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THE EXTREMAL RANKS AND INERTIAS OF THE LEAST
SQUARES SOLUTIONS TO MATRIX EQUATION AX =B
SUBJECT TO HERMITIAN CONSTRAINTY
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ABSTRACT. In this paper, the formulas for calculating the extremal ranks
and inertias of the Hermitian least squares solutions to matrix equation
AX = B are established. In particular, the necessary and sufficient condi-
tions for the existences of the positive and nonnegative definite solutions
to this matrix equation are given. Meanwhile, the least squares problem
of the above matrix equation with Hermitian R-symmetric and R-skew
symmetric constraints are also investigated.
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1. Introduction

As is well-known, many problems in matrix theory and scientific computing
are closely related to the maximal and minimal ranks (abbreviated to extremal
ranks) of block matrix or matrix expressions with variant entries. There have
been many experts and scholars making their attention to this theme (see, e.g [1-
10]). Recently, Yongge Tian has derived a series of elegant results for calculating
the extremal ranks and inertias of some Hermitian linear or nonlinear matrix
expressions with one or more variable matrices ([11-15]). In addition, the least
square problem of matrix equation has also been studied by using the matrix
rank method (see, e.g [16-19]). The following concept was put forward by Trench
in [20]:

Let R € C™"*™ be a nontrivial Hermitian involutory matrix, i.e., R = R* =
R™! # I,. We say that X € C"*" is Hermitian R-symmetric (R-skew symmet-
ric) if X* = X and RXR=X (X* =X and RXR = —-X).
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Motivated by the work mentioned above, we in this paper investigate the
extremal ranks and inertias of the LS solutions of the following matrix equation

Az =B (1.1)

where A, B € C™*™ are given matrices, and the unknown matrix X € C"*" is
Hermitian, Hermitian R-symmetric, or Hermitian R-skew symmetric.

Throughout this paper, C} denotes the set of all Hermitian matrices with
orders n. The symbols AT, r(A) and R(A) stand for the Moore-Penrose inverse,
the rank and the range (column space) of a complex matrix A, respectively.
Write A > 0 (A > 0) if A is Hermitian positive (nonnegative) definite, and
A > B (A > B) in the Léwner partial ordering if A— B is positive (nonnegative)
definite, where A and B with the same sizes are Hermitian. In addition, the
inertia of a Hermitian matrix M is defined to be the triplet

In(M) = {ip (M), i (M), io(M)},

where i, (M),i_ (M) and io(M) are the numbers of the positive, negative and
zero eigenvalues of M counted with multiplicities, respectively. Moreover, E4 =
I, — AAT and Fy = I,, — AT A are two orthogonal projectors of A € C™*™,

The remainder of this paper is organized as follows: In section 2, some re-
sults related to rank and inertia will be introduced. In section 3, the extremal
ranks and inertias of the Hermitian LS solutions of matrix equation (1.1) will
be derived. Furthermore, the extremal ranks and inertias of the Hermitian R-
symmetric and R-skew symmetric solutions to the LS problem of this matrix
equation will be given in section 4.

2. Preliminary knowledge

In this section, we introduce some useful conclusions with respect to the ranks
and inertias of block matrices or matrix expressions, which will be utilized in
the latter part of this paper.

For the convenience of our expression, we give some results about rank (iner-
tia) of a (Hermitian) matrix as a lemma, which is obvious from the definition.

Lemma 2.1. Let S be a set consisting of matrices over C™*™  and H be a set
consisting of Hermitian matrices over C}*. Then

(a) There exists a nonsingular matriz X € S if and only if maxxesr(X) = m.
(b) All matrices in S is nonsingular if and only if minxes r(X) = m.

(c) There exists a matric X € H such that X > 0 (X < 0) if and only if
maxxey i+(X) =m (maxxey i—(X) =m).

(d) All X € H satisfy X > 0 (X < 0) if and only if minxey i4(X) = m
(minyey i—(X) =m).

