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SYMMETRY PROPERTIES FOR A UNIFIED CLASS OF
POLYNOMIALS ATTACHED TO yx

S. GABOURY*, R. TREMBLAY AND J. FUGERE

ABSTRACT. In this paper, we obtain some generalized symmetry identities
involving a unified class of polynomials related to the generalized Bernoulli,
Euler and Genocchi polynomials of higher-order attached to a Dirichlet
character. In particular, we prove a relation between a generalized x version
of the power sum polynomials and this unified class of polynomials.
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1. Introduction, Definitions and Notations

In the last years, Q.-M. Luo and Srivastava [10, 11] introduced the generalized
Apostol-Bernoulli polynomials 87(10‘) (z) of order a, Q.-M. Luo [9] investigated the
generalized Apostol-Euler polynomials Efla) (x) of order & and the generalized

Apostol-Genocchi polynomials G\ (z) of order a.

The generalized Apostol-Bernoulli polynomials B (z; \) of order « € C, the
generalized Apostol-Euler polynomials 5,({1) (z; \) of order « € C, the generalized

Apostol-Genocchi polynomials g,(f‘) (z; A) of order v € C are defined respectively
by the following generating functions

£ L, o )
<)\et—1> et:ZOBfl)(f;)\)m (It +log\| < 2m;1%:=1) (1)
=

2 “ T . [e% tn «
()\et+1> et:Zag)(x;A)m (Jt +log\| < m;1% :=1) (2)

n=0
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and

2t \Y . = (e tn N
<Aet+1> et:Zg,(L)(x;)\)ﬁ (It +logA| < m1%:=1).  (3)
n=0 ’

It is obvious that the case A =1 and o = 1 in the above relations gives respec-
tively the classical Bernoulli polynomials B,,(x), the classical Euler polynomials
E,(z) and the classical Genocchi polynomials G, ().

Recently, Ozden [13, 14] and Ozden et al. [15] provides an interesting unifica-
tion of the Apostol-Bernoulli, Euler and Genocchi polynomials respectively (1),
(2) and (3). Explicitly, Ozden studied the following generating function:

21—ktk @ ot > (@) tn
Fo—a) O = 2 Ynalmkabn )
n=0 ’

(‘t—i—blog(B) ‘ <2m, x €R;1%:=1; k € Ny; a,b € R\ {0}; a,Be(C).
a

Shorthly after Ozarslan [12] gives the following precise conditions of convergence
of the series involved in (4)

(i) ifa® > 0 and k € N, then |t+blog (g) ’ <2m; 1:=1,z€R, a,8€C.

(ii) if a® > 0 and k = 0, then 0 < Im (t—l—blog (g)) <2m; 1¢:=1,
reR, a,p8€C.
(iii) if a® < 0 and k € Ny, then ’t—i—blog (5) | <m1*:=1,z€R, o,8€C.

This family of polynomials includes the above mentioned well known polynomi-
als. We can see that

V@1, 1,1) = B (23 0), Yo (230, -1,1) = £ (23 \)

n

and 1

Moreover, Ozden et al. in [15] have extended and investigated the generating
function (4) in terms of a Dirichlet character x of conductor f € N since these
polynomials are very important in several fields of mathematics and physics.
They proposed the following x-extension of the generating function for the gen-
eralized Apostol-Bernoulli, Euler and Genocchi polynomials. Let x be a Dirichlet
character of conductor f € N then

, bj

1—k qu x(7) (g) e o N t"

21=ky ZO it =T © :Zoym><7ﬁ(b»c;/<,a7l>)m (5)
Jj= n=

(‘ft+bflog(§>|<27r, xeRkeNy; feN, a,beR\{0}; [36@).
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In this paper, we study the generating function for the x-extended unified

polynomials of higher order denoted by yff“’x ﬁ(ac; k,a,b) and defined as follows:

Definition 1.1. Let x be a Dirichlet character of conductor f € N. Let k € Ny,
a,b € R\ {0} and «, 8 € C. Then the y-extended unified polynomials of higher
order yff“; B(x; k,a,b) are given by

bj .
=1 x(9) (ﬁ) elt o n
1—kk a xt (o) . t
2 ¢ Z Bbfeft—abf e _Zyn, X,B(x,k,a,b)m (6)
j=0 n=0

(‘ft+bflog (5) | <2m, x € Rk eNg; feN, a,be R\ {0}; 56@).
The case z = 0, yfﬁ)x 5(0;k,a,b) = yff; 5(k,a,b) gives the y-extended unified
numbers of higher order.

