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CLASSIFICATION OF GENERALIZED PAPER
FOLDING SEQUENCES

JUNGHEE YUN, JUNHWI LiM, AND NAHMWOO HAHM*

Abstract. Generalized paper folding sequences X, and (X,Y,)"
where X, Y € {R,L,U, D}, and n,p,q € N with p,q > 2 are clas-
sified in this paper. We show that all generalized paper folding
sequences X, are classified into one type if we classify generalized
paper folding sequences along with the numbers of downwards and
upwards. In addition, we investigate the numbers of downwards
and upwards in (X,Y;)™ and prove that all generalized paper fold-
ing sequences (X,Yy)" are classified into two types.

1. Introduction and Preliminaries

Recently, paper folding sequences have been investigated extensively
by many researchers|1-8]. Davis and Knuth [4] introduced a paper fold-
ing sequence and they used 0 for a crease that makes the paper upward
and 1 for a crease that makes the paper downward. Bates, Bunder and
Tognetti [2] investigated the structure of mirroring and interleaving in
the paper folding sequence and Bercoff [3] showed the effective construc-
tion of 2-uniform tag systems related to paper folding sequences. Lee,
Kim and Choi [7] explained the trace of generalized paper folding se-
quences using (0, 1) codes and (0, 1) matrices but they didn’t obtain the
exact numbers of upwards and downwards of generalized paper folding
sequences.

In this paper, we adapt the notations in [8]. We use R when we fold a
sheet of paper left over right, I when we fold a sheet of paper right over
left, U when we fold a sheet of paper bottom over top and D when we
fold a sheet of paper top over bottom. When we fold a sheet of paper
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left over right and rotate it 180° counterclockwise, the creases are the
same as those of the paper folding right over left.

Let p,q,n € N with p,q > 2. If we fold a sheet of paper in p, left over
right, n times, we get a generalized paper folding sequence and denote
it by R;. We define Ly, Uj' and D)) similarly.

If we fold a sheet of paper in p left over right and then fold the result in
q left over right, we get a paper folding sequence and denote it by R,R,.
If we iterate R,R, process n times, then we get a generalized paper
folding sequence and denote it by (R,R4)". Generalized paper folding
sequences (X,Y;)" where X,Y € {R, L,U, D} are defined similarly.
The letters X and Y may be different at different occurrences.

Example 1.1. Some examples of generalized paper folding sequences
are given as follows :

(1) (RaLs)®> : (0001100011100001110011110001110

0111)
0 1 1
0 1 0 1
0 1 1
0 1 0 1
0 1 1
0 0 1 1
1 1 0
1 0 1 0
(2) (RoUs)?: 1 1 0
1 0 1 0
1 1 0
0 0 1 1
0 1 1
0 1 0 1
0 1 1
0 1 0 1
0 1 1

For a paper folding sequence X, we define X ¢ the paper folding sequence
obtained by reversing the order and swapping 0s and 1s in X.

We define |X|o, | X |1 and |X| the number of all 0s in X, all 1s in X and
the number of all Os and 1s in X, respectively. Lemma 1.2 (see [8]) is
obtained by the definitions of | X|,|X]|o, | X |1 and X¢.
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Lemma 1.2. Let X be a paper folding sequence. Then we have
(1) |X] = |X]o + [ X]s.

(2) [ X lo = [ X1
(3) [ Xl = [Xo-
(4) [ X = |X].

For the classification of generalized paper folding sequences, we define
the following.

Definition 1.3. Let X and Y be paper folding sequences. If | X |y =
|Y|op and | X|; = |Y|1, then we say that X and Y are the same type and
denote it by X =Y.

For generalized paper folding sequences X" where X € {R,L,U, D},
we can easily classify them.

Theorem 1.4. Let p,n € N with p > 2. Then

(1.1) Ry=Uy =L, =D,.

Proof. If R} is rotated 90°,180° and 270° counterclockwise, we obtain

Uy, L, and Dy, respectively. This implies that the numbers of Os and
Isin R}, Uy, Ly and Dy are the same. Thus Ry =Uy = Ly =D, [

Theorem 1.4 implies that Ry, Uy, Ly and Dy are classified into one
type.

