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ABSTRACT. In this paper we construct a new type of g-Bernstein polyno-
mials related to g-Euler numbers and polynomials with weak weight « ;

E,(fg, Er(gq) (z) respectively. Some interesting results and relationships are
obtained.
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1. Introduction

The ¢-Euler numbers and polynomials with weak weight « is introduced by
H.Y. Lee, N.S. Jung, C.S. Ryoo. The main motivation of this paper is the paper
[3,4,6-10] by Kim, in which he introduced and studied relations of the ¢-Euler
numbers and polynomials with weight o and g-Bernstein polynomials. The Euler
numbers and polynomials possess many interesting properties and rising in many
areas of mathematics and physics. Recently, many mathematicians have studied
in the area of the ¢-Euler numbers and polynomials (see [8,9,11,13,16,17,18]).
In this paper, we construct a new type of g-Euler numbers E,(fq) and polyno-
mials Ef,aq) (z). We introduce the g-Euler numbers and polynomials with weak
weight « and observe relations of the g-Euler numbers and polynomials with
weak weight « and g-Bernstein polynomials. The p-adic g-integral are origi-
nally constructed by Kim [15]. In various parts, we use the p-adic g-integral.
Throughout this paper we use the following notations. By Z, we denote the ring
of p-adic rational integers, Q, denotes the field of p-adic rational numbers, C,
denotes the completion of algebraic closure of Q,, N denotes the set of natural
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numbers, Z denotes the ring of rational integers, Q denotes the field of rational
numbers, C denotes the set of complex numbers, and Z; = NU {0}. Let v, be
the normalized exponential valuation of C, with |p|, = p~»®) = p=1 When
one talks of g-extension, ¢ is considered in many ways such as an indeterminate,
a complex number ¢ € C, or p-adic number ¢ € C,. If ¢ € C one normally

assume that |¢| < 1. If ¢ € C,, we normally assume that |¢ — 1|, < piﬁ SO
that ¢” = exp(zlogq) for |z|, < 1. Throughout this paper we use the notation:
1—g" 1—(—q)"
[x]q—l_qv [2]-q = 1+g
limg_,1[z], = 2 for any x with |z|, < 1 in the present p-adic case. To investigate
relation of the twisted g-Euler numbers and polynomials weak weight o and the
g-Bernstein polynomials, we will use useful property for [x], as following;

(cf. [2,3,6,7,10,11,12,14,15]) .

[zl =1-[1-2]
[1—alg=1-lz] (1.1)
[1 =] = —q[l — 2]
For
g € UD(Z,) = {glg : Z, — C,, is uniformly differentiable function},
the fermionic p-adic g-integral on Z, is defined by Kim as follows:

pN—1

o) = [ g@dnoyfa) = im e 3 gla)(—a)” (L o) . (12

P 9 z=0
Let
Ty = UpsoCpm = lim Cpm,

m—00
where Cpm = {w|w?™ = 1} is the cyclic group of order p™. For w € Tp, we
denote by ¢y, : Z, — C, the locally constant function z — w®.
From (1.2), we obtain

n—1

0" I-q(gn) + (=1)"g(9) = 204 ) (=1)" e g(0), (1.3)
=0

where g, (x) = g(z +n) (cf. [10]).

If we take ¢g1(z) = g(x + 1) in (1.3), then we easily see that

ql—q(g1) +1-4(9) = [2]49(0). (1.4)
The g-Euler numbers and polynomials with weak weight « are defined as
follows;
For @ € Z and ¢ € C,, with |1 — ¢|, < 1, ¢-Euler numbers Ey(Laq) are defined by

B = [ ey (o). (15)

P
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E(%)(x) = /Z [+ ylgdi—g=(y)- (1.6)
n
with the usual convention of replacing (Eéa) (m)) by Eff‘q) (z). In the special

@)

case, x = 0, Er(hq (0) = Eﬁa) are called the n-th ¢g-Euler numbers with weak
weight a.

In [18], C.S. Ryoo, H.Y. Lee, N.S. Jung introduced (h,q)-Euler numbers

and polynomials; E,(ffg, Eﬁh}(m) We can find a little difference between (h, q)-

Euler numbers and polynomials and ¢g-Euler numbers and polynomials with weak
weight a.

Our aim in this paper is to investigate relations of ¢-Euler numbers E,(Laq) and
polynomials E,(Laq) (x) with weak weight o and ¢-Bernstein polynomials. First,
we investigate some properties which are related to g-Euler numbers E,(Laq) and
polynomials Ey(f‘q) () with weak weight o. The next, We derive the relations of

g-Bernstein polynomials with g-Euler numbers E,(laq) and polynomials Er(laq) (x)

with weak weight o at negative integers.

2. Main results

From (1.5),(1.6), we can derive the following recurrence formula for the g¢-
Euler numbers and polynomials with weight « :

1 \"& (n 1
EE) =[P (—) D —1)
n,q Hq (1_q> <l>( )1+qa+l

=0

= [2g= ) (=1)"g*" [mlg.