(e) There exists X € H such that X > 0 (X <0) if and only if minyey i (X) =
0 (minXeH Z+(X) = 0)

(f) All X € H satisfy X > 0 (X < 0) if and only if maxxeni—(X) = 0
(maxx ey i+(X) =0).
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Lemma 2.2 ([5]). Let A€ C™*" B € C™*k and C € C*". Then
r[A B =r(A) +r(EaB) = r(B) + r(EpA),

r [ A ] r(A) +1(CF4) = r(C) +r(AFc),

& o]

Lemma 2.3 ([12]). Let M = {

) + ’I“(EBAFc)

él* g }, where A € Cj*, B € C™*" are given.

Then Zi(M) = ’I’(B) + ii(EBAEB).

Lemma 2.4 ([11, 12]). Suppose that the conditions are the same as in Lemma
2.3. Then

max (A — BXB*) =r[A B], min r(A— BXB*)=2r[A B] —r(M),

XecCy Xecy
)Ene%:x ix(A—BXB") =iy(M), )grgcnz i+(A— BXB"*) =r[A B] —ix(M).

Lemma 2.5 ([12]). Let A, B,C, D and P, Q be matrices such that the expressions
D —CA*™B and D — CPTAQ™ B are defined, respectively. Then

r(D— CA*B) = r [ A Ay ] (A, (2.1)

P*AQ* P*PP* 0
RTQQ” 0 Q*B
0 cpr*  -D

r(D—-CPTAQ™B) =r —r(P)—r(Q). (2.2)

Particularly, if A € C}*, B € C™*" and D € C}*. Then

A3 AB .
(AB)* D :| _Zi(A)'

Lemma 2.6 ([12]). Let A€ C}", B € C}! and P,Q € C"™*". Then iy (P*AP) <
i+ (A). In particular,

(a) r(P*AP) =r(A) if and only if i (P*AP) =i, (A4), i_(P*AP)=1i_(A).
(b) If P*AP = B and Q*BQ = A, then iL(A) =iy(B) and r(A) = r(B).
Lemma 2.7 ([21]). Let A €™*" B € C™** and C € C'** be given. Then,

iv(D— B*ATB) =iy { (2.3)

. A
Xrggg(xlr(A—BXC) :mm{T[A B, 7‘[ c ]},

. A A B
Xre%ilxlr(A—BXC’)—r[AB]—i—r[ c ] —r{ c oo }
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3. Extremal ranks and inertias of the Hermitian LS solutions to
matrix equation (1.1)

The following lemma quoted from Trench [20] is necessary.

Lemma 3.1. Let A, B € C™*" be given matrices, and assume that rank(A) =k
and A = ®XQ0* is the singular value decomposition of A, where ® € C"™*™ and
Q e C™™ are unitary matrices, ¥ = diag(o1,02,...,0%) > 0 and o; is the
singular value. Define

S = (sij) = ®*(BA* — AB*)®,

then the Hermitian LS solutions to matriz equation (1.1) can be expressed as

1
X = Xo— 5T + FAHFy, (3.1)

whereXy = (I, — %A+A)(A+B)* + AT B(I, — %AJFA),T = (t;;) € Cir, (3.2)

2
o'jfai

Sij lglajgka

o (o2 2
t” 0i0j(07 +o7 )
0, otherwise,

and H € C} is arbitrary. Particularly, if AB* = BA*, then T =0 in (5.1).

Let 81 be the collections of the Hermitian LS solutions of matriz equation
(1.1), namely,

S ={X|||AX — B|| =min, X € C},}

. Hence, we have the following theorem.

Theorem 3.1. Let A, B be given matrices as in (1.1). Setting

[ AB*A 0 0 AA*A 0 0
0 A*BA* 0 0 A*AA* 0
T AA*A 0 0 0 0 A
b 0  A*AA* 0 0 0 ATA |
0 0 A*AA* 0 0 A*B
| 0 0 24* —A*A A* QTrO*
0 A*AA* A*
T,=| AA*A 0 AA*BA*
A AB*AA*  AQTQ*A*
Then
max r(X)=n+r(T1) — 6r(4), (3.3)
min r(X) = 2r(Ty) — r(Tz) — 8r(A), (3.4)

XeS
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max i+(X) =n+ix(T2) — 2r(A4), (3.5)
pin 4(X) =r(T) — i2.(T3) — 4r(4). (3.6)

In consequence,
(a) There exists a nonsingular matric X € Sy if and only if r(Ty) = 6r(A).
(b) All matrices in Sy is nonsingular if and only if 2r(Ty) = n+r(Tz) + 8r(A).

