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NEWTON’S METHOD FOR SOLVING A QUADRATIC
MATRIX EQUATION WITH SPECIAL COEFFICIENT
MATRICES

SANG-HYUP SEO, JONG-HYUN SEO AND HYUN-MIN Kimb*

Abstract. We consider the iterative solution of a quadratic matrix
equation with special coefficient matrices which arises in the quasi-
birth and death problem. In this paper, we show that the elemen-
twise minimal positive solvent of the quadratic matrix equations
can be obtained using Newton’s method if there exists a positive
solvent and the convergence rate of the Newton iteration is qua-
dratic if the Fréchet derivative at the elementwise minimal positive
solvent is nonsingular. Although the Fréchet derivative is singular,
the convergence rate is at least linear. Numerical experiments of
the convergence rate are given.

1. Introduction

We consider a quadratic matrix equation defined by
(1.1) Q(X)=AX*+BX +C=0,

where the coefficient matrices A, B and C' are real n x n matrices. Then,
the unknown matrix X must be an n x n matrix. In this paper, we
study the quadratic matrix equation (1.1) for A and C' are nonnegative
matrices and —B is a nonsingular M-matrix.

Definition 1.1. [3], [17, p. 42] Let a matrix A € R"*". A is an
Z-matriz if all its off-diagonal elements are nonpositive.
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It is clear that any Z-matrix A can be written as sI — B with B >0
and s € R. Then M-matrix can be defined as follows.

Definition 1.2. [3, p. 580] A matrix A € R™*" is an M -matriz if
A = rI — B for some nonnegative matrix B with r > p(B) where p is the
spectral radius; it is a singular M-matrix if r = p(B) and a nonsingular
M-matrix if r > p(B).

Definition 1.3. A positive solvent S; of the matrix equation Q(X) =
0 is an elementwise minimal positive solvent and a positive solvent Sy of

Q(X) = 0 is an elementwise mazimal positive solvent if, for any positive
solvent S of Q(X),

(1.2) 5, <8 <8,.

Similarly, if nonnegative solvents S; and S satisfy (1.2) for any non-
negative solvent S, S7 is called an elementwise minimal nonnegative
solvent and S9 is called an elementwise mazrimal nonnegative solvent.

Nonlinear matrix equations like (1.1) often occur in some stochastic
problems such as quasi-birth-and-death (QBD) processes. For example,
let a matrix P be defined by

By Bi 0 0 ]
Ay A A 0
(1.3) P=10 A, A 4
0 0 A A

where A_1, Ag, A1, By and By are n X n nonnegative matrices such that
A1+ Ao+ A1 and By + Bi are stochastic. Then, P is a transition matrix
of QBD processes. The purpose of QBD processes with a transition
matrix P is to find the stationary probability vector m of P. If we have
the minimal nonnegative solvent Ry, of

(14) X :XQA_l +XAO+A1
and the minimal nonnegative solvent G, of
(15) X = A,1 + A()X + A1X2,

then we can obtain the vector . For details, see [1, 7, 13].
The equations (1.4) and (1.5) are applications of (1.1). (1.5) is equiv-
alent to
A X2+ (Ag—T)X+A1=0
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and (1.4) is equivalent to

AL Y2+ (AL - 1,)Y + AT = 0.
In this case, A_1, Ay are nonnegative matrices and I, — Ag is a nonsin-
gular M-matrix. So, the purpose of this paper is to find the minimal

solvent of (1.1) with Newton’s method and convergence rate of Newton
iteration.

2. Positivity of matrices

Definition 2.1. [8, Definition 6.2.21, 6.2.22] Let A € R"*". If there
exists a permutation matrix P € R™ ™ such that

A A

A is called reducible. If A is not reducible, it is called irreducible.

(2.1) PTAP = [ ] where A17 and Ago are square matrix,

Nonnegative irreducible matrices have similar properties of positive
matrices. For example, Perron’s Theorem [8, Theorem 8.2.11] and Perron-
Frobenius Theorem [8, Theorem 8.4.4] show similar results of positive
matrices and nonnegative irreducible matrices.

