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NEW CARDINAL FUNCTIONS RELATED TO ALMOST
CLOSED SETS

MyuNG HyuN CHof, M1 AE MoON*, AND JUNHUI KIM

Abstract. In this paper, we strengthen the properties of approxi-
mation by points (AP) and weak approximation by points (WAP)
considered by A. Pultr and A. Tozzi in 1993 to define x-AP and
k-WAP for an infinite cardinal k. We also strengthen the proper-
ties of radial and pseudoradial to define x-radial and k-pseudoradial
for an infinite cardinal x. These allow us to consider new cardinal
functions related to almost closed sets; AP-number, WAP-number,
radial number, and pseudoradial number. We study their properties
and show the relationships between them. We also provide some ex-
amples around k-AP and k-WAP which are closely connected with
r-radial and k-pseudoradial.

1. Introduction

In this paper, all spaces are assumed to be Hausdorff. For any set
X, the cardinality of X is denoted by |X|. Ng is the first countable
cardinal and N; is the first uncountable cardinal. Undefined notions and
terminologies can be found in [3].

A space X is said to be AP ([2]) if for every non-closed subset A of
X and for every point z € A\ A, there exists a subset F of A such that
F = FuU{z}. Aspace X is said to be WAP ([2]) if for every non-closed
subset A of X, there exist a point x € A\ A and a subset F of A such
that F = FU{z}. Such a set F is said to be almost closed. In particular,
when the almost closed subset is countable in the definitions of AP and
WAP, we say that the space X is ACP and WACP respectively ([4]).

A space X is said to be radial if for every non-closed subset A of
X and for every point z € A\ A, there exists a transfinite sequence
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which converges to x. A space X is said to be pseudoradial if for every
non-closed subset A of X, there exist a point z € A\ A and a transfinite
sequence which converges to x.

A space X is called Fréchet-Urysohn if for any subset A of X and
any = € A there is a sequence in A which converges to x. A space X is
called sequential if for any non-closed subset A of X there is a sequence
in A which converges to some z € A\ A. We say that a space X has
countable tightness, that is, t(X) < N, if whenever A C X and x € A4,
there exists a countable subset B of A such that = € B.

This paper is organized as follows. This section is to provide some
notions and definitions which we will need afterwards. In section 2, we
strengthen the properties of approximation by points (AP) and weak
approximation by points (WAP) considered by A. Pultr and A. Tozzi
([5]) in 1993 to define k-AP and xk-WAP for an infinite cardinal k. We
define new cardinal functions related to almost closed sets; AP-number
and WAP-number. We study their properties and the relationships be-
tween them. We will be realized that these numbers can be considered
only when the space X is AP (or WAP, respectively). We also consider
topological operations on k-AP and x-WAP spaces in the rest of this
section. Section 3 is devoted to defining k-radial and k-pseudoradial
which strengthen properties of radial and pseudoradial. We modify a
theorem by A. Bella and I. V. Yaschenko ([2]) that every pseudoradial
AP space is radial to get a theorem [Theorem 3.4] which says that any
k-pseudoradial a-AP space is x-radial. This theorem implies that the
radial number 7(X) is independent to the AP number ap(X) when X is
pseudoradial. We prove a theorem [Theorem 3.6] that every countably
compact k-WAP space is k-sequentially compact. AP and WAP spaces
are closely related to radial and pseudoradial spaces, but it is interest-
ing to see from Theorem 3.6 that the AP-number does not affect the
the radial number in the class of countably compact spaces. We give
an example of a Hausdorff space with ¢(X) = x and r(X) = & for any
infinite cardinal x with cf(k) = k. We also provide an example of a
Hausdorff space which is k-pseudoradial but not x-radial.

2. AP and WAP Numbers

In this section, we study AP and WAP numbers related to almost
closed sets.
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Definition 2.1. (1) A space X is said to be k-AP if for every non-
closed subset A of X and for every point x € A\ A, there exists a subset
F of A such that F = FU {x} and |F| < k.

(2) For any AP space X, we define the AP number ap(X) as follows:

ap(X) = min{x : X is k-AP} + No.

Definition 2.2. (1) A space X is said to be - WAP if for every non-
closed subset A of X, there exist a point z € A\ A and a subset F of A
such that F = F U {z} and |F| < k.

(2) For any WAP space X, we define the WAP number wap(X) as

follows:
wap(X) = min{x : X is -~-WAP} 4+ N,.

We give general properties without proof because each can be ob-
tained by definitions.