B = (1) 3 ()0 e

=0

_ — (n L1yl (@) (2.2)
;(l)uq E
= (laly + 0" E)"

By (2.1),(2.2), we have properties as below;

For n € Z, we have

*EL)(1) + B = { 2, ifn =0,

na 0,  ifn>0. (2:3)
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For n € Z4, we have

o o n a 2]ge, ifn=0,
s+l = { B ) (2.4)
with the usual convention of replacing (Eéa))” by ET(Laq)
Theorem 2.1. Forn € Z,
ER)(2) = ¢ 2= + ¢ B,
Proof. By (1.3) we easily see that
n—1
20 Y (D)"Y = ¢ B, (n) + (1) B,
1=0
Take n = 2, then we have Theorem 2.1. O
Theorem 2.2. Forn,k € Z,, with n > k, we have
n\ o~ [k
/Z Bk,n(x7Q)du—q°‘ (.13) = (k) Z (l) (_1)kil ([2](]‘" + QQQELOL)qul)
P =0
@2 + B, if k=0,
- a k _ a .
P ()Xo (DB s k>0,

Proof. By definition of g-Euler polynomials with weak weight a , we get the
following;

/Z &+ 2 dp_ e (z) = EL)(2).

D

By using p-adic g-integral and (1.1), we obtain a property as follows;

[ n=aldig@) = [ (o0 =l o)

P P
= (—9)"B% (1)
= (—0)"(-1)"q "B, (2) (2:5)
= E,E;gfl (2)
— [y + OB
For x € Zy, the p-adic ¢-Bernstein polynomials of degree n are given by

By n(7,q) = <

n

k:> [x}'g[l — "k where n,k € Z. (2.6)

q
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By (2.6), we get the symmetry of ¢-Bernstein polynomials as follows;

Bk,n(xa Q) = ank,n(]- -, (]71)~ (27)

Thus by (2.5) and (2.7)

Zkan(quu s / n—k,n(l —2,¢"%)dp—ge (2)
:/Z () lsl = a2 g (a)
:/Z (D) =11 = el 1) 1 = 2l da e (@)
-/ (0 (i T s L )[1—I}Z_1kduqa(r) 25
Zp 1=0
k
= (:);( ) (-1 p[l—m] "ldpgo (x)
k
()3 () (e -, ).
O

Theorem 2.3. Let n,k € Z withn > k. Then we have
n—k « .
(") = S B,
« « .
=0 ! “ ' Zz o()( 1)k lEn L if k> 0.

Proof. Let us take the fermionic g-integral on Z,, for the g-Bernstein polynomials
of degree n as follows;

/Z B (@, q)dp—go (z) = <Z>/Z [2]g[1 — 2]l dp—ge (@)

P

/Z (2 (1~ [2])"* da_go ()
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Theorem 2.4. Let ny,no, k € Zy with ny + ny > 2k. Then we have
| Bn(e.0) B a)dn e @

__{ POE, s T O [2g if k=0
L)) D (DB, s R0

Proof. Let ni,ns, k € Zy with ny + no > 2k, then we get

[ Bl .0 B .00 (0)
Z

n ni+ng—
2) [ e o)

(
(22>§:< > )2h- l/zp o () (2.11)
(

0
N :
2 Qk l 2a «
k)Z( > ( En1+n2lq )
Theorem 2.5. Let ny,no, k € Zy with ny + ny > 2k, then we get

ni+ns—2k
ny +ng — 2k -
S (M) e,

=0

OBy g1 T4 2o, ifk=0
¢** 21250 (2lk)(*1)2k7lE(a) _ if k>0

ni+na—l,q—1’

Proof. From the binomial theorem, we can derive the following equation.
/ Bk: 1 ("I: Q)Bk na ("I: q)d/'l’fqa (.T)
no
k
n1+n2 2k (2.11)
N9 ny + ng — 2k
(7 ) (; ) ( R[SV R Z -
= <n1) < > n1+n2 ok <n1 + ng — 2k> (_I)ZE(OZ)

l

x]gif"r%d,u_qa (x)

n

k

(V)
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Theorem 2.6. For ni,ng,na, - ,ns, k € Zy with ny +mng + -+ ng > sk, we
have .

[ 11 Ben @ 0o @

Zp j=1

n; sk s o (@

A e, )

_ 2aE£:)l,q 1 +qa[2}q°‘7 ka =0

- e N sk s sk— « .

¢TIy (V) Xk () (=1)** lEfnzl,q_l’ k>0

where ny + -+ +ng =m.

Proof. For ny,ng, -+ ,ng,k € Zy ,ny+ns+---+ns > sk, and let Zle n; =m,
then by the symmetry of g-Bernstein polynomials, we see that

/HBz(fQ (%, q)dp—go (2)

le

H<n>z< > Skl/z (1= a]y dpge () (2.12)

P

H<m)z< > ok z( QQEf:)lq )

O
Corollary 2.7. Let m € N. For ny,na,...,ng, k € Zy withny +---+ng > sk,
we have ok
() (e
_ mik(_l)l (m —l sk) EEZ‘LW
where nq1 + - - - + ng :lrzno
Proof.

/HBkquduq()

le

— H (”) / J5F mgk(—nl (m _l Sk) (=)' 2]l dp—ge (2) (2.13)
L) E (7

1=0
wherenl,n2,~~ s,k € Zy with m =ny +ng +--- +ng > sk. O
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