Let A be a nonnegative irreducible matrix. Then, A1, is a positive
matrix where 1,, is the n-column vector with all elements equal to 1. It
yields that Al,x, and 1,x,A are positive matrices where 1,,«, is the
n X n matrix with all entries equal to 1. Furthermore, AB and BA are
positive matrices for a positive matrix B € R™*",

Lemma 2.2. [2, Corollary 52| Let positive integers m, n, p, and q
be given and let A € R™*"™ and B € RP*4. Then, B ® A is always
permutation equivalent to A® B. Whenm =n andp = q, BQ A is
always permutation similar to A ® B.

From Definition 2.1 and Lemma 2.2, A ® B and B ® A are both
irreducible or not for square matrices A and B.

Theorem 2.3. Let B € R™ ™ be a positive matrix. Then, A =
la;j] € R™™™ js irreducible if and only if A® B and B® A are irreducible.

Proof. Tt is sufficient to show that A € R™*" is reducible if and
only if A ® B is reducible. By Definition 2.1, we use only permutation
matrices to know whether a matrix is reducible or not. So, without
loss of generality, the positive matrix B can be replaced by the positive
matrix 1,,xm-
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Suppose that A € R™*™ is reducible. Then, there exists a permuta-
tion matrix P € R™ " such that

Bi1 B
T _ 11 12
prap - [By B

where Bi; and By are p X p and ¢ X ¢ square matrices, respectively.
A ® 1, xm is expressed by

Ay A e Ay e e a
Aoy Az -+ Aoy " "
AQLpmxm = | . o . | where A;; = 1| : . 1| eR™"
Anl An2 te Ann Gig ot g
Consider P = P ® I,;,. Then,
T A A
P (AR 1pxm) P = [ 0 A22:|

where O is a mq X mp zero matrix and Aq; and Ags are mp X mp and
mgq X mq square matrices, respectively. So, A ® 1,,,xm is reducible.
Therefore, A ® B is reducible and B ® A is reducible by Lemma 2.2.
Conversely, suppose that A ® 1,,xm is reducible. Then, there exists
a permutation matrix P € R™"*™" guch that

A Az
O Axp

where O is a ¢/ X p/ zero matrix and Ay; and Ajs are p’ X p’ and ¢’ x ¢/
square matrices, respectively.

Put p =7'/m and ¢ = ¢'/m. Then, g+ p = n because m(p+q) = mp+
mq =p 4+ ¢ = mn. Since O € R™*™P_ there exist J = {i1,42, - ,ix}
and J = {Jj1,j2, - ,Ji} such that

PLA® Lysm)P = {

a;;=0ifie€Jand j€J

where ¢ < k <mgqgand p <l <mp. If INF = ¢, then A has a ¢ X p zero
submatrix which does not contain diagonal entries of A where ¢+p = n.

Suppose that T NJ # ¢ and i/ € INJ. If kK = ¢, then A has at
most ¢ zeros in a column and A ® 1,,x,, has at most mgq zeros in a
column. Thus, O has m ay ;. It means that O contains a diagonal
entry of A® 1,,xm. It’s a contradiction. Therefore, k > ¢+ 1. Similarly,
[l >p+1. So, A has a g x p zero submatrix which does not contain
diagonal entries of A where ¢ + p = n. Therefore, A is reducible. O

Now, we see the properties of M-matrices.
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Theorem 2.4. [3, Theorem 2.1], [14, Theorem 2.1] For a Z-matrix
A, the following are equivalent:

1) A is a nonsingular M-matrix.

2) A~! is nonnegative.

3) Av > 0 for some vector v > 0.

4) All eigenvalues of A have positive real parts.

Theorem 2.5. [3, Lemma 2.2|, [5, Theorem 7.4] Let A € R™*™ be
a nonsingular M-matrix.

1) Av > 0 implies v > 0.

2) If B is a Z-matrix and B > A, then B is also a M-matrix.

Using 1) in Theorem 2.5, we can yield the following theorem.

Theorem 2.6. Let A € R™ "™ be a nonsingular M-matrix and v €
R™. Then, Av > 0 implies v > 0.

Proof. Let A = [a;;], v = [v1,v2,- -+ ,v,]T and Av > 0, then 2.5 1),
v > 0. Now, suppose that v > 0 and there exists ¢ such that v; = 0.