2. Classification of (X,Y,)" where X,Y € {R,L,U,D}

Let p,q,n € N with p,q > 2 and let X, Y € {R, L,U, D}. Then there
are 16 generalized paper folding sequences (X,Y;)" as follows :
(RpRq)", (RpLq)", (RpUq)", (RpDg)",
(2.1) (LpRg)", (LpLq)", (LpUq)", (LpDg)",
(UpRq)"™, (UpLq)", (UpUg)", (UpDg)",
(DpRy)", (DpLq)™, (DpUq)", (DpDg)".
First, we show that these 16 generalized paper folding sequences are
classified into four types.
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Theorem 2.1. Let p,q,n € N with p,q > 2. Then

(1) (BpRg)" = (UplUg)" = (LpLg)™ = (DpDy)".
(2) (RpLg)" = (UpDq)" = (LpRy)" = (DpUg)"
(3) (RpUg)" = (U Lg)" = (LpDg)" = (DpRy)"
(4) (RpDg)" = (UpRy)" = (LpUy)"™ = (DpLg)™.

Proof. If (R,R,)" is rotated 90°,180° and 270° counterclockwise, we
obtain (Up,U,)", (LpLq)"™ and (D,Dy)", respectively. Since a rotation of
a paper folding sequence doesn’t change the numbers of 0s and 1s, we
have (R,Ry)" = (UpUy)" = (LpLy)™ = (DpDg)". Thus we prove (1).
The proofs of (2), (3) and (4) are same as those of (1). O

The next theorem is a modification of Theorem 2.1 in [8]. Note that
there are p — 1 1s in R,,, and all 1s in R, are not divided at all in 2, X
if X is a paper folding sequence related only to R or L. Thus we have
the following theorem.

Theorem 2.2. If X is a paper folding sequence related only to R or
L, then

0o Ry (X1X1X°1X1---1X°1X) ifpiseven
(2:2) PRI (X1XC1X1XC1---1X1X) ifpis odd,
and

53 I x (X1X°1X1X°1---1X1X°) ifpiseven
(23) P2 (X 1XC1X1XC1---1X°1X)  ifpis odd.

In (2.2) and (2.3), X and X appear & times and £ times, respectively,
when p is even. In addition, X and X¢ appear % times and % times,
respectively, when p is odd.

From Theorem 2.2, we get the following result.

Lemma 2.3. If X and Y are paper folding sequences related only to
R or L, we have
(2.4) R, X =L,X
and

(2.5) R, X=R)Y if X =Y.
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Proof. By Theorem 2.2, we have
(2.6) Ry X =(X1X°--- X°1X)=L,X

when p is odd. Since X and X¢ appear % times and % times, respec-
tively, and 1 appears p—1 times in R, X and L, X, we have R, X = L, X
when p is odd. In addition,

(2.7) R, X=(X°1X---X°1X) and L)X =(X1X°--- X1X°)

when p is even. Since X and X¢ appear g times and g times, respectively,
1 appears p — 1 times in R, X and L, X, we have R, X = L,X when p is
even. Thus we prove (2.4).
Assume that X =Y. Then | X|o = |Y|o and | X |1 = |Y]:.
If p is even, we get

IRy X|p = [X1X---X°1X]p
[ X o + [1o + [Xo+ -+ |X o + Lo + | X]o

= [X[1+ (Lo + [Xo+ -+ [X[1 + [Lo + [X]o

(2.8) = [Yli+[o+[Yio+ -+ Y1+ Lo+ [Y]o
Y0 + Lo+ Yo+ -+ [Ylo + [Lo + [Y]o
Y°1Y --- Y°1Y
’RPY‘07

and

|RpX|1 = |X1X - - X°1X|;
X+ 1+ X+ [ X+ 1+ | X
[ XTo + 11 + [X[1 + -+ [X[o + 11 + [X]1
(2.9) = [Ylo+ [+ Y1+ +[Y]o+ 1)1 + Y]
Y+ M+ Y+ + Y+ [T+ Y
— Y°1Y - Ye1Y],
— R,Y]\.

