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SKEW CYCLIC CODES OVER F, + vF,}

JIAN GAO

ABSTRACT. In this paper, we study a special class of linear codes, called
skew cyclic codes, over the ring R = F, + vF),, where p is a prime number
and v2 = v. We investigate the structural properties of skew polynomial
ring R[z, 0] and the set R[z,0]/(x™ —1). Our results show that these codes
are equivalent to either cyclic codes or quasi-cyclic codes. Based on this
fact, we give the enumeration of distinct skew cyclic codes over R.
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1. Introduction

Cyclic codes have been investigated and studied by many researchers. These
classes of codes are rich of algebraic structure. Based on this fact, cyclic codes
have become one of the most important classes in coding theory.

Recently, there are some articles, which illustrate the coding theory using a
non-commutative ring, skew polynomial ring[1, 2, 4, 6]. The principle motivation
for studying codes in this setting is that polynomials in skew polynomial rings
exhibit many factorizations and hence there are many ideals in a skew polynomial
ring than in the commutative. The research on codes in this setting has resulted
in the discovery of many new codes with better parameters. But all this work
is restricted to the condition that the order of the automorphism must be a
factor of the length of the code. It is a big impact on the structure of the set
R[z,6]/(2™ — 1). In [3], I. Siap, etc., removed this condition and they have
studied the structural properties of skew cyclic codes of arbitrary length over
finite fields.
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In this paper, we are interested in studying skew cyclic codes of arbitrary
length over the ring R = F, + vF},, where p is a prime number and v? =v. We
define an automorphism of R. And we will show that the set R,, = Rz, 0]/(2" —
1) fails to be a ring anymore unless |[(6)||n. But the set R,, is always a left R[x, §]-
submodule. Similar to [3], our results show that skew cyclic code is equivalent
to a cyclic or quasi-cyclic code over R. And we give the enumeration of distinct
skew cyclic codes over R.

2. Skew polynomial ring

Let R = F, 4+ vF,, where p is a prime number and v? = v. The Chinese
Remainder Theorem tells us that R = (v—1) ® (v), namely, there exist ¢, d € F),
such that a + bv = cv 4+ d(v — 1), for all a, b € F,. Define a ring automorphism
as follows

0:R— R

where 0(cv+d(v—1)) = ¢(v—1)+dv. One can verify that 0 is an automorphism
and 0%(e) = e, for all e in R. This implies that 6 is an automorphism with order
2.

For a given automorphism 6 of R, the set R[z,0] = {ag+a1z+...+anz"|ag €
R,n € Ny} of formal polynomials forms a ring under usual addition of polyno-
mial and where multiplication is defined using the rule (az?)(bx’) = af®(b)x*7.
The ring R[x, 6] is called skew polynomial ring over R. It is easily seen that the
ring R[z, 0] is non-commutative unless 6 is the identity automorphism on R.

Theorem 2.1. The center Z(R[z,0]) of R[z,0] is F,[x?].

Proof. The subring of the elements of R that are fixed by ¢ is F},. Since 2 is
the order of automorphism 6, for any a € R, we have 2%'a = (0%)'(a)z* =
az?. Therefore, % is in the center Z(R[z,0]) of R[x,d]. This implies that
f=eo+e1a® +eoxt+ ... 4,22 witheg; € F), is a center element. Conversely,
for any f € Z(R[z,0]) and a € R, if 2f = fz and af = fa, then f € F,[z?]. O

Corollary 2.2. z™ — 1 is in Z(R]xz,0]) if and only if n is even.

Proof. Suppose n is even, i.e. , 2|n. Let f(z) € R[z,0] and f(z) = ag +
a1 + ...+ aypx™. Since n is even, 0™(a) = a for any element a in R. Hence,
(" =1 f(z) = (2" =1)(ap+a1z+. ..+ ama™) = z"ag+2" a1z +. . .+ 2" apx™ —
f(x) = 6™(ag)x™ + 0™(ar)z"x + ... + 0™ (ay)x"z™ — f(x) = (ap + a1z + ... +
amz™)a™ — f(z) = f(z)(z™ —1). Hence, (z™ — 1) € Z(R|z,0]). Conversely,
let 2" — 1 be in Z(R[z,0]). Then z™ — 1 commutes with every element in
R[z,6]. Particularly, (2™ — 1)ama™ = apma™ (™ — 1) for some a,, € R. Since
(2" = 1)amz™ = 0" (am)s" ™™ — apx™ and apz™ (2™ — 1) = a2t — apz™,
0™ (am) = G- Thus n is even. O