(c) There exists a matriv X € S such that X > 0 (X < 0) if and only if
i (Ty) = 2r(A) (i1 (Ts) = 20(A)).

(d) Any matric X € S satisfy X > 0 (X < 0) if and only if r(T1) = n +
iv(To) +4r(A) (r(T) =n+i_(T2) + 4r(4)).

(e) There exists a matriv X € S such that X > 0 (X < 0) if and only if
r(Th) =i_(Tz2) + 4r(A) (r(Th) = iy (T2) + 4r(A)).

(f) Any matriz X € Sy satisfy X >0 (X <0) if and only if n+ i (Tz) = 2r(A)
(m+i_(Tz) =2r(A)).

Proof. Applying Lemma 2.4 to X as given in (3.1), we obtain that

IrineE}C}% r(X) =r[=N, F4l, 15116%12 r(X) =2r[=N, Fu] —r(M). (3.7
Igneag%zi(X):h(M), br{rél&zi(X):r[—N, Fa] —iye(M). (3.8)
where

([ -N Fu
v=(a W)

1
N =X - 5079

and

Now we simplify r[N, F4] and i1 (M) by the three types of elementary block
matrix operations, and elementary block congruence matrix operations (see [12]
for details), respectively.

It follows from Lemma 2.2 that

r[N, Fa] =n —r(A)

3.9
+r|ATB+ %(A+AB*(A+)* — AYBATA - ATAQTQ")| . (3.9)
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Note that ATAQTQ* = QTQ*, then applying the formula (2.2) in Lemma 2.5
to the third item in (3.7), we obtain

r|ATB 4+ - (A*AB (AT)* — ATBATA — AT AQTQ")

=7 [—QTQ* +24% B+ A*(A*)* B*(AY)* — AT BAYA]

A*B 0 0 ATAA* 0 0 0
0 AB*A 0 0 AATA 0 0
0 0 A*BA* 0 0 ATAA* 0
=r| I 0 0 0 0 0 —I, | —n—5r(A)
0 AA*A 0 0 0 0 A
0 0 A*AA" 0 0 0 A*A
0 0 0 2A* —A*A A* QTO*
=r(Ty) — 5r(A)
(3.10)

Moreover, applying Lemma 2.3 to the block matrix M and simplifying by
Lemma 2.6 (b) follow that

ie (M) =7(Fa) + ¢¢(A+ANA+A)

=iz [AYAB*(A")* + AT BA*(AT)* — ATAQTQ*A*(AT)*] + n—r(A)
ix [AB*AAT + AA*BA* AQTQ A +n —r(A)

1+ [AQTQ A" — AB*AAT — AAYBA*] +n —r(A).

)

(3.11)
From (2.3), we derive
iy [AQTQ"A* — AB*AAT — AATBA*]
_i. |AorQrar — AL, A ATBA
A I,
L Lt
=iy A » A Tm —it { L }
[AB*A I,,,] [ A ] AQTQ* A*
=iy (T) —r(A).
(3.12)
In addition, since M and 75 are Hermitian, then
r(M) =i, (M) +i_(M)andr(Ty) =iy (Tz) +i_(T3). (3.13)
Substituting (3.8)-(3.12) into (3.6)-(3.7) deduces that (3.2)-(3.5) hold. And the
results (a)-(f) follow from applying Lemma 2.1 to (3.2)-(3.5). O

If the matrices A and B given in Theorem 3.1 satisfy AB* = BA* then
Theorem 3.1 can be simplified, that is,
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Corollary 3.2. Let AB* = BA* in Theorem 3.1, then

max r(X)=n—r(4)+r(A*B), (3.14)
)1?611‘% r(X)=2r(A*B) —r(AB"), (3.15)
max it(X)=n—r(A)+ix(AB"), (3.16)
gx(légz + (X) =r(A"B) —ix(AB"). (3.17)

In consequence,
(a) There exists a nonsingular matriz X € S if and only if r(A) = r(A*B).
(b) All matrices in S is nonsingular if and only if 2r(A*B) = n + r(AB*).

