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CONDITIONAL FOURIER-FEYNMAN TRANSFORMS AND
CONVOLUTIONS OF UNBOUNDED FUNCTIONS ON A
GENERALIZED WIENER SPACE

DonG Hyun CHO

ABSTRACT. Let C[0,t] denote the function space of real-valued continu-
ous paths on [0,t]. Define X,, : C[0,] — R**! and X,,4+1 : C[0,¢] —
R™ 2 by Xp(z) = (x(to),z(t1), ..., z(tn)) and Xpi1(z) = (x(to),z(t1),
.o, x(tn), ©(tnt+1)), respectively, where 0 =tg < t1 < -+ < tn < tnt1 =
t. In the present paper, using simple formulas for the conditional expec-
tations with the conditioning functions X, and X,41, we evaluate the
Ly(1 < p < oo)-analytic conditional Fourier-Feynman transforms and the
conditional convolution products of the functions, which have the form
fr((vi,2),..., (vr,2)) ng[O,t] exp{i(v, z)}do(v) for xz € C|0, t], where {v1,
...,vr} is an orthonormal subset of L2[0,t], fr € Lp(R"), and o is the
complex Borel measure of bounded variation on L2[0,t]. We then investi-
gate the inverse conditional Fourier-Feynman transforms of the function
and prove that the analytic conditional Fourier-Feynman transforms of
the conditional convolution products for the functions can be expressed
by the products of the analytic conditional Fourier-Feynman transform
of each function.

1. Introduction and preliminaries

Let Cy[0,t] denote the Wiener space, that is, the space of real-valued con-
tinuous functions = on the closed interval [0,¢] with z(0) = 0. On the Wiener
space Cp[0, t], the concept of an analytic Fourier-Feynman transform was intro-
duced by Brue [1]. Huffman, Park and Skoug [15] developed this theory to the
Fourier-Feynman transform of functional involving multiple integrals. Further-
more, Chang and Skoug [6] examined the effects that drift has on the various
relationships that occur among the Fourier-Feynman transform, the convolu-
tion product and the first variation for various functionals on the space.
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On the space, Yeh [25] introduced the conditional Wiener integral and de-
rived several Fourier inversion formulas for retrieving the conditional Wiener
integrals when the conditioning function is real-valued. But Yeh’s inversion
formula is very complicated in its applications when the conditioning function
is vector-valued. Park and Skoug [21] derived a simple formula for conditional
Wiener integrals on Cy[0,¢] with a vector-valued conditioning function. Us-
ing the simple formula, Chang and Skoug [4, 5] introduced the concepts of
conditional Wiener integral, conditional Fourier-Feynman transform and con-
ditional convolution product on Cy[0,¢]. In those papers, they examined the
effects that drift has on the conditional Fourier-Feynman transform, the condi-
tional convolution product, and various relationships that occur between them.
Further works were produced by Chang, Kim, Skoug, Song, Yoo and the author
of [3, 13, 19]. In fact, they [3] introduced the L;-analytic conditional Fourier-
Feynman transform and the conditional convolution product over Wiener paths
in abstract Wiener space and established the relationships between the trans-
form and convolutions of certain functions similar to cylinder functions. The
author [13] extended the relationships between the conditional convolution
product and the L,(1 < p < 2)-analytic conditional Fourier-Feynman trans-
form of the functions. Moreover, on C[0, t], the space of real-valued continuous
paths on [0, t], Kim [18] extended the relationships between the conditional con-
volution product and the L, (1 < p < oo)-analytic conditional Fourier-Feynman
transform of the functions in a Banach algebra S, which corresponds to the
Cameron-Storvick’s Banach algebra S [2]. The author [9] also did the same on
the relationships between the convolution and the transform for the products of
the functions in S,,, and the bounded cylinder functions of the Fourier-Stieltjes
transforms of measures on the Borel class of R". Furthermore, he [7, 8, 10]
established several relationships between the L,-analytic conditional Fourier-
Feynman transforms and the conditional convolution products of the cylinder
functions on C[0,t]. In particular, he [7, 8] derived evaluation formulas for the
L,-analytic conditional Fourier-Feynman transforms and the conditional con-
volution products of the same cylinder functions with the conditioning func-
tions X,, : C[0,t] — R and X,41 : C[0,t] — R"*? given by X, (z) =
(x(to),z(t1),...,2(ty)) and X,11(z) = (x(to),z(t1),...,2(tn), x(tn+1)), re-
spectively, where 0 = tg < t; < -+ < t, < tp41 = t is a partition of [0,¢],
and established their relationships. Note that the transforms and the convo-
lutions given by X, are independent of the present positions of the paths in
C[0,¢t], while those given by X,,+1 wholly depend on the present positions of
the paths.

In this paper, we further develop the relationships in [7, 8, 9, 18] on a
more general space (C[0,t],w,), an analogue of the Wiener space associated
with the probability measure ¢ on the Borel class B(R) of R [16, 22, 23]. For
the conditioning functions X,, and X,,+1, we proceed to study the relation-
ships between the conditional convolution products and the analytic condi-
tional Fourier-Feynman transforms of unbounded functions on C10,¢t]. In fact,
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using simple formulas for the conditional w,-integrals given X,, and X,1,
we evaluate the Lp-analytic conditional Fourier-Feynman transforms and the
conditional convolution products for the functions of the form

(1) Fo(@nr2),. . (0r,2)) / el a)}dow

for wy-a.e. x € C[0,t], where {v1,...,v,} is an orthonormal subset of L0, 1],
fr € Lp(R"), and o is a complex Borel measure of bounded variation on L4 [0, t].
We then investigate various relationships between the conditional Fourier-
Feynman transforms and the conditional convolution products of the func-
tions given by (1). Finally, we derive the inverse conditional Fourier-Feynman
transforms of the function and show that the Lj-analytic conditional Fourier-
Feynman transform of the conditional convolution product for the functions
¥, and Uy of the form given by (1) can be expressed by the formula

2)
TP[(W1 5 Ua) gl Xn] (- 60) | X (4, o)

L R )

for a nonzero real ¢, wy-a.e. y € C[0,t] and Px,,-a.e. {n, 5n € R™*!. Thus the
analytic conditional Fourier-Feynman transform of the conditional convolution
product for the functions can be interpreted as the product of the analytic
conditional Fourier-Feynman transform of each function.