Proposition 2.3. The following hold for any space X :

(1) X is AP if and only if X is k-AP for some cardinal k;

(2) X is WAP if and only if X is k-WAP for some cardinal k;
(3) X is ACP if and only if ap(X) = Np;

(4) X is WACP if and only if wap(X) = R;

(5) every Fréchet-Urysohn space is No-AP;

(6) every sequential space is No-WAP;

(7) every k-AP space is k-WAP;

(8) every k-AP space is AP; and

(9) every k-WAP space is WAP.

Proposition 2.4. For every k-WAP space X, the tightness of X is
less than or equal to k, that is, t(X) < wap(X).

Proof. Let X be a k-WAP space and A be a non-closed subset of X.
Since X is k-WAP, there exist a point p € A \ A and a subset F of A
such that F' = F U {p} and |F| < k. Therefore ¢(X) < k. O

W. C. Hong has considered AP and WAP properties of Examples
2.5, 2.6, and 2.7 below (see [4] for details). These examples will be
investigated again in the point of view of cardinal functions.

Example 2.5. Let X = {z} UR, where R is the set of all real
numbers. We define a topology 7 on X by

(i) {z} € 7 for all z € R; and

(ii) z € U € 7 if and only if R\ U is countable.
Then X is Hausdorff. From the fact that z is the unique non-isolated
point of X, we obtain that every non-closed subset is almost closed.
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Since every countable subset of R is closed, every non-closed subset
must be uncountable. Therefore ap(X) = wap(X) = t(X) = N;. O

Recall that 71 V 75 is the smallest topology on X generated by two
topologies 7 and ™ on X.

Example 2.6. Let 7 be the usual topology on R and 79 be the
countable complement topology on R. Let 7 = 71 V 7. Then (R, 7) is
not AP. Therefore (R, 7) is not xk-AP for all cardinal x. O

The next example is a WAP space X which is not AP. In particular,
the WAP number wap(X) is equal to Ro.

Example 2.7. Let X = (w x w) Uw U {z} be the space with a base
defined by

(i) each point of w x w is isolated;

(ii) a basic open neighbourhood of n € w is the form of

Vk(n):{n}u{< m,mn > : mzk}; and

(iii) a basic open neighbourhood of z is the form of

Wy(z) = {z} U JVo() \ E = > p},

where p € w and F), is a finite subset of Vp(n).
Then X is Hausdorff and sequential. Hence wap(X) = Ry by Proposition
2.3(6). Let A = w x w. Note that for each subset F of A with z € F,
wMF is infinite. Hence there is no subset F of A such that F = FU{z}.
Therefore ap(X) # k for any infinite cardinal . O

Example 2.8 below is the classical example which explains that there
exists a space which is not k-WAP for any infinite cardinal .

Example 2.8. Let X be an infinite set with the finite complement
topology. Suppose that X is k-WAP for some infinite cardinal x. Choose
a subset A of X such that both A and X \ A are infinite. Then A is
not closed in X. Since X is k-WAP, there exist a point p € A\ 4 and a
subset F of A such that ' = F U {p} and |F| < k. Since F is infinite,
F = X. So we can choose a point ¢ € F\ F such that p # ¢, which is a
contradiction. Therefore X is not k-WAP for any cardinal «. O

As we have seen in the above examples, the cardinal number ap(X)
(or wap(X)) can be considered when the space X is AP (or WAP, re-
spectively). Moreover, we have the following when X is a AP space.

Theorem 2.9. Let X be a AP space with k-WAP. Then X is k-AP.
In other words, ap(X) = wap(X) for any AP space X.
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Proof. Let A be a non-closed subset of X and let p € A\ A. Since
X is AP, there exists a subset B of A such that B = BU {p}. Then we
can find a subset F' of B such that FF = F U {p} and |F| < & from the
facts that X is k-WAP and B\ B = {p}. Therefore X is k-AP. O

By summarizing the above results, we obtain some implications as in
Diagram 1. Notice that, for any infinite cardinal x, xk-AP and x-WAP
are equivalent properties when a space is AP by Theorem 2.9.

Fréchet-Urysohn —— Ng-AP — k-AP  — AP

l l l l

sequential — Ng-WAP — Kk-WAP —— WAP

L |

tH(X) <R - t(X) <k

Diagram 1. k is an infinite cardinal

In the rest of this section, we consider topological operations on k-AP
and xk-WAP spaces.