Note that the ring R[x, 0] is no longer left or right Euclidean, but left or right
division can be defined for some elements.
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Lemma 2.3. Let f,g € R[z,0] such that the leading coefficient of g is a unit.
Then there exist unique q,r € R[x, 0] such that

f=qg+r, r=0or deg(r) < deg(g)

Proof. Let f =" a;xz" and g = Z";:o bjz’, and by is a unit, then the degree
of

am m—k

IO
is less than that of f. Iterating the procedure and subsequent such polynomials,
we can obtain ¢ and r as defined in Theorem 2.3. Next we will prove g and r
are unique. Suppose

f=ag+r=qg+rs,

then

(@1 —q2)g =12 —11.
If g1 — g2 is not zero, then the right polynomial is of degree at least the degree
of g, while the right polynomial is of degree at most one less than the degree of
g. Therefore ¢; = g2 and ry = 7ro. O

3. Skew cyclic codes

Let 0 be an automorphism of R. Let n be an positive integer. A linear code
C of length n is called skew cyclic code or more precisely #-cyclic code if

(Co, Clyvny Cnfl) eC= (H(Cnfl), 9(60), ey H(Cn,Q)) eC
Define a map as follows
p:R" = Rlz,0]/(z" — 1)

n—1
(cosCly--sCno1) otz + ...+ o

One can verify that p is an R-module isomorphism map.

Case 1 n is even
Let n be even. Then from Corollary 2.2, 2™ — 1 is commutative. This implies
that R, = R[z,0]/(z™ — 1) is a ring.

Theorem 3.1. Let n be even and C be a skew cyclic code with length n. Then
C is a left ideal in R,,.

Proof. Since C is linear code, C is an additive group. Let a(z) = ap+ a1z +...+
an_12" "t € C. Then za(z) = 0(an_1)+0(ap)x+...+0(a,_2)z" ! € C. And by
iteration and linearity one can get h(z)a(z) € C, for all h(z) € R,,. This shows
that C is a left ideal in R,,. O

Theorem 3.2. Let n be even and C be a skew cyclic code with length n and f(x)
be a polynomial in C with minimal degree. If the leading coefficient of f(x) is a
unit in R, then C = (f(x)), where f(x) is a right divisor of z™ — 1.
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Proof. Let f(x) be a polynomial of minimal degree in C. By Lemma 2.3, there
are two unique polynomials ¢ and r such that

2t —=1=qf+r

where deg(r) < deg(f). Since r = (z™ —1) — ¢f and C is linear, r € C. But f(z)
is with the minimal degree. Thus » = 0 and hence f(z) is the right divisor of
™ — 1. ]

Let T be a cyclic operate over R, i.e., for ¢ = (¢co,c1,...,¢n—1) € R*, T(c) =
(Cn—1,€0y---,Cn—2). Let C be a linear code of length n over R. Then C is called
quasi-cyclic code with index [ if and only if C is invariant under 7%, where [ is
the minimal positive integer satisfies T%(C) = C.

Theorem 3.3. Let n be even and C be a skew cyclic code of length n.Then C is
equivalent to a quasi-cyclic code of length n with indez 2.

Proof. Let n = 2N, ¢ = (¢0,0,¢0,1,€1,0,C1,15---,CN—-1,0,cN—1,1) € C. Since
62(c) € C and 6% = 1, it follows that 0%(c) = (cN—1,0, CN—1,1,C0,0,C0.1, - - - s CN—2.05
¢n—2,1) € C. Therefore from the definition of quasi-cyclic code above, C is equiv-
alent to a quasi-cyclic code of length n with index 2. O

As in the case of finite fields, it is easy to see that C is a quasi-cyclic code
of length n with index 2 over R if and only if C is an R[z]/(z" — 1)-submodule
of (R[z]/(zN —1))2, where N = n/2. Therefore from Theorem 3.3, we get the
following corollary immediately.