(c) There exists a matric X € S such that X > 0 (X < 0) if and only if
i1 (AB*) = r(A) (i_(AB") = r(4)).

(d) Any matrix X € S satisfy X > 0 (X < 0) if and only if r(A*B) = n +
i_(AB*) (r(A*B) =n+1i.(AB*)).

(e) There exists a matric X € S such that X > 0 (X < 0) if and only if
r(A*B) =n+i.(AB*) (r(A*B) =n+i_(AB¥)).

(f) Any matriz X € S satisfy X >0 (X <0) if and only if r(A) =n+i_(AB*)
(1(A) =+, (AB")).

Proof. From Lemma 3.1, AB* = BA* deduces T'=0 in (3.1). Then we get
T[N, Fal=n—r(A)+r |ATB+ %(A*AB*(A*)* — ATBATA — AT AQTQ*)

=n—71(A)+r(ATB) =n —r(A) +r(A*B), (3.18)

it(M)=7r(Fa)+ig(ATANAYA) =n—r(A) +ig[ATAB*(AT)*]
=n—r(A) +iz(AB*AAY)

=n—r(A) +ix(AB"), (3.19)

and
r(M) =2n —2r(A) +r(AB"). (3.20)
Therefore, substituting (3.17)-(3.19) into (3.6)-(3.7) yields (3.13)-(3.16). O

In addition, if AB* = BA* and AATB = B, or equivalently, AB* = BA*
and R(B) C R(A), i.e., matrix equation (1.1) is consistent for Hermitian X.
In this case, it is easy to verify that r(A*B) = r(B), substituting it into the
formulas (3.13)-(3.16), then we obtain the same results as proposed in Tian [12].
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Corollary 2. Assume that matriz equation (1.1) is consistent for Hermitian
X, that is, AB* = BA* and AATB = B, then,

r(X)=n—-r(4)+r(B)}, r(X) =2r(B) —r(AB").

max min
AX=B,XeCy AX=B,XeCy

AX£§§€CZZi(X) =n-—r(4)+iL(AB )’sznél,?cecgzi(x) =r(B) —ix(AB").

Remark 3.1. The extremal ranks and inertias of the Hermitian LS solutions to
matrix equations AX = B, XC = D can be obtained by Theorem 3.1. In fact,

let A = { 6'4* } and B = [ g* ] Then the LS problem of matrix equations

AX = B, XC = D is equivalent to that of matrix equation AX = E, X eCy.

4. Extremal ranks and inertias for Hermitian R-symmetric and
R-skew symmetric LS problems

In this section, as application of Theorem 3.1, we study the extremal ranks
and inertias of the Hermitian R-symmetric and Hermitian R-skew symmetric LS
solutions of matrix equation (1.1), respectively.

Let R € C™*™ be a nontrivial Hermitian involution. Assume that positive
integers s and t are respectively the dimensions of the eigenspaces of R associated
with the eigenvalues A = 1 and A = —1, thus s + ¢ = n. Then, from [20], we
know that

X € C™*™ is Hermitian R-symmetric if and only if

X, p*
X =[P 4.1
ral ™ ol e ] (a.1)
and X € C™*" is Hermitian R-skew symmetric if and only if
X; ][ P*
X =[P , 4.2
ral g o] (1.2

where P € C™*® consists of the ortho-normal bases of the eigen-space to A = 1,
and Q € C"*" to A = —1. X; € C§, X, € C}, X3 € C**! are arbitrary.

For matrices A, B € C™*" as given in (1.1), denote
with A1, By € C™*¢ and As, B, € C™**. Combining the equalities (4.1)-(4.3)
with (1.1), we know that the Hermitian R-symmetric LS problem of (1.1) is
equivalent to that of the following matrix equations
A1Xy = By and A X, = By with X; € Cj, Xy € C},. (4.4)
And the Hermitian R-skew symmetric LS problem of (1.1) is equivalent to
that of the following matrix equations

A1X3 = By and AQX; = B; with X3 € Ccsxt, (45)
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We need the following lemmas.