By (2.8) and (2.9), we have R, X = R,Y when p is even.
Similarly, we get R,X = R,Y when p is odd. Thus we prove (2.5). [

As a result of Lemma 2.3, we have
(2.10) R, X =LY if X =Y,

where X and Y are paper folding sequences related only to R or L.
From Lemma 2.3, we obtain the following result.
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Theorem 2.4. Let p,q,n € N with p,q > 2. Then
(2.11) (RpRq)" = (RpLqg)"

Proof. We use the mathematical induction.
When n =1, RyR, = R,L, by (2.5) since Ry = L.
Assume that (RyRq)" = (R,Ly)" for n = k.
We set Z = (R,R,)* and W = (R,L,)*. By the induction hypothesis,
we have Z = W. Hence we get R,Z = L,W by (2.10) since Z and W
are paper folding sequences related only to R or L. Thus
(2.12) R,(RyZ) = Ry(LW)
by (2.5). Since (R,Ry) ™! = R,(R,Z) and (R,Ly)**! = R,(L,W), we
have, by (2.12),
(2.13) (RyRy)*! = (R, L,k

Therefore (R,Rq)" = (RpLy)" for all n € N. O
By Theorem 2.1 and Theorem 2.4, we obtain the following.

Theorem 2.5. Let p,q,n € N with p,q > 2. Then
(2.14) (BpRg)" = (UpUy)" = (LpLg)" = (DpDg)"
= (RpLg)" = (UpDg)" = (LpRg)" = (DpUy)".

Let p € N with p > 2. If X is a paper folding sequence related only
to R or L, then each 1 in R, is not divided by X in R,X. But, if Y is
a paper folding sequence including U or D, each 1 in R, is divided into
some 1s in R,Y and so we denote it by 1y. Then |1y|; > 1 = |1]; and
|1y]o = 0 = |1]o. Now we obtain the following result from Theorem 2.2.

Theorem 2.6. Let p € N with p > 2.
(1) If X is a paper folding sequence related only to R or L, then
(X°1X1X°1X ---1X°1X) ifpiseven

2.15 R,X =
(2.15) P {(XlXchlXc‘--lXch) if p is odd.

(2) I Y is a paper folding sequence including U or D, then

(Yly Y1y Y1y Y --- 1y Y1y Y) ifp is even

2.1 Y =
(216) R, {(Ylchllech-“1YY61YY) if p is odd.
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Note that 1 of 1y in (2.16) is a downward in R,. We need to prove
the following lemmas in order to obtain the conclusion. The proof of
Lemma 2.7 is similar to that of Lemma 2.3.

Lemma 2.7. Let p € N with p > 2 and let X be a paper folding
sequence including U or D. Then we have

(2.17) R, X = L,X.
Proof. Note that

(2.18) RyX =(X1xX® - X°1x X) =L,X

1

when p is odd. Since X and X¢ appear % times and p% times, respec-

tively, and 1x appears p—1 times in R, X and L, X, we have R, X = L, X
when p is odd. In addition,

(2.19) RyX = (X 1xX ---1xX) and L,X = (X1x X¢ .- 1y X°)

when p is even. Since X and X appear & times and £ times, respectively,
1x appears p — 1 times in R, X and L, X, we have R,X = L, X when p
is even. Thus we prove (2.17). O

Lemma 2.8. Let p € N with p > 2 and let X and Y be paper folding
sequences including U or D. Then we have

(2.20) R, X=R)Y if X=Y and 1x = 1y,
where 1 is a downward in R,,.