Throughout this paper, let C, C; and C7 denote the sets of complex num-
bers, complex numbers with positive real parts and nonzero complex numbers
with nonnegative real parts, respectively.

Now, we introduce the concrete form of the probability measure w, on
(C[o,t], B(C[0,t])). For a positive real t, let C = C]0,t] be the space of
all real-valued continuous functions on the closed interval [0, ¢] with the supre-
mum norm. For # = (to,t1y. . ytn) With 0 = tg < t1 < -+ < t, < t, let
Jz: C[0,t] — R™™! be the function given by JHz) = (z(to), z(t1), ..., z(tn)).
For Bj(j = 0,1,...,n) in B(R), the subset J='([T}_, B;) of C[0,1] is called
an interval and let Z be the set of all such intervals. For a probability measure
v on (R, B(R)), let

e (1)) = [t o)

j=1

1o~ (uy —ujo1)?

N T g Yo (uo).
exo 3 SR

Then B(C[0,t]), the Borel o-algebra of C|0,], coincides with the smallest o-
algebra generated by Z and there exists a unique probability measure w, on
(C10,t], B(C|0,t])) such that w,(I) = my(I) for all I in Z. This measure w,
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is called an analogue of the Wiener measure associated with the probability
measure ¢ [16, 22, 23].

Let {d; : j = 1,2,...} be a complete orthonormal subset of Ly[0,¢] such
that each d; is of bounded variation on [0,¢]. For v in L3[0,¢] and = in C0, ],
let (v, 2) = limy 00 D25 (v, dj) fot d;j(s)dz(s) if the limit exists, where (-, -) de-
notes the inner product over Ly[0,t]. (v, z) is called the Paley-Wiener-Zygmund
integral of v according to x. Note we also denote by (-, -)rr the dot product on
the r-dimensional Euclidean space R".

Applying Theorem 3.5 in [16], we can easily prove the following theorem.

Theorem 1.1. Let {v1,ve,...,v,.} be an orthonormal subset of Ls[0,t]. For
i=12,...,r, let Zj(x) = (vj,x) on C[0,t]. Then Z1,Zs,...,Z, are indepen-
dent and each Z; has the standard normal distribution. Moreover, if f : R" =+ R
is Borel measurable, then

/Cf(Zl(:c), Zy(x), ..., Zp(z))dw,(z)

* 1 1
= (%) . flug,ug,. .. 7uT)eXp{—§ Zu?}d(ul,ug, ey Up)y

j=1

where = means that if either side exists, then both sides exist and they are
equal.

Let F : C[0,t] — C be integrable and X be a random vector on C0, ]
assuming that the value space of X is a normed space equipped with the Borel
o-algebra. Then we have the conditional expectation E[F|X] of F' given X from
a well-known probability theory. Furthermore, there exists a Px-integrable C-
valued function ¢ on the value space of X such that E[F|X](z) = (¢ o X)(z)
for wy-a.e. x € C[0,t], where Px is the probability distribution of X. The
function ) is called the conditional wy-integral of F' given X and it is also
denoted by E[F|X].

Throughout this paper, let n be a positive integer and let 0 = ty) < t; <
coo <ty < tpy1 =t be a fixed partition of [0,¢]. For any x in C|0, t], define the
polygonal function [z] of = by

3)  [z](s)

n+1

ti —s s—ti_q

= Xty1t,)(8) (713‘ - (i) e tj »’C(tj)) + X{to}(8)z(to)
j=1 J Jj—1 J Jj—1

for s € [0,t], where x(4,_, ¢,) and X {4,} denote the indicator functions. Similarly,

for EnH = (&,&1, ..., Env1) € R™2) define the polygonal function [{nH]
of &,+1 by the right-hand side of (3), where x(t;) is replaced by &; for j =
0,1,...,n+1. Let X, : C[0,t] — R*""! and X, : C[0,t] — R™*2 be given by

(4) Xn(z) = (x(to), z(tr), - .., 2(tn))
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and
(5) Xny1(@) = (z(to), z(t1), ..., 2(tn), 2(tn1)),

respectively. For a function F : C[0,¢] — C and A > 0, let FA(z) = F(A\~2x),
XMx) = X,(\"72) and X, (2) = X,11(A"22). Suppose that E[F*] exists
for each A > 0. By the definition of the conditional w-integral and (6) in [12,
Theorem 2.9],

BIFMNX) 1) (1) = EIF(A 2 (z — [2]) + [€u41)]

for Pxxﬂ—a.e. §n+1 € R"*2, where the expectation is taken over the vari-
able z and Px» s the probability distribution of X1 on (R"F2 B(R"2)).
Throughout this paper, for y € C[0, t], let

— _l —
Ip(y,éns1) = B[F(y + 272 (z = [2]) + [Ensa]))-
Moreover, we can obtain from (2.6) in [11, Theorem 2.5]

(6) E[FNX)](6)

