMi
cmi

}[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj
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+2εj

n∑
l=1

bijlGlk
M
ij k

M
il

)
∥ϕ∥X

]
+B

≤ ξ∥ϕ∥X +B ≤ Aξ +B

1− ξ
,

which implies that Tϕ ∈ X0. So, the mapping T is a self-mapping from X0 to X0.
Finally, we prove that T is a contraction mapping of the X0. In fact, in view of (H2),
for any ϕ, ψ ∈ X0, we obtain

∥Tϕ− Tψ∥0

= sup
t∈R

max
1≤i≤n

{∣∣∣∣ ∫ t

−∞
e−

∫ t
s ci(u)du

[ n∑
j=1

aij(s)

∫ ∞

0

dij(θ)
[
fj(ϕj(s− θ))

−fj(ψj(s− θ))
]
dθ +

n∑
j=1

αij(s)

∫ ∞

0

βij(θ)
[
hj(ϕ

′
j(s− θ))− hj(ψ

′
j(s− θ))

]
dθ

+

n∑
j=1

n∑
l=1

bijl(s)

∫ ∞

0

kij(θ)
[
gj(ϕj(s− θ))

−gj(ψj(s− θ))
]
dθ

∫ ∞

0

kil(θ)gl(ϕl(s− θ))dθ

+
n∑

j=1

n∑
l=1

bijl(s)

∫ ∞

0

kij(θ)gj(ψj(s− θ))dθ

×
∫ ∞

0

kil(θ)[gl(ϕl(s− θ))− gl(ψl(s− θ))]dθ

]
ds

∣∣∣∣}
≤ sup

t∈R
max
1≤i≤n

{∫ t

−∞
e−

∫ t
s ci(u)du

[ n∑
j=1

aijd
M
ij ϵj∥ϕ− ψ∥0

+

n∑
j=1

αijβ
M
ij ϑj∥(ϕ− ψ)

′
∥0 + 2

n∑
j=1

n∑
l=1

bijlGlεjk
M
ij k

M
il ∥ϕ− ψ∥0

]
ds

}

≤ max
1≤i≤n

{
1

cmi

n∑
j=1

[
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2

n∑
l=1

bijlGlεjk
M
ij k

M
il

]}
∥ϕ− ψ∥X

≤ ξ∥ϕ− ψ∥X

and

∥(Tϕ− Tψ)
′
∥0

= sup
t∈R

max
1≤i≤n

{∣∣∣∣ n∑
j=1

aij(t)

∫ ∞

0

dij(θ)
[
fj(ϕj(t− θ))− fj(ψj(t− θ))

]
dθ

+
n∑

j=1

αij(t)

∫ ∞

0

βij(θ)
[
hj(ϕ

′
j(t− θ))− hj(ψ

′
j(t− θ))

]
dθ

+
n∑

j=1

n∑
l=1

bijl(t)

∫ ∞

0

kij(θ)
[
gj(ϕj(t− θ))− gj(ψj(t− θ))

]
dθ
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×
∫ ∞

0

kil(θ)gl(ϕl(t− θ))dθ +

n∑
j=1

n∑
l=1

bijl(t)

∫ ∞

0

kij(θ)gj(ψj(t− θ))dθ

×
∫ ∞

0

kil(θ)
[
gl(ϕl(t− θ))− gl(ψl(t− θ))

]
dθ −

∫ t

−∞
ci(t)e

−
∫ t
s ci(u)du

×
[ n∑

j=1

aij(s)

∫ ∞

0

dij(θ)
[
fj(ϕj(s− θ))− fj(ψj(s− θ))

]
dθ

+
n∑

j=1

αij(s)

∫ ∞

0

βij(θ)
[
hj(ϕ

′
j(s− θ))− hj(ψ

′
j(s− θ))

]
dθ

+

n∑
j=1

n∑
l=1

bijl(s)

∫ ∞

0

kij(θ)
[
gj(ϕj(s− θ))− gj(ψj(s− θ))

]
dθ

×
∫ ∞

0

kil(θ)gl(ϕl(s− θ))dθ +

n∑
j=1

n∑
l=1

bijl(s)

∫ ∞

0

kij(θ)gj(ψj(s− θ))dθ

×
∫ ∞

0

kil(θ)
[
gl(ϕl(s− θ))− gl(ψl(s− θ))

]
dθ

]
ds

∣∣∣∣}
≤ max

1≤i≤n

{(
1 +

cMi
cmi

)[ n∑
j=1

(
aijd

M
ij ϵj + αijβ

M
ij ϑj

+2
n∑

l=1

bijlGlεjk
M
ij k

M
il

)]}
∥ϕ− ψ∥X ≤ ξ∥ϕ− ψ∥X.