Lemma 4.1 ([20]). Let A,B € C™*™ be given matrices having the partition
as in (4.3), and R € C"™™ be a nontrz wial unitary involution. For j = 1,2,
assume that A; = ®;5;Q% is the singular value decomposition of Aj;, where
P; € C™*™ Oy € C¥*° and Qy € Ct are unitary matrices, ¥; consisting of
the singular values of A; is a diagonal matriz. Define

Sj = ®3(BjA; — A;B)®;.

Then the Hermitian R-symmetric LS solutions of matriz equation (1.1) can be
written as in (4.1), and

— 1
Xj:Xj—inTjQ;+FAjHjFAj7j:172, (46)

where Yl = (IS — %ATAIXATBl)* + AirBl( s — %AfAl),

Xo = (I, — A3 A2) (A3 By)* + AT Bo(I, — L AF As), T; related to S; and ¥;(j =
1,2) is a fized matriz. Hy € C; and Hy € Cl are arbitrary.

Particularly, if A;B; = Bj A}, then T; = 0.

Lemma 4.2 ([20]). Suppose that the conditions are the same as in Lemma 4.1.
Deﬁne Sg = ‘I)T(BgAg — AlBT)@Q,

then the Hermitian R-skew symmetric LS solutions of matriz equation (1.1) can
be expressed as in (4.2), and

Xs=X3 — W T505 + Fa, HsFa,, (4.7)

where X3 = Af By + Fa,(A$ B1)*, Ty related to Sz and ¥; (j = 1,2) is a
fived matriz, and Hs € C**t is arbitrary. Particularly, if BoAy = A1 B}, then
Ty =0.

Sy ={X|||AX — B|| =min, X € C} and RXR = X}.
Then from Lemma 4.1, we have the following theorem.

Theorem 4.1. Given matrices A, B € C™*"  and the nontrivial involution
ReCM™™. Forj=1,2,8; T, as in Lemma 4.1, let

[ A;B:A; 0 0 AjATA; 0 0
0  A'BjA; 0 0 AAA 0
T AjATA; 0 0 0 0 A;
e 0 ATA;AY 0 0 0 ArAy |7
0 R ) A;B;
L 0 0 2% —ATA; AT QT
[0 ArA; A A
Tjp = | AjA%A; 0 AjAIB;AY |,
| A ABIAGAT A TOAS
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max r(X) =5+ + 7(Ti1) + (Tiz) = 6r(A1) - 6r(42), (4.8)

min 7(X) = 2r(Tia) + 20(Ta1) = r(Tiz) = r(Toz) — Sr(A) = 8r(Aa),  (49)
max iy i+(X) =s+t+ix(Tho) +ix(Ta) — 2r(A1) — 2r(Ag), (4.10)
)I(Iggzli(X) =7(T11) +r(To1) — ix(Thz) — ix(To2) — 4r(Ar) — 4r(A2). (4.11)

In consequence,

(a) There exists a nonsingular matriz X € Sy if and only if r(T;1) = 6r(A;) for
j=1,2.

(b) All matrices in Sy is nonsingular if and only if 2r(T11) = s+r(T12) +8r(A41)
and 2T(T21) =t+ T'(TQQ) + 8T(A2)

(c) There exists a matriv X € Sy such that X > 0 (X < 0) if and only if
Z',(le) = 27"(A1) and i,(TQQ) = 2’1"(A2) (i+(T12) = 27"(A1) and i+(T22) =
27"(A2))

(d) Any matriz X € Sy satisfy X > 0 (X < 0) if and only if r(T11) = s +
i+(T12)—|—4’I“(A1) and T(Tgl) = t+i+(T22)+47‘(A2) (’/’(TH) = t—|—i_(T12)—|—4r(A1)
and ’I‘(Tgl) =t+ i_(TQQ) + 47‘(142))

(e) There exists a matriz X € Sy such that X > 0 (X < 0) if and only if r(T11) =
Z',(T12) + 4T(A1) or T‘(Tgl) = Z',(TQQ) + 47‘(142) (T(Tn) = i+(T12) + 4T(A1) or
’I“(Tgl) = ’L'+(T22) + 4T(A2))

(f) Any matriz X € S satisfy X >0 (X <0) if and only if s+i, (T12) = 2r(4y)
ort+iy(Tog) = 2r(As) (s+i_(Thia) = 2r(Ay) ort+i_(Tee) = 2r(4)).