Theorem 2.10. The following hold for any space:

(1) any subspace Y of a k-AP space X is k-AP, that is,
ap(Y) < ap(X);

(2) any closed subspace Y of a k-WAP space X is k-WAP, that is,
wap(Y) < wap(X); and

(3) any open subspace Y of a k-WAP space X is k-WAP, that is,
wap(Y) < wap(X).

Proof. (1) Suppose that Y is a subspace of a k-AP space X. Let A
be a non-closed subset of Y and let p € ar \A. Then p € ax \ A. Since
X is k-AP, there exists a subset F' of A such that FX=Fu {p} and
|F| < k. Then F =F'ny = (FU{p})NY = FU{p}. Therefore Y’
is k-AP.

(2) Suppose that Y is a closed subspace of a k-WAP space X. Let
A be a non-closed subset of Y. Then A is EXnon—closed subset of X.
Since X is k-WAP, there exist a point p € A~ \ A and a subset F' of
A such that F\ = F U {p} and |F| < k. It follows from Y¥ =Y that
pE F cY¥ =Y. ThsF =FU {p}. Therefore Y is k-WAP.

(3) Suppose that Y is an open subspace of a k-WAP space X. Let A
be a non-closed subset of Y. Then AU (X \Y') is not closed in X. Since
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X is k-WAP, there exist a point p € AU (X \ Y)X \[AU (X \Y)] and
a subset ' of AU (X \Y) such that FX=Fu {p} ad |F| < k. Then
pE mx =A%y WX =A%y (X\Y). Also it follows
fromp ¢ AU(X \Y) that p ¢ A and p € Y. Hence p GZY\A and
F = (FU{p})NY = FU{p}. Therefore Y is r-WAP. O

Theorem 2.11. The following hold for any space:

(1) any closed continuous image of a k-AP space is k-AP;

(2) any closed continuous image of a k-WAP space is k-WAP; and
(3) a quotient image of an Ny-AP space is not necessarily Ro-AP.

Proof. (1) Suppose that X is a k-AP space and f : X — Y is a
closed continuous onto map. Let A be a non-closed subset of Y and
p € A\ A. Denote B = f~1(A). Then f~1(p) N B # (). Indeed, suppose
f~'(p) "B = 0. Then p ¢ f(B). Since f is continuous and closed,
f(B) = f(B) = A. So p ¢ A, a contradiction.

So B is not closed in X (because f~!(p) N B = (). Since X is x-AP,
for all y € f~1(p) N B, there is a subset C of B such that C = C U {y}
and |C] < k. Take D = f(C). Then D C f(B) = A, |D| < &, and
D = F(C) = £(C) = £(CU{y}) = £(C) U{f(1)} = DU {p}. Thercfore
Y is k-AP.

(2) It is similar with (1).

(3) V. V. Tkachuk and I. V. Yaschenko gave a non-AP space which
is a quotient image of a metric space ([1, 6]). Since every metric space is
first countable, it is Ng-AP. Hence a quotient image of an Ng-AP space
is not necessarily Ng-AP. O

3. Radial and Pseudoradial Numbers

To study radial and pseudoradial spaces in the point of view of con-
vergence of transfinite sequences for some given length x, we introduce
some definitions as follows:

Definition 3.1. (1) A space X is called k-radial if for every non-
closed subset A of X and for every point p € A\ A, there exists a
transfinite sequence {z,, € A : a < k} which converges to p.

(2) For any radial space X, we define the radial number r(X) as
follows:

r(X) = min{x : X is k-radial} 4+ No.
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Definition 3.2. (1) A space X is called k-pseudoradial if for every
non-closed subset A of X, there exist a point p € A\ A and a transfinite
sequence {x, € A: a < k} which converges to p.

(2) For any pseudoradial space X, we define the pseudoradial number
pr(X) as follows:

pr(X) =min{x : X is k-pseudoradial} + Ny.
One can prove easily the following properties by definitions.

Proposition 3.3. The following hold for any space X :

(1) X is radial if and only if X is k-radial for some k;

(2) X is pseudoradial if and only if X is k-pseudoradial for some k;
(3) X is No-radial if and only if X is Fréchet-Urysohn;

(4) X is Ng-pseudoradial if and only if X is sequential;

(5) every k-radial space X is k-pseudoradial;

(6) every k-radial space X is k-AP; and

(7) every k-pseudoradial space X is k-WAP,

Theorem 3.4 below is a modification of the statement which have
been proved by A. Bella and I. V. Yaschenko ([2]): every pseudoradial
AP space is radial. This statement implies that r(X) is independent to
ap(X) when X is pseudoradial.