Thus,

∥Tϕ− Tψ∥X ≤ ξ∥ϕ− ψ∥X.
Notice that ξ < 1, it means that the mapping T is a contraction mapping. By
Banach fixed point theorem, there exists a unique fixed point z ∈ X0 such that
Tz = z, which implies that system (1) has a unique almost periodic solution.
This completes the proof. �

3. Global exponential stability of almost periodic solution

Definition 3.1. The almost periodic solution x∗(t) = (x∗1(t), x
∗
2(t), . . . , x

∗
n(t))

T

of system (1) with initial value ϕ∗(t) = (ϕ∗1(t), ϕ
∗
2(t), . . . , ϕ

∗
n(t))

T is said to be
globally exponentially stable. If there exist constants λ > 0 and M ≥ 1 such
that for every solution x(t) = (x1(t), x2(t), . . . , xn(t))

T of system (1) with any
initial value ϕ(t) = (ϕ1(t), ϕ2(t), . . . , ϕn(t))

T satisfies

∥x(t)− x∗(t)∥ = max{∥x(t)− x∗(t)∥, ∥x′(t)− x∗
′
(t)∥} ≤M∥ψ∥Xe−λt, ∀t > 0,

where

∥ψ∥X = max
{

sup
t∈(−∞,0]

max
1≤i≤n

|ϕi(t)− ϕ∗i (t)|, sup
t∈(−∞,0]

max
1≤i≤n

|ϕ′i(t)− (ϕ∗i )
′(t)|

}
.

Theorem 3.2. If conditions (H1)−(H4) hold, then system (1) has a unique con-
tinuously differentiable almost periodic solution z(t) which is globally exponential
stable.
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Proof. It follows from Theorem 2.5 that system (1) has a unique almost peri-
odic solution x∗(t) = (x∗1(t), x

∗
2(t), . . . , x

∗
n(t))

T ∈ X0 with initial value ϕ∗(t) =
(ϕ∗1(t), ϕ

∗
2(t), . . . , ϕ

∗
n(t))

T . Let x(t) = (x1(t), x2(t), . . . , xn(t))
T be an arbitrary so-

lution of system (1) with initial value ϕ(t) = (ϕ1(t), ϕ2(t), . . . , ϕn(t))
T . Let yi(t) =

xi(t)− x∗i (t), ψi(t) = ϕ(t)− ϕ∗
i (t), i = 1, 2, . . . , n, then

y
′
i(s) + ci(s)yi(s)

=

n∑
j=1

aij(s)

∫ ∞

0

dij(θ)
[
fj
(
yj(s− θ) + x∗j (s− θ)

)
− fj(x

∗
j (s− θ))

]
dθ

+

n∑
j=1

αij(s)

∫ ∞

0

βij(θ)
[
hj

(
y
′
j(s− θ) + (x∗j )

′
(s− θ)

)
− hj((x

∗
j )

′
(s− θ))

]
dθ

+
n∑

j=1

n∑
l=1

bijl(s)

[(∫ ∞

0

kij(θ)
[
gj
(
yj(s− θ) + x∗j (s− θ)

)
− gj(x

∗
j (s− θ))

]
dθ

×
∫ ∞

0

kil(θ)gl
(
yl(s− θ) + x∗l (s− θ)

)
dθ

)
+

(∫ ∞

0

kij(θ)gj(x
∗
j (s− θ))dθ

×
∫ ∞

0

kil(θ)
[
gl
(
yl(s− θ) + x∗l (s− θ)

)
− gl(x

∗
l (s− θ))