Remark 1.1. If we set x = 1 in (6), we obtain the generating function (4). The
x-extended versions By(la)x(x, B) of the Apostol-Bernoulli polynomials of higher

order, &(La)x(x, B) of the Apostol-Euler polynomials of higher order and g,(ffl((:c, B)
of the Apostol-Genocchi polynomials of higher order are given respectively by

B (w,8) = V'V 5w 1,1,1) (7)
ED (@, 8) = V'V 5w 0,-1,1) (8)
G (2, 8) = 2D\ 4la; 1,-1,1). (9)

Moreover, if we put @« = 1 and 8 =1 in (7)-(9), we get the following y-extended
version of the classical Bernoulli, Euler and Genocchi polynomials [18, 19]:

By (2) =YV (25 1,1,1) (10)
En,x(x) :yfr(:)x7 1(17; 03_171) (11)
G () =2V (2 1,-1,1) (12)

respectively.

Now, making use of this definition and the Cauchy product, we find the next
theorem.

Theorem 1.2. Let k € Ny, a,b € R\ {0} and o, € C. Then
n n o
A sekan =3 (D)o san

Recently, many authors have studied the symmetry properties for the Bernoulli,
Euler and Genocchi polynomials [1, 2, 3, 4, 6, 7, 16, 17]. The purpose of this
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paper is to prove some identities of symmetry for this x-extended unified poly-
nomials of higher order. It points out the recurrence relation and multiplication
theorem for the unified polynomials of higher order attached to x.

2. Symmetry identities related to the generalized unified
polynomials of higher order

In this section, we aim to obtain several symmetry identities involving the
x-extended unified polynomials of higher order defined by (6). In particular, we
obtain an identity related to a generalized x version of the power sum. Some spe-
cial cases are also given for each identities. At this point, we need the following
definition for the generalized y version of the power sum.

Definition 2.1. Let x be a Dirichlet character of conductor f € N. Let k € Ny;
I,neN;a,beR\ {0} and a, 8 € C, then we set

~ f—1ln—-1 ,8 Jt+if
Thx(n;kua7ﬁ,b)-21_kk!( > S50 (%) Gt azm. a9

7=0 =0
The next theorem holds for the y-extended unified polynomials yfj)x) P (z;k,a,b):

Theorem 2.2. Let x be a Dirichlet character of conductor f € N. Let k € Ny;
l(I>k),neN;abeR\{0} and g € C, then

b T, \(n; k,a,B,b
(fb> yl X 5(nf;k7a’b) yl X 5(0;/6,0,,[)) = l7X(nabfa & ) (15)

Proof. Consider the generating function (6) with a = 1, we have

oo fn 1
t
}jK ) ﬂigmfk%w—ﬂ&ﬁ@hmw]“
=0

()" 24 S0 ()7 gt sy () o
s [(0) e =] 1 [(2)" et —1]

(16)

1—kk B\ it n—1 i
_ 2R o x () (5) 7 e Z B o oift
abf —~\a
91 ktkf 1n—1 8 bfi+bj )
= x() - Utif)t
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Substituting [ — [ — k (I > k) and comparing the coefficient of ! T ylelds the
desired result. (]

Remark 2.1. If weset k=0,a=-1,=b=1and f =1 (mod 2) in (15), we
recover a relation for the y-extended version of the classical Euler polynomials

1]
()" B (nf) + Ep (0) = 2Ty, \(n; 0,—1,1,1). (17)

Remark 2.2. Putting k = 1, a = b =1 in (15), we recover a relation for the
x-extended version of the Apostol-Bernoulli polynomials [4]

8" By (fn, B) — B, 4 (0,8) = Ti, (n; 1,1, 8,1). (18)

Theorem 2.3. Let x be a Dirichlet character of conductor f € N. Let k € Ny;
I(I1>k),m, neN;abecR\{0} and f € C. Let wy and wy € N. Then, we
have

awaf(wl_l) Z (n> 1 S+kynm)s X ﬁ‘”l (TUQ.'L', k7 awl I b)
S

x Z() (s 0,7, 5 DY L. (wiy: k.a",b)

(19)

01 0— s+k n s . 2

= gbwif(w 1)2 (5> + yn S, X ﬂ“’2(w1$’k’aw 7b)
x Z( ) o, x (w3 0,7, B )V (way; b, @™, b).
Proof. Let
w b‘ : m

o(1=k)(2m—1)42km—k (Z] - x(j ) (Lagwi) J e]w1t> ewiwawt

G(t) == (Bwiblewift — quibfym (20)

. m
(Bbwlwgfewlwgft bwlwgf) <ZJ - X ) (f:ﬁ; )bJ ejw2t> ewlwzyt
wabfawa ft _ qwabf\m .