Then
n i—1 n
(AU)Z' = Zaijvj = Zaijvj + Z Q;i;jVj
j=1 j=1 j=i+1
Since for all i € {1,2,---,n}, v; is nonnegative and off-diagonal entries
of A are nonpositive, (Av); < 0. It contradicts to the fact that Av > 0.
Therefore, v > 0. ]

Theorem 2.7. [8, Corollary 5.6.10] Let A € R™ ™ and ¢ > 0 be
given. There is a matrix norm || - || such that p(A) < ||A| < p(A) +e.

Theorem 2.8. [8, Corollary 5.6.16] A matrix A € R"*" is nonsin-
gular if there is a matrix norm || - || such that ||I, — A| < 1. If this

condition is satisfied,
o

AT =3 (1 - A

k=0

Theorem 2.9. [8, Theorem 6.2.23] A matrix A € R"*" is irreducible
if and only if
(I + |A)" " >0,
where |A| = [|a;;l].

From the three previous theorems, we obtain the next result.

Theorem 2.10. Let A = rl, — B € R™"™ be a nonsingular irre-
ducible M-matrix. Then, A~' is positive.
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Proof. Since A is a nonsingular irreducible M-matrix, B is a nonneg-

1

ative irreducible matrix and r > p(B). Put C' = —B. Then, C is also
r

1-p(C)

nonnegative irreducible matrix and p(C) < 1. Putting e = ———=,

there is a matrix norm ||-|| on R™*™ such that p(C) < ||C|| < p(C)+e < 1
by Theorem 2.7. Since there is a matrix norm || - || such that ||C]| < 1,

-1 _ ch
k=0

by Theorem 2.8.
A=Y =(rl,-B)™!
1
= (I, —C) !
(I, - 0)

100
=) ¢*

where C° = I,,. By Theorem 2.9,

(In nzo < )CZ>0.

)

[y

n—1
So, Z C* > 0, also. Therefore,
k=0

i
L

—_

\3
M
?r
vV
[a)
O

_1°°
P22y

b
Il
o

3. Convergence of Newton’s Method

The Fréchet derivative of the quadratic matrix equation (1.1) at X
in the direction H is given by
(3.1) Qx(H)=AHX + (AX + B)H.

The second Fréchet derivative of the quadratic matrix equation (1.1) at
X is given by

(3.2) QY (K,H) = A(KH + HK).
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For the equation (1.1), each step of Newton iteration can be simplified

AHX; + (AX; + B)H; = —Q(X,), .
(3.3) iXi+ + B)H; QXi) i=1,2,---.
Xit1 =X, + H;,

Also supposing that Q'Xi is nonsingular, the Newton iteration (3.3)
can be rewritten as

Xiv1 =X, — (Q%,) QX))
which is equivalent to
(3.4) AX;i 1 Xi+ (AX; + B) X1 = AX? - C

The general approach for solving (3.4) is to solve the n? x n? linear
system derived by vec function and Kronecker product [11, 15] such as

Dx,vec(H) = vec(—Q(X;))
where
(3.5) Dx=[(X"®A+I®AX)+1® B)].

Clearly from Definition 1.2, if —B is an M-matrix, then so is —I ® B.
For convinence we write

(3.6) —Dx=-1®B—- (X"®A+1®AX) =rl,2 — N(X)
where N(X) =Ty + XT @ A+ 1 AX.

In this paper, we use the Frobenius norm || - ||r for matrices. For
convenience, the notation || - || is used instead of || - || and we define
No =NuU{0}.

Theorem 3.1. Let A in the quadratic matrix equation (1.1) be a
nonnegative irreducible matrix, and C' in (1.1) be a nonnegative matrix,
and let —B in (1.1) be a nonsingular M-matrix. If there is a positive
matrix Y such that Q(Y') <0, then for the Newton iteration (3.3) with
Xo = 0, the sequence {X;} is well defined, Xy < X; < X9 < ---, and
converges to the elementwise nonnegative solvent S. Furthermore

~Dx, = [(X] ® A+ I, ® AX;) + I, ® B)]
is a nonsingular M-matrix at each iterate X; and —Dg is an M-matrix.

Proof. The proof is by mathematical induction. Let Y be any positive
matrix such that

(3.7) Q(Y)=AY?+BY +C <0.
By Theorem 2.4, (-B)™! > 0. X; = —B~1C > 0. So, the statements
(38) X < Xk+1, X <Y,
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and
(3.9) —Dx, is a nonsingular M-matrix

are true for k = 0.
We now suppose that (3.8) and (3.9) are true for k =i € Ny.
From (3.4) and (3.7), we obtain that

AY — Xi)Xs + (AX; + B)(Y — Xiq1)
(3.10) < AYX,; + AX;Y — AX? — AY?
=AY - X;)? <0.