= A A ¢ A (§n+1 - €n)2
B [M] /D{IF(O,§n+1>eXp{§ﬁ}d§n+l

for Pxr-a.e. & = (€0,1,...,6n) € R, where &1 = (€0,1, -+ ns Ent1)
for £,11 € Rand Py is the probability distribution of X, on (R™*!, B(R™*1)).
For y € C[0,t], let K (y,&,) be given by the right-hand side of (6), where 0 is
replaced by y. If I(0, {nH) has the analytic extension J:\‘(F)(gnﬂ) on Cy as
a function of A, then it is called the conditional analytic Wiener w,-integral of
F given X, 1 with parameter A and denoted by

BN F| X i1](§n) = JE(F)(Engr)

for £,41 € R™ 2. Moreover, if for a nonzero real ¢, E“"“>[F| X, 11](€n41) has
a limit as A approaches to —ig through C,, then it is called the conditional

analytic Feynman w,-integral of F' given X,,; with parameter ¢ and denoted
by
B P Xt o) = T B FX) G

Similarly, the definitions of E%™%x [F|Xn](gn) and Efa [F|Xn](gn) are under-
stood with K2(0,&,) if X, 41 is replaced by X,,.

For a given extended real number p with 1 < p < oo, suppose that p and
p’ are related by % + 1% =1 (possibly p’ = 1 if p = o0). Let F, and F be
measurable functions such that lim, e [ |Fn(z) — F(z)|P dw,(x) = 0. Then

we write l.i.m.n_,oo(wp/)(Fn) = F and call F the limit in the mean of order p’.
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A similar definition is understood when n is replaced by a continuously varying
parameter. For A € C1 and wy-a.e. y € C0,1], let

T [Fan-i-l](ya gn—i-l) = P [F(y + ')an-i-l](gn-i-l)

for Px,,,-a.e. EnH € R™™2 if it exists. For a nonzero real ¢ and w,-
a.e. y € C[0,¢], define the Lj-analytic conditional Fourier-Feynman transform

Tq(l)[F|Xn+1] of F given X, 11 by the formula
Tq(l)[F|Xn+1](yagn+1) = B [F(y + ')an-i-l](gn-i-l)

for Px,  .-a.e. EnH € R™"*2 if it exists. For 1 < p < oo, define the L,-analytic

conditional Fourier-Feynman transform Tq(p ) [F|X,+41] of F given X,, 11 by the
formula

n+1

T,V [F|Xn41] (-, Ens) = ;ﬂ;gé(wp,)(TA [F|Xn41] (-, Ens1))
for Px,,,-a.e. En+1 € R"*2, where \ approaches to —iq through C, . Moreover,
let G be defined on C[0,¢]. We define the conditional convolution product
[(F*G)x|Xpn41] of F and G given X,, 41 by the formula, for w,-a.e. y € C[0,1],

[(F * G)A|Xn+1](y,gn+1)
Y+

i F(W)G<%) ‘X’n+1 (gn+1)7 A € C+’

y+- y—- - ,
Emla|FlZ— )G 2= ) | X, nel), A=—ig; geR—{0
if they exist for Py, ,-a.e. €1 € RMT2If X\ = —ig, we replace [(F*G)x| Xt
by [(F * G)¢|Xn+1]. Similar definitions and notations are understood with

&, € R™TLif X, 1 is replaced by X,,.

Remark 1.2. Note that if we let ¢ = 00y, the Dirac measure concentrated at
0, and let n = 2 in equation (2) above, then we obtain equation (3.9) in [6,
p. 29], equation (3.7) in [15, p. 251], and also equation (2.5) in [19, p. 30].
These are among the first results expressing the conditional integral transform
of the conditional convolution product as the product of conditional integral
transforms.

2. The present position-dependent Fourier-Feynman transform
and convolution

Forj=1,...,n+1,let a; = (t; — tj,l)*%x(tjfhtj] on [0,t]. Let V be the
subspace of L[0,t] generated by {as, ..., a,11} and V+ denote the orthogonal
complement of V. Let P and P+ be the orthogonal projections from L0, ]
to V and V+, respectively. Throughout this paper, let {v1,vs,...,v,} be an
orthonormal subset of L»[0,] such that {P*wvy,..., PLv,} is an independent
set. Let {e1,...,e.} be the orthonormal set obtained from {P1v1,..., Ptuv,}
by the Gram-Schmidt orthonormalization process. Now, for [ = 1,...,r, let
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Pl = 22:1 Bij€; be the linear combinations of the e;’s and let A = [8;;]rxr
be the coefficient matrix of the combinations. Define the linear transformation
T4 :R"— R” by

(7) Tz = zAT,

where AT is the transpose of A and 7 is any row-vector in R”. Note that A is
invertible so that T4 is an isomorphism. For v € L]0, ], let

(8) ¢j(v) = (v, ¢5)

for j =1,...,r and let (¥,2) = ((v1,2),..., (v, x)) for x € C[0,t]. Further-
more, for A € C} and @ = (u1,...,u,) € R, let

T

© A = end o[ i+ ei(Po) - P4l }.

j=1
where the ¢;’s are given by (8). For Z € R" and 5n+1 € R"*2 let
Lz A\ ° . »
10 Afgr o) = (35) [ FEHE G+ T
x g(Z — (7, [€ns1]) — Ta@) A1 (N, v, @)dd
if exists, where f and g are Borel measurable on R". Note that by the Bessel’s

inequality, we have for A € C7,

ReA
(1) A0 0. < exp{ <SP | <1

Using the same method as in the proof of [14, Theorem 3.3], we can prove
the following lemma.

Lemma 2.1. Let f be Borel measurable on R". For z € C[0,t], A > 0 and
v € Lo[0,t], let

(12) As(fid v, x) = F(T,A2(z — [2]) exp{iA =2 (v, — [2])}.
Then
/CAg(f; A, v, x)dw, (x) = As(f,1;1,0,0,0),

where = means that if either side exists, then both sides exist and they are
equal.