]
dθ

)]
, (8)

where i = 1, 2, . . . , n. Let Hi and H
∗
i be defined by

Hi(η) = cmi − η −
n∑

j=1

[
aijϵj

∫ ∞

0

|dij(θ)|eηθdθ + αijϑj

∫ ∞

0

|βij(θ)|eηθdθ

+2εj

n∑
l=1

bijlGlk
M
il

∫ ∞

0

|kij(θ)|eηθdθ
]
,

H∗
i (η) = cmi − η − (cMi + cmi )

n∑
j=1

[
aijϵj

∫ ∞

0

|dij(θ)|eηθdθ

+αijϑj

∫ ∞

0

|βij(θ)|eηθdθ + 2εj

n∑
l=1

bijlGlk
M
il

∫ ∞

0

|kij(θ)|eηθdθ
]
,

where i = 1, 2, . . . , n, η ∈ [0,∞). By (H4), we obtain that for i = 1, 2, . . . , n,

Hi(0) = cmi −
n∑

j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
dθ

]
> 0

and

H∗
i (0) = cmi − (cMi + cmi )

n∑
j=1

[
aijϵj

∫ ∞

0

|dij(θ)|dθ + αijϑj

∫ ∞

0

|βij(θ)|dθ
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+2εj

n∑
l=1

bijlGlk
M
il

∫ ∞

0

|kij(θ)|dθ
]
> 0.

SinceHi, H
∗
i are continuous on [0,∞) andHi(η), H

∗
i (η) → −∞ as η → ∞, there

exist η∗i , γ
∗
i > 0 such that Hi(η

∗
i ) = H∗

i (γ
∗
i ) = 0, and Hi(ηi) > 0 for ηi ∈ (0, η∗i ),

(H∗
i (γi) > 0 for γi ∈ (0, γ∗i ). By choosing γ = min{η∗1 , η∗2 , . . . , η∗n, γ∗1 , γ∗2 , . . . , γ∗n},

we have

Hi(γ) ≥ 0, H∗
i (γ) ≥ 0, i = 1, 2, . . . , n.

So, we can choose a positive constant 0 < λ < min{γ, λ0}) such that Hi(λ) > 0
and H∗

i (λ) > 0, which implies that

1

cmi − λ

n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
eλθdθ

]
< 1, (9)

(
1 +

cmi
cmi − λ

) n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
eλθdθ

]
< 1, (10)

where i = 1, 2, . . . , n.
Multiplying (8) by e

∫ s
0
ci(u)du and integrating on [0, t], we have

yi(t) = yi(0)e
−

∫ t
0
ci(u)du

+

∫ t

0

e−
∫ t
s
ci(u)du

[ n∑
j=1

aij(s)

∫ ∞

0

dij(θ)
[
fj
(
yj(s− θ) + x∗j (s− θ)

)
−fj(x∗j (s− θ))

]
dθ +

n∑
j=1

αij(s)

∫ ∞

0

βij(θ)
[
fj
(
y

′

j(s− θ) + (x∗j )
′
(s− θ)

)
−fj(x∗j (s− θ))

]
dθ +

n∑
j=1

n∑
l=1

bijl(s)

(∫ ∞

0

kij(θ)
[
gj
(
yj(s− θ)

+x∗j (s− θ)
)
− gj(x

∗
j (s− θ))

]
dθ

∫ ∞

0

kil(θ)gl
(
yl(s− θ) + x∗l (s− θ)

)
dθ

)
+

n∑
j=1

n∑
l=1

bijl(s)

(∫ ∞

0

kij(θ)gj(x
∗
j (s− θ))dθ

∫ ∞

0

kil(θ)
[
gj
(
yj(s− θ)

+x∗j (s− θ)
)
− gj(x

∗
j (s− θ))

]
dθ

)]
ds, i = 1, 2, . . . , n. (11)
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Let

M = max
1≤i≤n

{
cmi

( n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
dθ

])−1}
.