By Theorem 2.6, we obtain that vec(Y — X;41) > 0, i.e., X;31 < Y.
From that X;;1 <Y and X; < X;11, we get the inequation

AY = Xi1) Xi1 + (AXip1 + B)(Y — Xip1)
< —AY? + AYXH_l + AXZ‘_HY — AXi2+1
—AXZ, + AXi 0 Xi + AXi X — AX?
= —A(Y — Xz‘+1)2 — A(Xi-i-l — Xi)2 < 0.

(3.11)

Applying the Vec operator to (3.11), we get

vee (—[A(Y = Xip1) Xip1 + (AXip1 + B)(Y — X))
= —[X1, ® A+ I, ® (AX;41 + B)]vec(Y — Xiy1)

= —’DXHIVGC(Y — Xi—f—l) > 0.
Since —Dx,,, is a Z-matrix, (3.9) is true for k =i + 1 by Theorem 2.4.
By (3.4), we have
(3.12)

A(Xiv2 — Xit1) Xip1 + (AXip1 + B)(Xit2 — Xiy1)
= AX; 9 Xip1 — AX2 | + AXi1 Xipo + BX; 19 — AXZ — BXip
= —A(Xiy1 — X:)2<0

It shows that —Dx

Xito > Xiqq.
Since the Newton sequence {X;} is monotone increasing and bounded

above, it has a limit, lim X; = S [12]. Therefore, {X;} converges to a

1—00
nonnegative solvent S. O

vec(Xiy2 — Xiy1) > 0. By Theorem 2.5, we obtain

141

Lemma 3.2. Let A, B and C' in the quadratic matrix equation (1.1)
have same conditions in Theorem 3.1. If there is a nonnegative matrix
Y such that Q(Y') < 0, the sequence {X;} is well defined for the Newton
iteration (3.3) and satisfies Xg < X7 < X < --- with Xo =0, and — Dy,
is a nonsingular M-matrix for i € Ny, then the sequence converges to
the elementwise minimal nonnegative solvent S.
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Proof. At first, we will prove that
(3.13) Xy <Y

is true for k£ € Ny by mathematical induction. Let Y be any nonnegative
matrix such that

(3.14) Q(Y)=AY?*+ BY +C <0.

Obviously, the statement (3.13) is true for £ = 0.

We now suppose that (3.13) is true for k¥ = ¢ € Ny. Like (3.10), we
get that

AY — Xi11)Xs + (AX; + B)(Y — Xi11)
< —AY - X;)?<0.

By Theorem 2.5, vec(Y — X;41) >0, ie., X;41 <Y.

Since the Newton sequence {X } is monotone increasing and bounded
above, it has a limit, hm X; = S. From the fact that X; > 0 and

X, <Y for all k € No, we get 0 < § < Y. Since we can take for Y
any nonnegative solvent, it follows that S is the elementwise minimal
nonnegative solvent. O

By Theorem 3.1 and Lemma 3.2, we get the next result.

Corollary 3.3. For the quadratic matrix equation (1.1) that has
same conditions in Theorem 3.1, the Newton sequence {X;} with Xo = 0
converges to the elementwise minimal nonnegative solvent S.

Now, we will give an assumption to (1.1).

Assumption 3.4. For the quadratic matrix (1.1)
I) The coefficient matrices A and C are nonnegative and irreducible.
II) —B = r1—1Ty is a nonsingular irreducible M -matrix where Ty > 0.

Applying Assumption 3.4 to Theorem 3.1, we obtain the next results.

Corollary 3.5. Suppose the quadratic matrix equation satisfies As-
sumption 3.4. If there is a positive matrix Y such that Q(Y) < 0, then
for the Newton iteration (3.3) with X = 0, the sequence {X;} is well de-
fined, Xg < X1 < X9 < ---, and converges to the elementwise minimal
positive solvent S. Furthermore

—Dx, =— [(X] @ A+ I, ® AX;) + I, © B)]

is a nonsingular irreducible M -matrix at each iterate X; except Xy, and
—Dg is an irreducible M-matrix.
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Proof. Since C' is a nonnegative matrix and —B is a nonsingular M-
matrix, —Dx, is a nonsingular M-matrix for all ¢ € Ny and —Dg is an
M-matrix by Theorem 3.1.