Proof. . Tt follows from Lemma 4.1 and (4.1) that
’I"(X) = T(Xl) + T(Xg) and Zi(X) = ii(Xl) + ii(XQ). (412)

Applying Theorem 3.1 to X; as given in (4.6) gives the extremal ranks and
inertias of Hermitian LS solutions to matrix equation (4.4), then (4.12) implies
that (4.8)-(4.11) hold. And the conclusions (a)-(f) are obvious by applying
Lemma 2.1 to (4.8)-(4.11). O

It is noteworthy that the results expressed in Theorem 4.1 will be simplified
when adding the hypotheses A;B; = B; A} and AjAj'Bj = B, for j = 1,2, the
proofs of which are omitted.

Corollary 3. Suppose that A;B} = B; A3, j =1,2 in Theorem 4.1, then,
max 7(X) =s+t—71(A1) — r(A2) + (A7 B1) + r(A3B>).

XeS2
)1212151 r(X)=2r(AiBy) + 2r(A3By) — r(A1By) — r(A2B3).

)I(neag ir(X)=s+t—1r(A1) —r(A2) + it (A1B]) + i1 (A2B3).
2
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min i & (X) = r(A{B1) + r(45By) — ix (A1 B) — iz (A2B3).

Moreover,

(a) There exists a nonsingular matriz X € Sy if and only if r(Ay) = r(A;By)
and r(As) = r(A5Bs).

(b) All matrices in Sy is nonsingular if and only if 2r(AiB1) = s+r(A1BY) and
2T’(A§B2) =t+ T(AQB;)

(c) There exists a matric X € Sy such that X > 0 (X < 0) if and only if
Z+(A1Bik) = T’(Al) and ’L+(AQB§) = T(AQ) (Z_(AlBT) = T(Al) and Z_(AQB;) =
r(As)).

(d) Any matric X € Sy satisfy X > 0 (X < 0) if and only if r(A1B1) =
s+ i_(A1BY) and r(A3Bs) = t +i_(AsB3) (r(AiB1) = s+ i+(A1B}) and
T(A;Bg) =1t4+ Z+(AQB;))

(e) There exists a matriv X € Sy such that X > 0 (X < 0) if and only if
r(A}B1) = s+i(A1BY) or r(A5By) =t+i.(A2B3) (r(AiB1) = s+i_(A1BY)
orr(A5By) =t+1i_(A2B3)).

(f) Any matric X € Sy satisfy X > 0 (X < 0) if and only if r(A;) = s +
i—(A1B}) or r(As) = t+i_(A2B3) (r(A1) = s+ i4(A1BY) or r(As) = t +
i4(42B3)).

Corollary 4. Assume that matriz equation (1.1) is consistent for Hermitian
R-symmetric X, i.e., A;B; = B; A} and A-AJTB- = Bj for j =1,2, then,

xB Xr*n_a%c R X)=s+t—71(A1) —7(A2) + 7(B1) + 7(Bs),

r(X

2r(B1) +2r(Bz2) — r(A1BY) — r(A2B3),

)=
min )
AX=B,X*=X,RXR=X
AX=B,X*=X,RXR=X )

)

r(
(

max Zi(X =S+t—7"(A1) —T‘(AQ)—FZi(AlBl)—F’Li(AgBQ)
(

Zj: X)= (BQ) — Z:F(AlBl) Z:F(AQB;)

min
AX=B,X*=X,RXR=X

To this end, we now investigate the extremal ranks and inertias of the Her-
mitian R-skew symmetric LS solutions to matrix equation (1.1). Define

S3 = {X||AX — B|| = min, X € ClandRXR = —X}

Theorem 4.2. Suppose that the conditions are the same as in Theorem 4.1.