For 1 < p < oo, let A£” ) be the space of the cylinder functions F. given by
(13> Fr(x) = fr(U,iE)

for wy-a.e. x € C[0,t], where f, € L,(R"). Note that, without loss of general-
ity, we can take f,. to be Borel measurable. Let M = M(L3[0,t]) be the class
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of all C-valued Borel measures of bounded variation over L»[0,t], and let S,
be the space of all functions F’ which have the form for ¢ € M,

(14) F(x) = /L o exp{i(v, x)}do(v)

for w,-a.e. x € C[0,t]. Note that S,,, is a Banach algebra which is equivalent
to M with the norm [|F|| = ||o||, the total variation of o [16].

Now we have the following theorem by Lemma 2.1.
Theorem 2.2. Let 1 < p < 0o and X,41 be gwen by (5). For wy-a.e. © €
C[0,t], let U(x) = F(x)F.(x), where F, € AP and F e Sw, are given by (13)
and (14), respectively. Then for X € C4, wy-a.e. y € C[0,t] and Px, ., -a.e.
gﬂ“rl € RnJrQ;

(15) A X 1] (Y, Enir)

- / Hl(y7g’n+17v7v)A2(fT71;A7 (’L_)"y),gnJrl,'U)dO—('U),
L»[0,¢]

n+1

where Ag is given by (10) and Hy is given by
(16) Hl(yagnJrl; v1,v2) = exp{i[(v1,y) + (v2, [gnﬂ])]}

for vi,v5 € Ly[0,t]. Moreover, as a function of y, T\[V|Xni11](-,Ens1) €
L,(C0,t]). If p=1, then for nonzero real q, Tél)[\P|Xn+1](y,gn+1) s given by
(15) replacing A by —iq and Tq(l)[\II|Xn+1](-,§n+1) € Loo(C0,1]).

Theorem 2.3. Let the assumptions and notations be as given in Theorem 2.2
with one exception 1 < p < 2 and let %Jr 1% =1. Then for A€ Cy and Px, -

a.e. Eny1 € R™2 T\[U|X,01](, €ns1) € Ly (C[0,8]). Furthermore, suppose
that o is concentrated on V.. Then for a nonzero real ¢ and wy-a.e. y € C[0,1],

(17)
Tq(p) (W] Xp11] (v, s;n+1)

= (fr(Ta-) % ®(=ig, ) (7, [Es1]) + (@, y))(AT)_l)/ Hi(y, &nt1,v,0)do(v),

Lg[o,t]

where ® is given by

(AN A
(18) o0 = (5-) e{ -3 lal2 |
for X € CY and for @ € R". In this case, Tép)[ql|Xn+1](~,gn+1) € Ly (C[0,1]).

Proof. Let 1 < p < 2. By the same process as in the proof of Theorem 2.2, we
have for A € C,

/C|T>\[\II|Xn+1](y,EnH)Ip,dwq,(y)
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NN E /
< |det(A)||o]|? (m || fr(Ta-)| * ®(ReA, -)||g, < 00,

where the last inequality follows from [17, Lemma 1.1]. Now, we complete the
proof of the first part of the theorem. Suppose that o is concentrated on V.
Then for o-a.e. v € L3[0,t] and X € C7,

A 2
(19) (%) Ai1(A\ v, 1@) = ®(\, 1)
so that the formal form of T [\I/|Xn+1] is given by (17). By Theorem 1.1,

/C TP [ X 1) (. G )P dw (y) < [ det(A)| [[o]|”'[| £(Ta-) * D(—ig, )|,

which is finite by the change of variable theorem and [17, Lemma 1.1]. By
Theorem 1.1 and the change of variable theorem, we have for &,,; € R"+2

/C IT5 9] Xn1] (Y, Engr) — Tq(p)[\II|Xn+1](yvgn+1)|p/dwtp(y)

< et ol [ 10 (L) x 8O = (L) (i D@

which converges to 0 as A approaches to —ig through C4 by [17, Lemma 1.2].
If p = 1, then the conclusions follow from Theorem 2.2. Now the proof is
complete. (I

Theorem 2.4. Let X, 41 be given by (5). Let F, € A&””, G, € Ang) and
fry gr be related by (13), respectively, where 1 < py,ps < co. Let Fi,Fy €
Sw, and o1, 02 € M(LQ[O, t]) be related by (14), respectively. Furthermore, let
p% + = p =1, = pZ ,2 =1, and let U1 (z) = F.(x)Fi(x), Ya(z) = G, (z)F2(x)

for wy-a.e. x € C[O,t]. Then for A € C4, wy-a.e. y € C[0,t] and Px
gn-‘rl € Rn+2

(T % Wy) |Xn+1](yagn+1)

1 1
_yv_ n+1, V1 + V2, V1 1)2)
/LZOt]/LgOt] <\/§ Noa

1 1
x Ay (fragT;Q)‘a ( ) y), €n+1,U1 - v2>d01(v1)d02(v2)

g1 -0-C.

V2 V2
where A and Hy are given by (10) and (16), respectively. Furthermore, as
functions of y, [(¥4 *\Ilg) | Xnt1](+ &nt1) € L1(C[O,t]) if either ps < pj orp; <
o, (W1 W2)A[ X ](:, €nt1) € Ly, (C[0,4]) if p2 > p, and [(T1%W2)5]| Xpt1](-,
§n+1) € L;Dl (C[O’t]) pr1 > p?'