We need to show that X; < X, for all i € Ny and —Dx, and —Dg
are irreducible for all ¢ € N. We use the mathematical induction.

Since X1 = —B~'C > 0 = X, the statement

(3.15) Xir1 > Xy

is true for k = 0.
Now, suppose that (3.15) is true for k = i. From (3.12) and A(X;4+1—
X;)? > 0, we obtain

—DXZ.JAVEC(XH_Q — Xi+1) > 0.

Since —Dx;, .,
Theorem 2.6.

Since X}, is positive for all £ € N and S is positive, Xg ® A and
ST ® A are irreducible by Theorem 2.3. Therefore, —Dy, and —Dg
are irreducible because the off-diagonal entries of I, ® (AXy + B) and
I, ® (AS + B) are nonnegative.

Finally, from the fact that X; > 0 and X <Y for all £ € Ny, we get
0 < S <Y. Since we can take for Y any positive solvent, it follows that
S is the elementwise minimal positive solvent. O

is a nonsingular M-matrix, (3.15) is true for k =i+ 1 by

Theorem 3.6. If the matrix —Dg in Theorem 3.1 is a nonsingular
M -matrix, then for Xy = 0, the Newton sequence {X;} converges to S
quadratically.

Proof. By the hypothesis, the Fréchet derivative Q' is an invertible
map. Since the sequence {X;} is converges to S, there exists K € N such
that £ > K implies that || X} — S|| < € for any sufficiently small e > 0.
Therefore, by [10, Theorem 4.1.9], the sequence {X;}°, converges to
S quadratically. O

4. Convergence Rate for a Singular M-matrix —Dg

In the case of —Dg is a singular M-matrix, we will see the Newton se-
quence also converges to the solvent but linearly. If Qs is non-invertible,
then Qs has a null space N’ = Ker(Q’) and closed range M = Im(QY%).
Suppose that the direct sum N @ M = R™*", Then we can define Pps
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to be the projection onto N parallel to M and Py = I — Py. For a
nonzero matrix Ny € N, define the map By, : N' — N given by

(4.1) By (N) = PAQP (No, N).

Our main result is an application of the following theorem which estab-
lish local convergence in contrast with Theorem 3.1.

Theorem 4.1. [9, Thm.1.1] Let By, in (4.1) be invertible for some
nonzero Ny € N and let N' = span{Ny} & N7 for some subspace Nj.
Write X = X — S and let

(42)  W(p,0,n) = {X

1(Px = Po)(X)| < 0l Pa (X))l

where Py is the projection onto span{ Ny} parallel to Ny M. If X, €
W(po,0o,m0) for po,0o,no sufficiently small, then the Newton sequence
{X;} is well defined and HQ’X;1H < ¢| Xs||7! for all i > 1 and some
constant ¢ > 0. Moreover,

N 2V O SR/ VT6 S [

0 < [IX[ < p, [IPam(X)]| < O PA (X)), }

oo Xl 2T e | Par(X)2
To prove convergence rate of Newton’s method of the case that —Dg
is singular, we will show that (1.1) satisfies the conditions of Theorem
4.1. Before proving the following lemma, we use unvec operator from

R™ onto R™™ which is the inverse of the vec operator.

Lemma 4.2. Suppose the quadratic matrix equation (1.1) satisfies
Assumption 3.4. If the matrix —Dg in Theorem 3.1 is a singular M-
matrix, then 0 is a simple eigenvalue of —Dg, N & M = R™" N is
one-dimensional and the map By, is invertible for some nonzero Ny € N.