I3 e a

X

Expanding G(t) into a series, we get

b' m
-1 5w1> Jjwit
Gt) = 1 gl=k by kz X(])( w1 € Qwiwaat
wllcmwfg(mfl) Bwibfewift _ guwibf

y Bbw1w2few1w2ft _ gbwrwaf Z X 5102 engt
ﬂwgbfewgft _ awgbf aw2
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1—k k ik x(5) (ﬂ)bww elv2t m "
a wlw2y
x |2 Z Buzbfewaft _ quzbs ¢

gbwaflwi-1) (wit)" f-1 N bj oot

:mzyixﬁwl(w”’” RR ZX(”(w) -
i=0
wy—1 ﬂwz bf wzzft (m—1) ka2 b (’U)zt)l
x Z w2 Zyl X B“’Q (wiy; k,a™,b) I

bw2f(w1—1) ad n
_ (m (wit)
T Quhmegh 1) DV g (wawsky ™ b) n!

wy n=0

o folwi-d wy \ DU+£7) s
ST Y0 () ey

s=0 j7=0 =0

3 (wat)’
(m—1) . w 2
X lz_:oyl’ . gwa (W1 k, a2, b) T
bw2f(w1—1) 00 n
_ (m (wlt)
= SR 2 Yl e (w20 b)
1
wy (m 1) o wy o (wat)
XZOT,XwLOa B ko, )2
bwgf(wlfl)
n—s_s+k~y(m) . w
= ka'mwkm Z {Z( > wy Cwy YL g (w2 R a™t D)
n=0
(m—1) t"
X Z Ts—i, x(wi; 0,a™2, B2, 0) ;" g, (w1y; K, a2, b) e (21)

In a similar way, we have

wy \0J

2

1 e k kf 1 X(]) (sz) Jwat
wf(m_l)wém 2 Z /Bw2bfew2ft — aw2bf

ﬁbwlwgfewlwgft _ abwl wa f f-1 ) Bwl bj jwyt
X ( Bunblowift — quwib] ) > X0 <aw1 ) e
j=0

m—1

wiwaxt

G(t) =

wy \0J
f— IX(j) (%) gJwit

1— k k k
X 2 Z ﬂwlbfewlft _ awlbf e

wiwoyt

bwlf(wgfl) oo n
E E 5+Ic n s~y(m) . wo
= o km, km [ ( )wl yn s, % 3w2(wlm7kaa ’b)
2wimws —

O ¢
X Z() s—k, x ’w27 O a lvﬁ ! b)yl X 52"1(w2y’k a*? b) ﬁ (22)

O
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If we set k =0, a=—1and b=1 in Theorem 2.5, we obtain a result exhibited
by Kim et al. [5, Eq.(2.13)].

Corollary 2.4. Let m, n € N and 8 € C. Let wy, we and f € N with wy =
1 (mod 2), wy =1 (mod 2) and f =1 (mod 2), we have

> (2 )utug €7 (unss 6)

s=0
u S\ =~ m—
x> <l>Tsz,x(w17 —1,6%,1) &\ (wy: 5)
=0 (23)
n —se(m w
=3 (1)t e s 57
s=0

b Xfl)(wzy; ).

Theorem 2.5. Le
N07 m, n e N; a,
Then, we have

n w—1 wy—1 b (i+1)
Z <n> Z Z <é> wl"wh Y . B (ng—F fz k,a, b)
T a "X w1

r=0 =0 =0

e a Dirichlet character of conductor f € N. Let k €
{0} and 8 € C. Let w1 and ws be two natural numbers.