By (H4) we have M > 1. Thus,

1

M
− 1

cmi − λ

[ n∑
j=1

∫ ∞

0

(
āijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
eλθdθ

]
≤ 0 (12)

and

∥y(t)∥1 = ∥ψ(t)∥1 ≤ ∥ψ∥X ≤M∥ψ∥Xe−λt, ∀t ∈ (−∞, 0],

where λ > 0 as in (9) and (10). We claim that

∥y(t)∥1 ≤M∥ψ∥Xe−λt, t > 0. (13)

To prove (13), we first show for any p > 1, the following inequality holds

∥y(t)∥1 ≤ pM∥ψ∥Xe−λt, t > 0. (14)

If (14) is not true, then there must be some t1 > 0, and some i, ι ∈ {1, 2, . . . , n}
such that

∥y(t1)∥1 = max{∥y(t1)∥0, ∥y
′
(t1)∥0} = max{|yi(t1)|, |y

′

ι(t1)|} = pM∥ψ∥Xe−λt1

(15)
and

∥y(t)∥1 ≤ pM∥ψ∥Xe−λt, t ∈ (−∞, t1]. (16)

By (9)-(11),(12),(16) and (H2), we get

|yi(t1)|

≤ e−
∫ t1
0 ci(u)du∥ψ∥X +

∫ t1

0

e−
∫ t1
s

ci(u)du

[ n∑
j=1

aijϵj

∫ ∞

0

|dij(θ)|||yj(s− θ)||dθ

+
n∑

j=1

αijϑj

∫ ∞

0

|βij(θ)||y
′

j(s− θ)|dθ

+2

n∑
j=1

n∑
l=1

bijlGlk
M
il εj

∫ ∞

0

|kij(θ)||yj(s− θ)|dθ
]
ds

≤ e−cmi t1∥ψ∥X +

∫ t1

0

e−
∫ t1
s

ci(u)du

[ n∑
j=1

aijϵjpM∥ψ∥Xe−λs

∫ ∞

0

|dij(θ)|eλθdθ
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+

n∑
j=1

αijϑjpM∥ψ∥Xe−λs

∫ ∞

0

|βij(θ)|eλθdθ

+2
n∑

j=1

n∑
l=1

bijlGlεjk
M
il pM∥ψ∥Xe−λs

∫ ∞

0

|kij(θ)|eλθdθ
]
ds

≤ e−cmi t1∥ψ∥X + pM∥ψ∥X
[ n∑

j=1

∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

)
eλθdθ

+2
n∑

j=1

n∑
l=1

bijlGlεjk
M
il

∫ ∞

0

|kij(θ)|eλθdθ
] ∫ t1

0

e−cmi (t1−s)−λsds

= e−cmi t1∥ψ∥X + pM∥ψ∥X
n∑

j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

)
eλθdθ

+2εj

n∑
l=1

bijlGlk
M
il

∫ ∞

0

|kij(θ)|eλθdθ
]
e−λt1

cmi − λ
(1− e(λ−cmi )t1)

= pM∥ψ∥Xe−λt1

{
1

pM
e(λ−cmi )t1 +

1

cmi − λ
(1− e(λ−cmi )t1)

×
[ n∑

j=1

∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
eλθdθ

]}
< pM∥ψ∥Xe−λt1

{
1

M
e(λ−cmi )t1 +

1

cmi − λ
(1− e(λ−cmi )t1)

×
[ n∑

j=1

∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
eλθdθ

]}

= pM∥ψ∥Xe−λt1

{(
1

M
− 1

cmi − λ

n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|

+αijϑj |βij(θ)|
)
eλθdθ + 2εj

n∑
l=1

bijlGlk
M
il

∫ ∞

0

|kij(θ)|eλθdθ
])
e(λ−cmi )t1

+
1

cmi − λ

n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|
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+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
dθ

]

≤ pM∥ψ∥Xe−λt1
1

cmi − λ

n∑
j=1

[ ∫ ∞

0

(
aijϵj |dij(θ)|+ αijϑj |βij(θ)|

+2εj

n∑
l=1

bijlGlk
M
il |kij(θ)|

)
dθ

]
< pM∥ψ∥Xe−λt1 . (17)

Direct differentiation of (11) gives

y
′

i(t) = −ci(t)ϕi(0)e−
∫ t
0
ci(u)du

+
n∑

j=1

aij(t)

∫ ∞

0

dij(θ)
[
fj
(
yj(t− θ) + x∗j (t− θ)

)
− fj(x

∗
j (t− θ))

]
dθ

+
n∑

j=1

αij(t)