0 AQA;AQ 0 _AZ
| ATBR A3 0 ATAL AT 0
Let T3 = A3 Ay A 0 0 A3 A, , then,
0 Fy,BfAs Al — T30

max r(X) =2min{s + s; — 2r(Ay),t + r(T31) — r(41) — 3r(A42)}, (4.13)

)1&%1};13 ’I"(X) =2 [T(Tgl) + 81 — S2 — T(Al) — 27‘(142)], (414)
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max i+ (X) = min{s + s1 — 2r(A1),t + r(T51) — (A1) — 3r(A2)}, (4.15)
)I(Iél‘gg Zi(X) = ’I"(Tgl) + 81— S — ’I"(Al) - 27”(142), (416)

where s, — | ATAIAT - AfB) AT AAT AfBoAs }

A T } and s :T[ ALAT A QLT3 A%
Proof. From (4.2), we know that

r(X) =2r(X3)andiy (X) = r(X3). (4.17)
Thus it is enough to find the extremal ranks of X3 as given in (4.7).

In fact, applying Lemma 2.7 to X3, we get

. —L
A r(X3) = min {r[—L Fa,l,r [ Fa, } } (4.18)
. —L
HBrg(lCrslxtr(Xg) =r[—L Fa, ]+ [ Fa, ] —r(K). (4.19)
L F - .
where K = [ Fa, 81 :|;L=X3_91T392.

Now we simplify the above items by the elementary block matrix operations.
Note that ATAIQIT?)Q; = 91T3Q§ = QngQ;A;A2, Lemma 22, (21) and (22)
in Lemma 2.5 follow that

r[—L Fa,] =5 —r(A)) +r[0T3Q5 — Af By] = s+ 51 — 2r(Ay), (4.20)

and
T |: ;AL :| =t— T‘(AQ) + T[ATBQA;FAQ + FA1 (A;Bl)* — Qnggz]
2
Az 0 Ag A3 As 0 0
0 AiByAj 0 AT A As 0
=r| I 0 0 0 I; (4.21)

0 A3AyA; 0 0 A3 A,
0 0 Fu,BfAy, A —OT50;

— T(Al) — 37’(_/42)
=t+ T(T31) — T(A1) — ST(AQ).

Moreover,
—-L I, 0
r(K)=r| I 0 A5 | —r(A;)—1r(4y)
0 A 0 (4.22)

=s+1+ T(A191T3Q;A; - AlAIrBQA;) — T(Al) — T(AQ)
=s+t+ s2 — 2r(A4;) — r(A2).

Therefore, substituting (4.20)-(4.22) into (4.18) and (4.19) and combining with
(4.17) deduce that (4.13)-(4.16) hold. O
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From Lemma 4.2, A; B = B2 Aj implies that T3 = 0, in this case, the r(T31)
in Theorem 4.2 can be written as

At A, B 0 0
r(Ts) =7 | A3A2A5 (A342)% 0 | +7(Ay) =1(T4) +r(As), (4.23)
0 BiA, A;

and
s1=1(A1) +r(A5Bs) and sy = (A1) + r(AJ A1 BY).
Then we have the following result:

Corollary 5. Suppose that Ay B} = Bo A} in Theorem 4.2 and T4, as in (4.23),
then,

max i+(X) =min{s + (A} Bg) —r(Ay),t + r(T4) — r(A1) — 2r(A2)},
€563
)Erg‘lsl i (X) =r(T4) +r(A;By) — r(ATA1By) — r(A1) — r(Asg).

Since the consistency of matrix equation (1.1) under Hermitian R-skew sym-
metric constraint is coincided with that of matrix equations (4.5), if matrix
equations (4.5) are consistent, that is, 4;A7 By = By, A2AJB; = By and
A1B} = By A}, then we have r(A;Bs) = r(Bsz) and r(A3B;1) = r(B1). Hence we
can also obtain similar conclusion as in Corollary 2.

Remark 4.1. Similar to the statements in remark 3.1, the extremal ranks and
inertias of the Hermitian R-symmetric and R-skew symmetric LS solutions to
matrix equations AX = B, XC = D can also be derived by Theorems 4.1 and
4.2, respectively.
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