Proof. For A > 0, wy-a.e. y € C[0,t] and Px

(W1 W2) 5[ Xopt1] (9, gn+1)

& 2
ny1” A€ §n+1 eR™ )
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Y, —=Eni1, V1 + V2, 01 — )/A3(hr;2)‘a
/LgOt] /Lg[Ot (\/_ V2ot c

v1 — V2, x)dwy, (x)doy (v1)doz (va),

where h, (@) = £,((7, 25(y + [Guer])) + D)9, (7, 25y — [E1]) — 7) and Ag,
H; are given by (12), (16), respectively. By Lemma 2.1,

\Ill * \IIQ |Xn+1 )

(Y,
/ / < §n+1,1}1 + v2, 1 UQ)
L2[0,t] JL2[0,¢]

AQ(frang)‘ ( 7—) \}—En-i—lavl U2)d01(v1)d02(v2)-

Then for A € C4, we have by (11), Theorem 1.1 and the change of variable
theorem,

/ I[(Wy * \p2)/\|Xn+1](ya§_;z+1)|dwtp(y)

<ol (2" [ [ [0 ( G55+ (5 dglfven) + 1)
()

“ ool ()" [ [ |5 (gt @ o + 1)

(5l @G - Tm)\ (Rex, @)didz,

exp{—Re\||@||%. }diidZ

X

where ® is given by (18). By the same method as in the proof of [8, Theorem
3.1], we have [(¥; * U3)y|Xni1](sEns1) € L1(C[0,1]) if either p, < p} or
p1 < ph. Using the same method as in the proof of [8, Theorem 3.1] again, we
have the remainder of the theorem. (|

3. The present position-independent Fourier-Feynman transform
and convolution

In this section, we evaluate the present position-independent conditional
Fourier-Feynman transform and the conditional convolution product of the
functions as given in the previous section.

Let (P3)(t) = (Pv1)(®), .-, (Pv,)(t)) and for &, = (0,415, &) € R™H,
let (&n, (PO)(E)) = (X7, (& — &) (Pur)(ty), -, 2o 5—1 (& — &-1) (Por) (8))-

1
Let T’y = T PO where T4 is the hnear transformation given by
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(7). For A€ C3, v € Lo[0,t] and @ € R", let

(t = ta)Te[i[(PV) (1) — (&(Pv),

e[

(20) Bi(\ v, @) = eXp{

TA%Pma»R4%~MTA%PmaLam42}

where ¢ = (c1,...,¢,) and the ¢;’s are given by (8). Furthermore, for 2 € R",
let
(21) Bs(f, 93 A\, 7,60, 0)

ol

2T
X g(Z = (€n, (PT)@)) — Ta@) Ay (A, v, ©) By (A, v, @)dil

1} (i) e G o) ®) + Tai)
RT‘

if exists, where f and g are Borel measurable on R” and A; is given by (9). By
the definition of the Paley-Wiener-Zygmund integral, it is not difficult to show
that for v € LQ[O, t] and §n+1 = (50,51, e 7§n+1> € Rn+27

(0, [Gnr1]) = D (P)(E)(E — &-1) + (P) (1) (Ensr — &n)-

j=1

Using the above equality and the following well-known integration formula

(22) /Rexp{—a’u,2 +ibuldu = (g) 3 exp{—i—i}

for a € C4 and b € R, we can prove the following lemma from [14, Theorem
3.4].

Lemma 3.1. FOTgn - (60)61) .. agn) S Rn+17 l@t gn-l—l - (60)61; .. a€na€n+1)7
where &,41 € R. For v € Ly]0,t], let

n

(23) Hy (&, v) = exp{iZ@j — §j1>(7>v)(tj)}.

j=1
Furthermore, let f be Borel measurable on R" and let As and Hy be given by
(10) and (16), respectively. Then for A > 0 and v € Lo[0,¢],

[ﬁf/ﬂ@exp{i(v, [En1])} A2 (f, 12,0, €041, 0)

% eXp{—)\(&H_l - €n)2

2(t*tn) }d§n+1 = B2(f’1;A’O’E”’U)H2(gmv)a

where By is given by (21).
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Theorem 3.2. Let X,, be given by (4). Then under the assumptions as given in
Theorem 2.2, we have for A € C4, wy-a.e. y € C[0,t] and Px,, -a.e. &, € R*T,

(24) TA[9|X,](y, &)
— /L 0 BQ(fr; 1; >\; (17; y)v gn; ’U>H2(gn, ’U) exp{i(v7 y)}dO'(’U),

where By and Hs are given by (21) and (23), respectively. Moreover, as a
function of y, Ta[¥|X,](-,&,) € Ly(C[0,8]). If p = 1, then for nonzero real
q, Tq(l)[\IJ|Xn](y, En) is given by the right-hand side of (24) replacing A by —iq
and TSV (0] X,](, &) € Loo(C[0, 1]).

Proof. For &, = (€0,&1,- &) € R™ et §upr = (€0,61, -+ &n, ng), where
&ni1 €ER. For A >0,y € C[0,t] and &, € R*TL

Ky (y,60)
A

{m

X AQ(fT((Ua y) + ')7 1’ Av Oagn+1; ’U) exp{

by Theorem 2.2. By Lemma 3.1,

I'/ L eliC ) [ eolie Ea))

/\(§n+1 - 571)2

T }dsn+1da(v>

Ki(y,6) = / o B A @ y), €n, v)Hz (&0, 0) expli(v, y) Ydo(v).
L2[0,t
By (11), Bessel’s inequality, and Schwarz’s inequality, we have for A € C7,

I':ReX
(25) D e L

following the same method as in the proof of [14, Theorem 3.4]. Note that by
the change of variable theorem,

(26) 1f (2 + &y (PO)D) + Tar) |y = [ det(AT) | £} < oo.