∫ ∞

0

βij(θ)
[
hj
(
y

′

j(t− θ) + (x∗j )
′
(t− θ)

)
− hj((x

∗
j )

′
(t− θ))

]
dθ

+

n∑
j=1

n∑
l=1

bijl(t)

(∫ ∞

0

kij(θ)
[
gj
(
yj(t− θ) + x∗j (t− θ)

)
− gj(x

∗
j (t− θ))

]
dθ

×
∫ ∞

0

kil(θ)gl
(
yl(t− θ) + x∗l (t− θ)

)
dθ

)
+

n∑
j=1

n∑
l=1

bijl(t)

(∫ ∞

0

kij(θ)gj(x
∗
j (t− θ))dθ

×
∫ ∞

0

kil(θ)
[
gl
(
yl(t− θ) + x∗l (t− θ)

)
− gl(x

∗
l (t− θ))

]
dθ

)
−
∫ t

0

ci(t)e
−

∫ t
s
ci(u)du

[ n∑
j=1

aij(s)

∫ ∞

0

dij(θ)
[
fj
(
yj(s− θ) + x∗j (s− θ)

)
− fj(x

∗
j (s− θ))

]
dθ +

n∑
j=1

n∑
l=1

bijl(s)

(∫ ∞

0

kij(θ)[gj(yj(s− θ)

+ x∗j (s− θ))− gj(x
∗
j (s− θ))]dθ

∫ ∞

0

kil(θ)gl(yl(s− θ) + x∗l (s− θ))dθ

)
+

n∑
j=1

n∑
l=1

bijl(s)

(∫ ∞

0

kij(θ)gj(x
∗
j (s− θ))dθ

×
∫ ∞

0

kil(θ)[gl(yl(s− θ) + x∗l (s− θ))− gl(x
∗
l (s− θ))]dθ

)]
ds, (18)

where i = 1, 2, . . . , n. Thus, we have by (9),(10),(18) and (H2)− (H3) that
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|y
′

ι(t1)| ≤ cMι ∥ψ∥Xe−
∫ t1
0 cι(u)du +

n∑
j=1

aιj

∫ ∞

0

|dιj(θ)|ϵj |yj(t1 − θ)|dθ

+
n∑

j=1

αιj

∫ ∞

0

|βιj(θ)|ϑj |y
′

j(t1 − θ)|dθ

+ 2
n∑

j=1

n∑
l=1

bιjlGlk
M
ιl

∫ ∞

0

|kιj(θ)|εj |yj(t1 − θ)|dθ

+

∫ t1

0

cMι e
−cmι (t1−s)

[ n∑
j=1

aιjpM∥ψ∥Xe−λt1

∫ ∞

0

|dιj(θ)|ϵj |yj(s− θ)|dθ

+
n∑

j=1

αιjpM∥ψ∥Xe−λt1

∫ ∞

0

|βιj(θ)|ϑj |y
′

j(s− θ)|dθ

+ 2

n∑
j=1

n∑
l=1

bιjlGlk
M
ιl pM∥ψ∥Xe−λt1

∫ ∞

0

|kιj(θ)|εj |yj(s− θ)|dθ
]
ds

= pM∥ψ∥Xe−λt1

{
cMι
pM

e(λ−cmι )t1 +

(
1 + cMι

∫ t1

0

e(t1−s)(λ−cmι )ds

)
×
[ n∑

j=1

∫ ∞

0

(
aιjϵj |dιj(θ)|+ αιjϑj |βιj(θ)|

+ 2
n∑

j=1

n∑
l=1

bιjlGlεjk
M
ιl |kιj(θ)|

)
eλθdθ

]}

< pM∥ψ∥Xe−λt1

{
cMι
M

e(λ−cmι )t1 +

(
1 +

cMι
cmι − λ

(
1− e(λ−cmι )t1

))
×
[ n∑

j=1

∫ ∞

0

(
aιjϵj |dιj(θ)|+ αιjϑj |βιj(θ)|

+ 2
n∑

j=1

n∑
l=1

bιjlGlεjk
M
ιl |kιj(θ)|

)
eλθdθ

]}

= pM∥ψ∥Xe−λt1

{(
1

M
− 1

cmι − λ

[ n∑
j=1

∫ ∞

0

(
aιjϵj |dιj(θ)|+ αιjϑj |βιj(θ)|

)