Proof. By the hypothesis, we have | X|op = |Y]o, | X|1 = |Y|1, |1x]o =
[1y]o and |1x|1 = |1y|1. If p is even, we get

|RpX‘0 = | X1IxX -+ X°1x X|o
= | X0+ [1xlo + [X]o+ -+ X0+ [1x]o + [X]o
= | Xh+1xlo+|X]o+ -+ X1+ |1x]o+|X]|o
(2.21) = [Yh+lylo+ Yo+ -+ Y1+ 1ylo+|Y]o
= Y%+ ylo+[Ylo+-+ Y0+ [Iyfo+ [Y]o
— [Y°lyY - Y1y Yo
‘RPY’(%
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and
IR, X1 = [X°1xX - - X°1IxX|;
= [ X+ Ix[ + [ X[+ 4 [ X+ x|+ [ X
= | Xjo+Ixh + | X+ +[X|o+ 1x)1 + | X
(2.22) = Yo+ [yl + Y1+ + Yo+ [1y[r + Y1
= [Yh+ Iy + Y+ +|Yh + |yl + YT
— [Y°lyY - Yely Y
= |RPY’1>
By (2.21) and (2.22), we have R,X = R,Y when p is even.
Similarly, we get R, X = R,Y when p is odd. Thus we prove (2.20). O

As a result of Lemma 2.7 and Lemma 2.8, we have
(2.23) R,X=L,)Y if X=Y and 1x = 1y,

where X and Y are paper folding sequences including U or D, and 1 is
a downward in R, or L.

From Lemma 2.7, Lemma 2.8 and (2.23), we have the following.

Corollary 2.9. Let ¢ € N with ¢ > 2 and let X and Y be paper
folding sequences including R or L. Then we have

(2.24) U X=D,)Y if X=Y and 1y = 1y,

where 1 is a downward in U, or Dj,.
We prove the next theorem using Lemma 2.8 and Corollary 2.9.

Theorem 2.10. Let p,q,n € N with p,q > 2. Then
(2.25) (RpUq)"™ = (RpDyg)".

Proof. We use the mathematical induction.
When n =1, R,U; = R, D, by Lemma 2.8, since U, = Dy and 1y, = 1p,
where 1 is a downward in R,.
Assume that (R,U,)" = (R,D,)" for n = k.
We set Z = (R,U,)* and W = (R,D,)*. By the induction hypothesis,
we have Z = W. Note that 1 in U, or D, is divided by p 1s by R,
although it is not divided by another U, or D,. Thus, for any k € N,

(2.26) 11zl1 = [Lg,v, k= " = Lz, p,)cl = 1w
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and

(2.27) 11z]lo =0 = [1w]o,

and so 1z = 1y by (2.26) and (2.27) when 1 is a downward in U, or
D,. Since Z and W are paper folding sequences including R or L and
1z = 1w, we get UyZ = D,2W by Corollary 2.9. Similarly, if 1 is a
downward in R,, we have

(2.28) 1u,z11 = "' = [1p,wh and |1y,z[o = 0= [1p,wlo

and hence 1y,z = 1p,w. By Lemma 2.8, we get

(2.29) R,(UysZ) = Ry(DgW).

Since (R,U,)**! = R,(U,Z) and (R,D,)**! = R,(D,W), we have, by
(2.29),

(2.30) (RpUq)k+1 = (Rqu)k—H-

Therefore (R,Uy)" = (R,Dy)" for all n € N, O

By Lemma 2.8, Corollary 2.9 and Theorem 2.10, we obtain the fol-
lowing result.

Theorem 2.11. Let p,q,n € N with p,q > 2. Then
(2.31) (RpUq)" = (UpLg)" = (LpDg)" = (DpRy)"
= (RpDg)" = (UpRg)" = (LpUg)" = (DpLg)".

Theorem 2.5 and Theorem 2.11 show that 16 generalized paper fold-
ing sequences (X,Y,)" where X,Y € {R,L,U, D} can be classified into
two types at most. Now, we prove that 16 generalized paper folding
sequences can’t be classified into one type.

Theorem 2.12. Let p,q € N with p,q > 2. Then
(2.32) (BpRy)" # (RyUg)"
for any n € N.