Theorem 3.4. Let x and « be any infinite cardinals. Then any
k-pseudoradial a-AP space is k-radial.

Proof. Suppose that X is a x-pseudoradial a-AP space. Let A be a
non-closed subset of X and let p € A\ A. Since X is a-AP, we can
find a subset F of A such that F = F U {p} and |F| < a. Since F is
not closed in X, there exists a transfinite sequence S C F with |S| < &
which converges to some point z outside F'. By the almost closedness of
F, the point z must be equal to p. Therefore X is s-radial. O

Corollary 3.5. For any AP space X, k-radiality and k-pseudoradiality
are equivalent. Hence pr(X) = r(X).

We introduce a definition which is an extension of sequential com-
pactness: a space X is called k-sequentially compact if every transfinite
sequence has a convergent transfinite subsequence with length < k.

Theorem 3.6. Every countably compact x-WAP space is k-sequentially
compact.
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Proof. Let X be a countably compact x-WAP space and let f: o —
X be a one-to-one transfinite sequence in X for each @ > k. By the
countable compactness of X, we can find a cluster point p of f(«).
Since A = f(a) \ {p} is not closed in X and X is k-WAP, there exist
a subset B C A and ¢ € X \ A such that B = BU {q} and |B| < k.
Choose a minimal family of open sets {Us : 3 < £} in the subspace B
with (s, Up = {q}. Then we have

ﬂUW\{q}#Q for all 8 < k.

v<B

Now, we take a point pg € ﬂ7</3 U, \{q}. Since B is countably compact,
the transfinite sequence {pg : B < K} converges to gq. By construction,
this sequence is a subsequence of f. Therefore X is k-sequentially com-
pact. ]

Remark 3.7. V. V. Tkachuk and I. V. Yaschenko ([6]) have proved
that every countably compact AP space is Fréchet-Urysohn. This state-
ment can be expressed in our terminology as “every countably compact
k-AP space is Ng-radial”. This means that the number ap(X) does not
affect the number (X)) in the class of countably compact spaces.

We omit the proof of Theorem 3.8 below because it can be shown by
a similar way with Theorem 2.9.

Theorem 3.8. Let X be a radial space with k-pseudoradial. Then
X is k-radial. In other words, r(X) = pr(X) for any radial space X.

By summarizing the above results, we obtain some implications as
in Diagram 2. Notice that, for any infinite cardinal , x-radial and «-
pseudoradial are equivalent properties when a space is radial by Theorem
3.8.

Fréchet-Urysohn <— No-radial — k-radial — k-AP
sequential <«— Ng-pseudoradial — k-pseudoradial — x-WAP
Diagram 2. k is an infinite cardinal

Finally, we conclude this section by introducing some examples.

Recall that cf(k) is the cofinality of a cardinal k. The following
example explains the existence of a Hausdorff space X with r(X) = &
for any infinite cardinal x with cf(k) = k.
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Example 3.9. For any infinite cardinal « with cf(k) = &, let D be
any set with |D| = k and fix p ¢ D. Now we topologize X = DU {p} as
follows:

(i) every point of D is isolated; and

(i) if p € U C X, then U is open if and only if | X \ U| < k.

Then one can easily see that X is a Hausdorff space with ¢(X) = &.
We now show that 7(X) = . Since every subset F' of X with |F| < &
is closed in X, it is enough to show that X is k-radial. Let A be a
non-closed subset of X. Then |A| = x and p € A\ A. We enumerate
A = {zq : @ < k}. Let U be an open neighbourhood of p. Then
|X \U| < k. Since cf(k) = k and |A\ U| < k, we can choose § < k such
that if & > 3, then z, € ANU. Therefore X is x-radial. O

Example 3.10. For an infinite cardinal £ with cf(k) = &, let X =
(k x k) Uk U{z} be the space with a base defined by

(i) each point of k X k is isolated;

(ii) a basic open neighbourhood of § € k is the form of

V,(8) = {ByUf<a.B>: a2~} and

(iii) a basic open neighbourhood of z is the form of

Ws(z) = {z} U J{Va(B)\ Fs : B> 6},

where € k and Fj is a subset of V() such that |Fp| < k.
Then X is Hausdorff. And one can easily show that pr(X) = k. Let
A = Kk x K. Since, for each subset F of A with z € F, |x N F| = k, there
is no subset F of A such that ' = F U {z}. Therefore X is not x-AP
and hence X is not x-radial. O
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