× eλθdθ + 2

n∑
j=1

n∑
l=1

bιjlGlεjk
M
ιl

∫ ∞

0

|kιj(θ)|eλθdθ
])
cMι e

(λ−cmι )t1

+

(
1 +

cMι
cmι − λ

)[ n∑
j=1

∫ ∞

0

(
aιjϵj |dιj(θ)|+ αιjϑj |βιj(θ)|
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+ 2

n∑
j=1

n∑
l=1

bιjlGlεjk
M
ιl |kιj(θ)|

)
eλθdθ

]}

< pM∥ψ∥Xe−λt1

(
1 +

cMι
cmι − λ

)[ n∑
j=1

∫ ∞

0

(
aιjϵj |dιj(θ)|

+ αιjϑj |βιj(θ)|
)
eλθdθ + 2

n∑
j=1

n∑
l=1

bιjlGlεjk
M
ιl

∫ ∞

0

|kιj(θ)|eλθdθ
]

< pM∥ψ∥Xe−λt1 . (19)

In view of (17) and (19), we obtain ∥y(t1)∥1 < pM∥ψ∥Xe−λt1 , which contradicts
the equality (15), and so (14) holds. Letting p → 1, then (13) holds. Hence,
the almost periodic solution of system (1) is globally exponentially stable. The
proof is complete. �

4. An example

In this section, we give one example to illustrate our result. Let

f1(x) = f2(x) =
1

10
sin

( 1

2
1
2

x
)
, h1(x) = h2(x) =

1

20
sin

( 1

2
3
2

x
)
,

g1(x) = g2(x) =
1

20
| arctan

( 1

2
1
2

x
)
|,

a11(t) = 1 + cos(2πt), a12(t) = 2 + cos(2πt), a21(t) = 2 + cos(2πt),

a22(t) = 3 + cos(2πt), α11(t) = 1 + sin(πt), α12(t) = 2 + sin5(2πt),

α21(t) = 2 + cos3(2πt), α22(t) = 3 + cos(πt), c1(t) = 25 + 5 sin(2πt),

c2(t) = 35 + 5 sin(2πt), I1(t) = 1 + sin(πt), I2(t) = 1 + cos(πt),

b111(t) = b211(t) =
1

4
+

1

4
sin(πt), b112(t) = b212(t) =

1

3
+

1

3
cos(πt),

b121(t) = b221(t) =
1

5
+

1

5
cos(πt), b122(t) = b222(t) =

1

6
+

1

6
sin(πt),

(dij(θ))2×2 = (kij(θ))2×2 = (βij(θ))2×2 =

(
e−10θ 0
0 e−50θ

)
.

Then system (1) has exactly one continuously differentiable almost periodic so-
lution, which is globally exponential stable.

Proof. By calculating,
cm1 = 20, cM1 = 30, cm2 = 30, cM2 = 40, a11 = α11 = 2, a12 = α12 =

3, a21 = α21 = 3, a22 = α22 = 4, b111 = b211 = 1
2 , b112 = b212 = 2

3 , b121 =

b221 = 2
5 , b122 = b222 = 1

3 , ϵ1 = ϵ2 = 1
10 , ϑ1 = ϑ2 = 1

20 , ε1 = ε2 = 1
20 , G1 =

G2 = π
40 , d

M
11 = kM11 = βM

11 = 1
10 , d

M
12 = kM12 = βM

12 = 0, dM21 = kM21 = βM
21 =

0, dM22 = kM22 = βM
22 = 1

50 , hence we have

ξ = max
1≤i≤2

{
max

{
1

cmi
, 1 +

cMi
cmi

}
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×
2∑

j=1

[
aijd

M
ij ϵj + αijβ

M
ij ϑj + 2εj

2∑
l=1

bijlGlk
M
ij k

M
il

]}

= max

{
3

40
+

π

16000
,

7

100
+

7π

240000

}
< 1.

It is obvious that (H1)− (H4) are satisfied. By Theorem 2.5 and Theorem 3.2,
system (1) has exactly one continuously differentiable almost periodic solution,
which is globally exponential stable. �
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