Proof. From (3.6), —Dg = rl,> — N(S) where N(S) = I, ® Ty +
ST @ A+ 1, ® AS. Since S is positive and A is irreducible, ST ® A is
irreducible by Theorem 2.3. Hence, N(S) is also irreducible. Then, by
Perron-Frobenius Theorem, [8, Theorem 8.4.4] p(N(S)) = r is a simple
eigenvalue of N(S) with a positive eigenvector. Thus, we can find n?
linearly independent vectors x1, x2, - - - x,2 such that z; > 0 and

0 O

1 .
(43) X 'DgX = [o D,

],WhereX: T1| T | | X2

and Dag is an (n?—1) x (n?—1) nonsingular matrix. By the same way, we

also have a positive vector y such that y”Dg = 0 (i.e., y € Ker (DST)).
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Now, Q'4(N) = ANS + (AS + B)N = 0 if and only if Dgvec(N) = 0.
From (4.3), Dgvec(N) = 0 if and only if vec(N) = X (a,0,--- ,0)T = ar
for some a € R, in which case we write N = aunvec(z1). Thus N =
{aunvec(zy)|a € R}. Simiarly, M = {bounvec(zz)+ - - - + by2unvec(z,2)|
by, -+ ,by2 € R}. Therefore, N is one-dimensional and R"*" = N & M.
From (3.2) and (4.1), to prove the map B is invertible, we only need to
show

Py (A(unvec(z1))?) # 0.
Since z1 > 0, we have vec(A(unvec(r1))?) > 0 and it represented by
vec (A(unvec(a:l))Q) = kix1 + koxo + - - - + k22,2

for some real numbers ki, ko, - - - , k,2. By Fundamental theorem of linear
algebra in [16] and Lemma 6.3.10 in [8], we have

yTvec (A(unvec(xl))z) = kiylz.

Furthermore, Since vec(A(unvec(z1))?), ¥, and z; are positive vectors,
yTvec(A(unvec(z1))?) > 0 and y''z1 > 0. Therefore, k; > 0 and

Pu (A(unvee(z1))?) = kyunvec(zy) > 0. O

Lemma 4.3. Let S be a solvent for the quadratic matrix equation
Q(X) = 0 in (1.1), let {X;} be a Newton sequence in (3.4) where i =
0,1,2,--- and let X; = X; — S. Then

QX)) < all Xill® + bl X ll[| Xia || + ]| Xi—a|1?
for some positive real number a, b, c.

Proof. From Taylor’s Theorem with the second derivative (3.2), we
have

(44) QX)) = Q(S) + Qs(F) + JQP (K, K1) = Q(K1) + AX?.
From (3.3) we have
AX;Xio1+ (AX;_1 + B)X; = AX} | - C,
and clearly
BS =-AS*-C.
By subtraction, we obtain

AXiXi1 + AX; 1 Xi+ B(X; - 5) = AX? |+ AS®
AX; X1 — ASX,_1 + A:Xi_lXi —AX; 15+ B)gz = A(:Xi_l — 5)2
AXZ‘Xi—l + AXi—lXi + BXl = AXZZ—]_
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Writing S = Xz'—l - Xz'—l in (44)
QX)) = AX;(X;o1—Xi1) + (A(X¢—1 ~ X, 1)+ B) X; + AX?
= AX? | —AX;X; 1 — AX;_1 X; + AX2.

Since || - || is a multiplicative matrix norm on R"*", we have required
result. O

Lemma 4.4. For any fixed 6 > 0, let
Q = {illlPm(Xi = )| > 0Par(Xi — )|}

where {X;} is a Newton sequence in Corollary 3.5. Then there exist an
integer ig and a constant ¢ > 0 such that || X; — S|| < ¢|| X;_1 — S||? for
all i in Q for i > 1.

Proof. Let X; = X; — S. Using Taylor’s Theorem with the second
derivative (3.2) and the fact that Q' (PN()NQ)) =0,
-1 . - -
(45) Q(X:) = Q(8)+Qs(Xi)+508 (X, Xi) = Qs (Pu(X) ) +AXE.

Since Qg|m : M — M is invertible, |QY (PM(Xz))H > o1 |Pm (X))l
for some constant ¢; > 0. For ¢ € Q, we have

(46) Kl < |[Pu(X)

+ HPN(XD

<07+ 1) | Pu(X)

Thus by (4.5),
1QEXI = el Paa(Xl = eal| Kill? = (ex(07 + )7 = ol il ) 1Kl
On the other hand, from Lemma 4.3, we have
QX < esll Xall® + el Ximn 1 Xl + e5]| X3 1>
From (4.6) and the fact that X; # S for any i, we have

| Xi—1])?

a0+ 1) = ol Xil| < el Xill + eall Xioa || + ST
[

Sipce X'Z- converges to 0 by Theorem 3.1, we can find an iy such that
||X1H S CHX,L',1||2 for all 4 2 io. O

Corollary 4.5. Assume that, for given 6 > 0, |[Ppm(X; — S)|| >
0||Pn(X; — S)|| for all i large enough. Then X; — S quadratically.
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In the case of QY is singular practically the Newton sequence con-
verges linearly, according to the corollary we conclude that the error will
generally be dominated by its N component[4]. From Lemma 4.2 and
4.4 we have following main theorem.