S
m@h
Z=kat

X
(-
<o
e N—
-l
o
>
—
g
g
—
=
g
—_
N—

yrxﬁ(wly‘F flkab)

n w2 —1w;—1 6 bf(i+1) f (24)
— n T n—r (m)
o Z (r) Z Z (g) Wy Wy n—r, x, B <w1m+ . —i;k,a b>
r=0 i=0 1=0
1U2f
y,« X, B w2y+w71l;k’,a,b .

Proof. Let
92m(1—k)) ;2km (25;01 () (ﬁ)bj ejwlt)mewlext (ﬂwafewleft _ abw2f)

a

H(t) = (BoF ewift — gbfym+1

(ﬂb’wlfe’wl’qui _ abwlf) (Z] o x(5) ( )bj ejw2t)mew1w2yt
(/Bbfewgft _ abf)m+1 .

(25)
Expanding H (t) into a series, we get

. B bj it
H(t) = 71 ol- k k k Z (J) (a) el gWiwazt
(’lUl’LUQ)km /Bbfewlft _ abf

=0
. bj :
y 5bw1few1w2ft — gbwrf N kz )(ﬁ) eJw2
Bofewaft _ qbf ﬁbfewgft Y,

y ewlwzyt /Bbw2few1w2ft _ abwzf
6bfew1ft — qbf
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_ . bj £\ ™
B gbf (witw2=2) 51— k kz )(ﬂ) eJw1 J—
T (wrwg)Fm Bbfewlft — b
wi—1 bfi N BV jwat
% Z ﬁ ew2ift 1kkk2()()e
~ \a Bbfewaft — gbf
i=
wa—1 ﬂ bfl
> ewlwgyt (7) ewllft
> (4
=0
_ abf(witw2=2) wil B\ 9l kg Z x(7) (ﬁ)bj el
T (ww2)bm = \a BbF g ft — gbF
a—1
=0

_ . bj t
(s w28 5) 22L 7 g\ P11 X() (B)Y e7w2
% &1 (wza: w1 2) ZZ (g) ol—k, ky kz T

wgt(wly-&-ww—l;l)

X e
abfCortwe=2) [P0 Fg\PIEE wy f (wit)"™
W{Z (5) oo (war + ik an) 2
w21 bfl oo a
B m f (wat)
X{Z (E> Zyﬁx)ﬁ( lik,a b> :']
=0 r=0

gbfwitwz—2) 2

= (wiwa)Fm Z

n wi—1wz—1 bf(i+l)
(T T ()" e
- gl
m t’ﬂ
x Y l’Xﬁ(ng—i— wfzkab>ywﬂ(wly+ Y ke b)}n' (26)

Likewise,

x(G) (5)" e

m
— 1 - k wiwoxt
H(t) = (wrwz)Fm < Z BbF qwaft — gbf ) e
bj
y /Bbw2few1w2.ft _abwzf 1 x k kz (.]) (E) e]wlt
ﬂbfewlft_abf ﬂbfewlft_abf

y ewlwgyt 5bw1few1w2ft _ abwlf
ﬁbfewgft — abf

n wa—1lw;—1 bf(i+l)
()T ()"
=0 [=0

r=0

bf(wy+wy—2)

= (wiwa)Fm Z

n=0
m w . m w: t"
x V™M s (ww + wffz; k., b) Vs (wzy - w%fl; k., b) } —. @D

O

Now, putting x = 1 and replacing k,a,b by 1 in Theorem 2.7, we find a result
of Zhang and Yang [20, Eq.18].
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Corollary 2.6. Let m, n € N and 8 € C. Let wy and wy be two natural
numbers, then we have

wy—1wa—1
7 n ror m w2 . m w
Z 3> AT e ws B, (wzw+ izsﬁ) B (w1y+ 711;5)
= i=0 [=0 W Wz
n n wo—1wy1—1
- () IDDIE A
r=0 1=0 =

" (ww + 2 5) B <wzy + %l;ﬂ> .
w2 w1
Theorem 2.7. Let x be a Dirichlet character of conductor f € N. Let k €

No, m, n € N; a,b € R\ {0} and g € C. Let wy and wy be two natural numbers
Then, we have

(28)

n

T

n—r, )2 Bw2 (wlyv k; GW2a b)