By (25), Holder’s inequality, Morera’s theorem and the dominated convergence

theorem, we have (24) as the analytic extension of Kg (y, {n) on C,. Using the
same method as in the proof of Theorem 2.2, we have by (25) and (26),

/C T3V X, (. E) [P ()

pr

A
FtRe)\
if 1 <p < oo, where ® is given by (18), and HT,\[\P|X”](,§_;1)||OO < o]l | frlloo <
( A )2 if p = co. If p = 1, then the final result follows from the second

T'Re\
inequality of (25) and the dominated convergence theorem. O

< | det(A)] ||a||P( ) ) [ [f+(Ta-)| * ®(T;ReA, -)||h < o0
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Theorem 3.3. Let the assumptions be as given in Theorem 3.2 with one excep-

tion 1 <p <2 and let % + i = 1. Then for A € C4 and Px, -a.e. gn € R+

T[W|X,](-, ) € Ly (C[0,1]). Furthermore, suppose that o is concentrated on
V and {v1,...,v.} C VL. Then for a nonzero real q, wy-a.e. y € C[0,t] and
Px, -a.e. &, € R™L,

27 TP IX(y, &)

= (fr * B(—ig,))(T) / B_iy(0) Ho (&, v) expli(v,y)}do(v),

Lz[o,t]
where ® is given by (18), B (v) = exp{—5=(v(t))*} for A € CT and Hy(&,,v)

= expi Z?:1(§j —&-1)v(ty)} for gn = (&0,&1,-.-,&n). In this case,
TP [W|X,) (-, &) € Ly (C[0, 1]).

Proof. Let 1 < p < 2. By the same processes as in the proofs of Theorems 2.3
and 3.2, we have for A € Cy,

/C T30 X,) (3 E0) P duwo ()

/ Al 2 p’
< e ol (ol ) 1A Ea) « o(rmer [ < o
Now, suppose that o is concentrated on V and {vy,...,v.} € V*. Then

Po=0¢c R, I, =1 and AT is the identity matrix. Moreover, for o-a.e

v € L3[0,t], Ptv = 0 and v = Pv so that we have Bi(\,v,%) = By(v) for

A € Cy and @ € R". By Theorem 3.2 and (19), we have for A € C, w,-a.e.

y € C[0,t] and Px, -ae. &, € R"H1,

91X, (0, €)= (fr + (A ))(5,y) / o BAOHAE ) expli(w,)}do ).
Lo[0,t

By Theorem 1.1 and [17, Lemma 1.1],

/CITq(p) (W1 X0) (5, &I dwi(y) < o7 [1fr * @ (i, )15 < oc.

By Theorem 1.1, the Minkowski inequality and the triangle inequality, we also
have for A € C,

ITA® X, €n) = TP [P 1Xa] ()l

’

3

= [/ T[/Lz[o,ﬂ'BA(”Wr * DX, ))(@) ~ Big(v) (f, * (i, ->><ﬁ>|d|o|(v>] iw]
= [/ T[“fr F DO, (@) — (fy + B(—ig,))(@)] / B Eldele)
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(o )@ [ [Oﬂ|BA(v>Biq<v>|d|a|<v>} dﬁ}
< ol 1% ) — fr 5 B(—ig, )l

+ Hfr*@(*iq,')llp'/ [BA(v) = Big(v)|d|o]|(v),

L3[0,t]

L
I

which converges to 0 as A approaches to —ig through C; by the dominated
convergence theorem and [17, Lemma 1.2]. If p = 1, then the conclusions follow

from Theorem 3.2. Now the proof is complete. (I
Remark 3.4. If o is concentrated on V, then for g-a.e. v € L3[0,t], v = Pv
= Z”H(v, Qo = Z?Jrll Xi(titl tl f s)ds so that other expressions of Ho
and B, in (27) can be glven by Hg(én, ) = exp{id];_, tj_fj : ft (s)ds}

and By (v) = exp{— 2)\“ 5 ft (s)ds]?}.

Theorem 3.5. Let the assumptions be as given in Theorem 2.4 and let X,, be
given by (4). Then for A € C4, wy-a.e. y € C[0,t] and Px, -a.e. &, € R,

(W1 % U2)5] X, (y, E0)

1 -
/LZOt] /LZOt]exp{z(m +v2,\/— )}HQ(E,EMUI_W)

1 1
X By (fragT; 2, (77; ﬁy) ; ﬁgnavl - U2)d01(v1)d02(?)2),

where By and Hs are given by (21) and (23), respectively. Furthermore, as
functions of y, [(¥1 *\IIQ)A|XH](~,§_;1) € L1(CI0,t]) if either pa < p} or p1 < ph,
(U1 % Wa)a X] (- €n) € Ly, (C[0,8]) if p2 > pl, and [(U1 % U)A|X,](-, &) €
Ly, (C0,1]) if p1 = ph.

Proof. For &, = (€0,&1,..., &) € R™ et £,41 = (€0, &1, - -+, €n, Ens1), where
&nt1 € R For A > 0 and y € C[0,t], we have by Theorem 2.4,

[(‘Ijl * \112))\|Xn](ya En)

1
ol Lo o 1 (5
=\l Hi| —=y, —=&ny1,v1 + V2,01 — U2
{QW(t—fn) La[0,4] J L2]0,4] JR V27 V2

1 1 - (S —«sn)Q}
XA T T;Q)‘a UV, —= sy T =Cn , U1 — U ex —
(0520 (3. Jg0) g6 = e =258
d§n+1d0—1(v1)d02(v2).
Note that by the change of variable theorem,

1 1 -
A T T;2)‘a Ua_ sy ——=Gn+1,V1 — U
2(f ! ( \/iy) et 2)
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= A2 (hTa 17 )‘a O;E’n-‘,—l; \/Li(vl - UQ))a
where h,.(2) = ( s [(7, Z])gr(%[(ﬁ,y) — Z]) for Z € R". Then

\Ill*\IJQ

y) +
(y:n)
/ / { - )}B (h 11,0, ! ( ))
exXp Ul v2,Y 2 ry L3 AU Qny —= (V1 — V2
L»[0,t] J L2[0,t] \/5

- 1
XHy| &ny, —=(v1 — v2) |doq(v1)doa(vs).
2(5 \/5( 1 2)) 1(v1)doa(v2)
By (21) and the change of variable theorem,
(01 W)\ X0 (y, &)

1 -
/L2[0 t /L2[O t eXp{z(vl LRV \/_ )}H2 (Egnavl - ’U2)

1 1 -
x B3 (fragr; 2, (Ua %y)a %Em v — Uz) doy(v1)doa(va).