Theorem 4.6. If Dg is a singular M-matrix and the convergence
of the Newton sequence {X;} in Corollary 3.5 is not quadratic, then
HQ’Xi_lﬂ < || X;—S||7! for alli > 1 and some constant ¢ > 0. Moreover,

Ronll 1 IPaE

i = ) . =
oo [IXll 2 i [Par(X0)]1?

5. Numerical Experiments

In this paper, the tolerance of the Newton algorithm is n x 10716 and
we will stop the iteration if |Q(Xis1)|| /(IAN | Xor1 [P+ Bl Xisa I+ C1)
is less than tolerance.

Example 5.1. Consider the matrix equation (1.1) for a QBD process.
We construct n x n matrices

(5.1) A=W, B=W —1I,, and C =W +éI,
where /s
1—0
W— m(lnxn_ln)

for 0 < 0 < 1. Then, (3W + 6I,)1,, = 1,,. Note that as § approaches
zero, the problem becomes more unstable [6][12]. The matrices A, B
and C' satisfy the Assumption 3.4. So, the problem has the elementwise
minimal positive solvent S if it exists. The result is obtained with ma-
trices A, B and C in (5.1) of size n = 8 and n = 16 with from § = 107!
to § = 10716,

The results of Figures 5.1, 5.2 and Table 5.1 show that the Newton
sequence of the problem converges to a solvent linearly as § approaches
to zero whatever n is. In fact, in the case of § = 10~!, the minimal
eigenvalues of —Dg are about 0.31623 in both cases n = 8 and n =
16. But, in the case of 6 = 10716, the minimal eigenvalues of —Dg
are about 4.0916 x 1078 and 8.0053 x 10~® when n = 8 and n = 16,
respectively. Then, we can see that the convergence rate of Newton
sequence approaches linear if § approaches to zero because —Dg becomes
nearly singular.
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§ n=3~8 n =16 § n=2~8 n =16
10~ T || 3.1623e—001 | 3.1623e—001 || 1077 || 3.1623e—005 | 3.1623e—005
1072 || 1.0000e—001 | 1.0000e—001 || 10~1° || 1.0000e—005 | 1.0000e—005
1073 || 3.1623e—002 | 3.1623e—002 || 10~ || 3.1626e—006 | 3.1626e—006
10~% || 1.0000e—002 | 1.0000e—002 || 1072 || 9.9996e—007 | 1.0037e—006
107° || 3.1623e—003 | 3.1623e—003 || 10713 || 3.1628e—007 | 3.2818e—007
1076 || 1.0000e—003 | 1.0000e—003 || 10~ || 1.0125e¢—007 | 1.1738e—007
1077 || 3.1623e—004 | 3.1623e—004 || 1071° || 4.8129e—008 | 8.3301e—008
1073 || 1.0000e—004 | 1.0000e—004 || 10716 || 4.0916e—008 | 8.0053e—008
TABLE 5.1. The smallest eigenvalues of —Dg
0 log(||X; =S|I/ [ISI])
10 ‘ ;
- ©-§=10"1
- St 1
107 L S U
-9 -§=10"°
Y N S
10 —A-5=10"%
— A —§=10"°
" - A -§=10"1
107 e, -V -5=10"1
& AR -V -5=10"12
\ AN v\ 9 *Y’g:%gji
-8 L LA A v v oo=
10 \\ O \ \ v % S g Z %8:2
| \ \
10710 | | \ \ A o
| \ o)
10712 | é)
10 : : : :
0 5 10 15 20 25

Iteration Number

FIGURE 5.1. The convergence rate in Example 5.1 where

n==~§
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[1]
2]

3]

log(||X: =S|I/ ISI)
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Fi1GURE 5.2. The convergence rate in Example 5.1 where
n = 16
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