Corollary 3.4. Let n be even. Then the number of distinct skew cyclic codes of
length n over R is equal to the number of R[x]/(x™ —1)-submodule of (R[x]/ (™ —
1))2, where N = n/2.

Case 2 n is odd

Let n be odd. Then [(#)| t n. This implies that ™ — 1 is non-commutative.
Therefore the set R, = R[z,0]/(z™ — 1) is not a ring anymore. Define the
addition on R, as usual and multiplication from left as r(z)(g(z) + (z™ — 1)) =
r(z)g(x) + (¢™ — 1) for any r(z) € R[x,0]. We can prove that R, is a left
Rz, 6]-module where multiplication is defined as above.

Theorem 3.5. Let n be odd. Then C is a skew cyclic code of length n over R
if and only if C is a left R[z,0]-submodule of R,.

Proof. Suppose ¢(x) =co+crz+...+ cn—12""! be any codeword in C. Since C
is a skew cyclic code, zic(x) € C. Since C is linear, it follows that r(x)c(x) € C
for any r(z) € R[x,0]. Therefore C is an R[z, §]-submodule of R,,. O

Theorem 3.6. Let n be odd and C be a skew cyclic code with length n and f(x)
be a polynomial in C with minimal degree. If the leading coefficient of f(x) is a
unit in R, then C = (f(x)), where f(x) is a right divisor of z™ — 1.

Proof. Similar to Theorem 3.2. (]
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Theorem 3.7. Let n be odd and C be a skew cyclic code of length n. Then C is
equivalent to a cyclic code of length n over R.

Proof. Since n is odd, it follows that gcd(2,n) = 1. Therefore there exist integers
a,b such that 2a +bn = 1. Thus 2a = 1 —bn = 1+ In, where [ > 0. Let
c(z) = co+ec1(z) + ...+ cp_12™ ! be a codeword in C. Note that z%%c(z) =
622 (co)a T 4+629 (cp )zt 4. 4029 (cp_) 2" T = ¢\ FCort. A ep 0" T2 €
C. Thus C is a cyclic code of length n. O

It is well known that for any linear code C of length n, C = (v — 1)C; @ vCa,
where C; and Cy are linear codes of length n over F, [5]. Then from Theorem
3.7, we have the following corollary immediately.

Corollary 3.8. Let n be odd. Then the number of distinct skew cyclic codes of
length n over R is equal to the number of ideals in R[z]/(z™ —1). Ifa"™ —1 =
[I;_, pi'(z), where pi(x) are irreducible polynomials over F,, then there are
[T, (ri + 1)? distinct skew cyclic codes actually.

4. Examples

Example 4.1. Let R = Fo+vF, n =8 and f(z) = 2* +vad + 22+ (v+ 1)z +1.
Then f(z) generates a skew cyclic code of length 8. And this code equivalent to
a quasi-cyclic code of length 8 with index 2.

Example 4.2. Let R = Fy + vFy, n =7 and f(x) = 1 + 22 + 23. Then f(x)
generates a skew cyclic code of length 7. This code is equivalent to a cyclic code
of length 7. Since 27 — 1 = (x + 1)(1 +z + 23)(1 + 22 + 23), it follows that there
are 22%3 = 64 skew cyclic codes of length 7.

Example 4.3. Let R = F3 + vF3, n = 3. Take f(z) = 22 + # + 1. Then f(x)
generates a skew cyclic code of length 3. This code is equivalent to a cyclic code
of length 3 over R. Since 22 —1 = (z+2)3, it follows that there are (3+1)? = 16
distinct skew cyclic codes over R.

5. Conclusion

In this paper, we mainly investigate the structural properties of skew cyclic
codes over F}, + vF,. Our results show that if n is even then skew cyclic code
is equivalent to a quasi-cyclic code with index 2 and if n is odd then skew
cyclic code is equivalent to a cyclic code. Based on this fact, we discuss the
enumeration of distinct skew cyclic codes. But unfortunately, for the case n is
even , we have not given the explicit enumeration because of the complex work
to compute the number of R[z]/(z" — 1)-submodule of (R[z]/(z"¥ —1))2. And
this will be worthy of further consideration.
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