Proof. We prove |[(R,R,)"| < |(R,U,)"| for all n € N by the mathe-
matical induction.
Note that |Rg| = |R,|, |Ug| = |Uy| and |Ry| = |[U,]. In addition, [1] =
1 <q=|1y,| if 1 is a downward in R,. By Theorem 2.2 and Theorem
2.6, we have

(2:33) RyR, = (RS1R,--- 1R,) and R,U, = (U1y, Uy -+~ 1y, Uy)
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if p is even, and
(2.34) RyRy = (Rg1RS -~ 1R,) and RyU, = (Uyly, US -+~ 1y, Uy)

if p is odd. Hence

[BpRq| = [Rgl+ [+ Ryl + 1[4+ [1] + [Rg| 4 [1] + [Ry]

= UG+ A+ Ul + [+ -+ A+ [Ug] + 1] + [U]

(2.35) < UG+ Mo, + |Ugl + 1o, | + -+ + U] + [1u, | + |Uq]
= ‘RpUq‘

if p is even, and

[RpRyl = |Rg| + [+ |RG| + 1] + -+ [1] + [Rg| + [1] + | Ry

= |Ug| + |1+ [Ug] + 1] + -+ + [1] + [Ug] + [1] + |U,]

(2.36) < |Ugl + [, | + US| + 1y, | + -+ |Ug| + [1u, | + U]
| RpUq|

if p is odd. Note that 1 and 1 of 1y, in (2.35) and (2.36) are downwards
in R,. Thus |R,R,| < |RpUq|.

Assume that |(R,Rq)"| < |(RpU,)"| for n = k.

We set Z = (R,R,)* and W = (R,U,)*. Then Z is a paper folding
sequence related only to R, and W is a paper folding sequence including
R and U. In addition,

(2.37) (Rqu)k+1 = Rp(Rq(Rqu)k) = Rp(RqZ)
and
(2-38) (RpUq)kH = Rp(Uq(RpUq)k) = Rp(UqW)'

By Lemma 1.2 and the induction hypothesis, we have |Z¢| = |Z| <
|W| = |W¢|. Therefore

\ReZ| = |Z°[+ [+ [Z]+ [+ -+ (1] +]|Z]
< W41+ W+ 1+ + 1]+ |[V|
(2.39) < W+ twl+ W+ Dw|+ -+ [Iw] + [W]
[UgW |

if ¢ is even, and
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|ReZ| = |Z|+ 1|+ |Z°+ 1]+ -+ [1]| +|Z]
< W+ 1]+ [We 4+ 1|+ -+ 1] + ||
(2.40) < W+ 1wl|+ W+ 1w]|+ -+ [1w]| + W]

= |UqW|

if ¢ is odd. Note that 1 in (2.39) and (2.40) is a downward in R, but 1
of 1y in (2.39) and (2.40) is a downward in Uj,.
Similarly, we have

[Ry(RgZ)| = |(RgZ)°[+ 1+ [RgZ| + 1] + -+~ + [1] + [ReZ|
< JUMW) |+ L+ [UW | + 1] + -+ + 1] + U W]
(2.41) < ’(UqW)C‘ + ‘1UqW| + ‘UqW‘ + ‘1UqW| + -+ |UqW|
|

Ry(U,W))

if p is even, and

[Bp(RoZ)| = |ReZ|+ N[+ |(RgZ)°| + [1] +--- + [1] + | Ry Z|
[UW ]+ 1]+ UV + [+ -+ 1]+ [UW]
UWI + Now| + [(UW)[ + [Mu,w| + - - + U W]
= |Rp(UqW)|

if p is odd. Note that 1 and 1 of 1y, in (2.41) and (2.42) are downwards
in R,. By (2.41) and (2.42), we have

<
(2.42) <

(2.43) |(Rqu)k+1‘ = [Rp(RqZ)| < |Rp(UW)| = |(RpUq)k+1|-
Therefore |(R,Rq)"| < |(RpUq)"| for all n € N and this implies that
(RpRy)"™ # (RpU,)™ for all n € N. O

As we mentioned before, Theorem 2.12 shows that 16 generalized
paper folding sequences (X, Y,)" where X,Y € {R, L,U, D} are classified
into two types exactly.
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