Now, for A € C,, we have by (25), Theorem 1.1 and the change of variable
theorem,

/C (W1 % W) [ Xo] (9, E0) | ()

snolunozn(Ft'QLA) [ [ (F5a+ €@ +ra)

o (5l G (PO ~ 123

where @ is given by (18). By the same method as in the proof of [8, Theorem
3.1], we have the theorem. O

x &(T,Re), 7)dZd,

4. Relationships between conditional Fourier-Feynman transforms
and convolutions

In this section, we investigate the inverse conditional transforms of the con-
ditional Fourier-Feynman transforms of the functions as given in the previous
sections. We also show that the analytic conditional Fourier-Feynman trans-
forms of the conditional convolution products for the functions can be expressed
as the products of the analytic conditional Fourier-Feynman transform of each
function.

Theorem 4.1. Let q be a nonzero real number. Then, under the assumptions
as gwen in Theorem 2.2 with one exception that o is concentrated on V, we
have for Px,,,,-a.e. &uy1,Cny1 € R,

HTX[T/\[‘I]lXN-i-l]('agn-i-l)an-i-l]('a 5n+1) - \II( + [5n+1 + gn-i-l])H:D —0



DONG HYUN CHO

1120

for 1 <p < oo, and for 1 <p < oo,
TX[T/\ [\II|XH+1]('7gn+1)|Xn+1](yﬂ 5n+1) — \Il(y + [5n+1 + gnJrl])

for we-a.e. y € C[0,t] as X approaches to —iq through C,..
Proof. For Ay > 0, A € C4, wy-a.e. y € C[0,t] and Py, -a.e. gn+1,5n+1 €

R"*2, we have by (19), Lemma 2.1 and Theorem 2.2,
A1 =
TA[‘I’\XnH]('an)(y’ Cn+1)
— [ el + @G+ G} [ el er ()} [ 5
Lz[o,t] C R

(B % (2 — [2]) +y + [Gosa]) + (B, [€nsa]) + Tad) DN, @)dw, (2)dor(v)

/ Hy(y,Cosn + Enet, 0,0) / 15, 9) + (8, Cosr + Ensa])
L2[0,t] R™ JR™

+ Ta(Z+ @) 2(A1, 2)P(\, @)dZdudo (v),
where H; and ® are given by (16) and (18), respectively. By the analytic
continuation, we have T, [T)\[¥|Xpn+1] (-, Ent1)| Xn+1](y, Cnt1) for Ay € C,. For

a,fe R" and A € C4, we have
(28) BN @)P(N, I — ii) = (%)Texp{f{ex\ﬂﬁﬂfv + XN, D — %Ilflln%r}
so that by the change of variable theorem and (22),

T[T X 1] Eng1) [ X 1] (¥, Gogr)

_ (PPN R R
- <47rRe)\> /Lz[O,t] H1(y, Gy + Eng1,v,0)
fT(TA((’Uay + [gn—i-l + En+1])(AT)71 — l))exp{

A2

 4Re)

||f||1§r}dfda<v>

RT
= " (fr(Ta) * (1, /(@ y + (a1 + Gt DAT) T

/ Hy (Y, Cog1 + Ensr, v,0)do(v),
LQ[O,t]
where € = (2ReA/|A|?)/2 > 0. Let 1 < p < co. Then we have by Theorem 1.1

and the change of variable theorem,
/C |TX[TA[‘I’|Xn+1](',gn+1)|Xn+1](y, 5n+1) - Uy + [5n+1 + gn+1])|pdw¢(y)

-

@y G + o)) / »

[ (fr(Tar) * ®(1,-/€)(T,y + [Ens1 + Cara])(AT) T
H, (yvgn+1 + 5n+1,v,v)do(v) dw@(y)
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< | det(A)] [lo| / T (Ta) % B(1,/€) @) — Fo(Tai)Pd

Letting A — —iq through C, which satisfies ¢ — 0, we have the first part of
the theorem by [24, Theorem 1.18]. If 1 < p < oo, then the remainder of the
theorem follows from [24, Theorem 1.25]. O

Theorem 4.2. Let q be a nonzero real number. Then, under the assump-
tions as given in Theorem 3.2 with exceptions that o is concentrated on V and
{v1,...,v.} C VL, we have for Px, -a.e. &,,¢, € R

HTX[T)\[\II|Xn](a§n)|Xn](a Cn) - \Ilgnfn ”P —0
for 1 <p < oo, and for 1 <p < oo,
TX[T)\[\II|Xn](agn)|Xn](ya 571) — \I/{mfn (y)
for wy-a.e. y € C[0,t] as A approaches to —iq through C, where Ve e (y) =
F.(y) fLQ[O . Hy(Cn + &,,0) exp{i(v,y)Ydo(v) and Hy is as given in Theorem
3.5.