S B2\ O ) wa f
XZ Z aw2> yr,n;,ﬁwl(wzx‘i‘il-i-fj k,a™t,b)
j=0 =0

. (29)
n m—
bw1f(w2— ) Z (r> n— r+k wh yfkr,li, g (U}2y§ k, a1 , b)

r=0
f=lwy—1 b(j+fi)
5““ (m) wif
x ZO Z yr,w;, Bw2 (wiz + wilﬂL ]»k a*?,b).
j=0 i=0

Proof. Consider

2(17k)(2m71)t2km7k (Z] . X( ) (ﬁ;’ji) egwlt) ew1waTt
M(t) :=

(ﬂwlbfewlft _ awlbf)m

. m (30)
(/Bbwlefewlwgft bwlwzf) (Z J X( ) (L)b] ejwzt) ewlwzyt
j=
x (szbfewzft _ awgbf)m
Expanding M (t) into a series, we obtain

B2 m—1
Jwat

1 Lkl gk X(])(“’2> N

M(t) km k(m 1) 2 Z ngb

eWi1w2yt
fewaft _ quabf

— B2 jw . Bbwl wa fewiwa ft _ jbwiwaf
2
Z (awz) ( ngbfewzft — qw2bf )

o 1 x(j) (Bwl ) ojwit
X 2 t Z Bwlb

wiwaxt

Fewift — qwibf | €

gbwa f(w1—1) ) = B2
— w2 eJwat
B km k(m 1) Z X, sz (wiys k,a b ;)X (an)
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wq—1 bf f—1 (5;“:1) Jwit
X 12: B2 ew2ift [ 9l—k k tk Z X(]) 1 ¢ ewiwawt
— aw2 6w1bfew1ft _ awlbf
i=
gbw2 f(wi—1) =2 Hn > f—lw;—1
_ (m—1) . (w2 ) .
= DI ST S S) S IRE
r=04=0 i=0
B2 b(JJrf’b) (m) 2f w (wit)”
X (awz yr, X, 81 (’wQI + i+t w71-77k a®™! b) ]

gbw2f(wi—1) 2

n
n k
= b 2 {Z (;)wrws ™ yimr,i s (w15, ¥, 0)
r=0
B

2 n=0

waf

w1

pim

wo \ b(J+f1) )
) 3, g (w2 +

x lewi x(7) (awZ

tn
i+ 2kt b) | . (31)
j=0 i=0 w1 n!

Similarly,

ﬂ N . m—1
Jwi

1 21kkaX(j)< ) N

k:('m 1)w’Cm ﬁwlbfewlft — qwibf

_ bj ot ﬁbwlwzfewleft 7abw1w2f
Z: awl € 5w1bfew1ft — qwibf

m

M(t) =

ewlwzyt

f-1 <ﬁw2) Jjwat
« | 91—k k kz x(7) 2 © ewiwawt
wabfewa ft _ Jwabf
,8 e a

abwif(wz—1)

oo n
T Takmakm 2:: {Z( ) pr Ry Y L (ways ks at,b)

szlwi ) ( )b(a+fz)

Jj=0 =0

tn
ym (wnt—i—j +—j k,a"2,b) - (32)

T, X, BY2
t

Substituting k£ by 0, a by -1 and b by 1 in the last Theorem, we find the following
symmetry relation for the y-extended Apostol-Euler polynomials:

Corollary 2.8. Let m, n € N and 8 € C. Let wy, we and f € N with wy =
1 (mod 2), wy =1 (mod 2) and f =1 (mod 2), then

" n T n—r m w
> <T>w1w2 el Y (wiy; B2)

r=0
e : J+Fi (qwayit+fi o(m) waf w2
X x(7)(=1) (8?) 6T’X(w2x+w711+w71% B
j=0 i=0
i (33)
n n—mr e m w
—Z<T wi ™y £ (way; B)
r=0
f—1lwg—1
x XD By e (o + S L ey,
j=0 i=0
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Finally, if we set x = 1 and § =1 in (2.9), we recover a result of Liu et al. [8,
Theorem 2.10] for the Euler polynomials of higher order:

Corollary 2.9. Let m, n € N. Let w; and ws € N with w; = 1 (mod 2) and
we = 1 (mod 2), then

n wi—1
n -7 - 7 m Wa .
5 (7 )urug B ) 3 (1) B wa + 220

r=0 i=0 w1
n n wo—1 w
=> ()w?"“*lwg BV (way) Y- (<) B (wie + L),
r=0 i=0 2
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