Proof. Note that I'; = 1, Pt = 0 and T4 is the identity transformation on R".
For A€ Cy, \; >0, y € C[0,], &, € R and (41 € R™"2, we have by (19),
Lemma 2.1 and Theorem 3.2,

)\1 =
e x, (-6 Y Gnt1)

_ / Ba(0)Hy(y, Cosr v, 0) Ha (6 0) / / BN, DDA, 2)f((7.y)
LQ[O,t] r r
+ 4 + 2)dZdido(v),

where H; and ® are given by (16) and (18), respectively, and B, is as given

in Theorem 3.3. For C, = (Co,C1y -, Cn) € R™ Jet Gy = (CosCaye ey Cng),
where (41 € R. Then we have by Lemma 3.1,

A1 =
KTA[wxn](‘,En,)(y’C")
A1 VN > A (Cny1 = Gn)?
= || [ - (.G S o) L,
[27r(t - tn)] /]R Ta1 X6 W ¢ “)eXp{ 2t — t,) Gt

/L2[0,t} By (v)Bx, (v)H2(Cn + &nyv) expli(v,y) } /T /T O\, @)P(\1, 7)
Fr((T,y) + @ + 2)dZdiido (v),

which holds for A; € C; by the analytic continuation. Let € = (2Re\/|\|?)'/2 >
0 for A € C+. Now, we have for g-a.e. v € Lq[0, ],

Bx(v)Bx(v) = exp{~(€*/2)(t — tn)(v(t))*} = Bije2 (v)
so that by (22), (28) and the change of variable theorem,
TX[TA X (- €)X (0, Gn)
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1 \2 L. _ . .
~(522) [ HG G esplitv) Buyo) [ il(a) -

me L2[0,t] R™

X exp 7% dldo(v)
2¢2
= # D(L,-/O)(,y) /L | Gt € ) i) By (01 0).
2]0,t
Let 1 < p < 0o. Then we have by Theorem 1.1 and the triangle inequality,

| IS ENX ) ~ Ve, ¢ (P (0

/

= [(@,y))do(v)

[ HlCot o) i)} (= 801,/ E ) B0

dw, ()

S/RT[IG’“UT*@( /€)(@) ﬁ(ﬁ)I/ By (v)d|o|(v) + | f+(@)]

L2[07t]

p
x/ |Bl/ez(v)—1|d|o|(v)} dii
L2[0,t]

so that by the Minkowski inequality,

ITSITANY X 0] 60) [ Xa] (5 Gu) = g, g Il

< ol e (fr * 2(1,-/€)) = frllp + Hfrllp/ [0 | By/e2(v) — 1]d|o]|(v)
2[0,t
Letting A — —iq through C,, which satisfies ¢ — 0, we have the first part of

the theorem by the dominated convergence theorem and [24, Theorem 1.18].
By the dominated convergence theorem again,

/ Ho(Co + &, 0) expli(v, 9)} By (v)do (v)
L»[0,]

— H2(5n +gn,’U) exp{i(v,y)}do(v)
L>[0,t]

as € — 0 so that if 1 < p < oo, then the remainder of the theorem follows from
[24, Theorem 1.25]. O

Theorem 4.3. Let Uy and ¥s be as given in Theorem 2.4. Let X,,+1 be given
by (5) and q be a nonzero real number. Then for A € Cy or A = —iq, and
Ent1 € R™2 ) we have the following:

(1) if Fr, Gy € A, then [(I; = ‘1’2),\|Xn+1]('a§:n+1) € L1(C[o, 1)),
(2) if Fr,Gr € AP, then [(U1 % U2) | Xns1](, Ens1) € Loo(C[0, 1)),
2(C

3) if Fre AY and G, € A | then (W15 Us) | Xps1]( Engr) € [0,4)),
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4) if F, € AY and G, € AN 1 AP | then (W * Uo) 3| Xnga] (- Enir) €
L1(C[0,]) N Ly([0,4]), and
) if F, € AV and G, € A then [(U1 W) x| Xpi1](, €ns1) € Loo(C[0,
).
Proof. Let A € C4 or A = —ig. For y € C[0,t] and &ni1 € R"2, we have by
Theorem 2.4 and (11),

(1 Ty A|Xn+1](ya5n+1)|
<ol () [ [5e (520 + (5 o) + 18
() () 7o)

Now, using the same method as in the proof of [8, Theorem 3.2] and the above
inequality, we can prove the theorem. (I

du.

Using the same method as in the proof of [8, Theorem 3.2] with Theorem
3.5 and (25), we can prove the following theorem.

Theorem 4.4. Let X,, be given by (4). If we replace X, 11 by X,, in Theorem
4.8, then the conclusions of the theorem still hold, where &,4+1 is replaced by
&, € RMHL

Theorem 4.5. Under the assumptions as given in Theorem 2.4, we have for
A€ Cy, wy-ae. y € C0,t] and Px, ,,-a.e. &ni1,Cni1 € R,

TA[(W1 % ©2)x | Xog1] (5 ) [ Xng1] (0, Cugr)
= {TA[\I/lan-‘rl] (%y, %(5&1 + 5n+1)>}
X |:T/\[‘I]2|Xn+1] (%y, %(5&1 - gn+1)):|'

Remark 4.6. Theorem 4.5 above follows quite easily using the same method as
in the proof of [20, Theorem 2].

By Lemma 2.1, Theorems 2.2, 3.5 and the analytic continuation, we have
the following theorem.

Theorem 4.7. Under the assumptions as given in Theorem 2.4, we have for

M€ Cy, wy-ae. y € C[0,1] , Px,-ae. & € R™™ and Px, ., -a.c. 5n+1 €
Rn+2’

T [[(W1 % Wo)a|Xn] (&) [ K1) (9 Goen)

( ) ( > LQ[Ot/LzOt] (\/_y’\/_cn+1’v1+“2avl+v2)

ol

=TI
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1 -
X HQ( Efn,’vl — ’Ug) / / A1(2)\,’U1 — Ug,a)Al(Q)\l,Ul + ’UQ,Z)Bl

_, L 2 [ - oo
(2A, 1 — va, @) fr (E(U, Y+ [Cna1]) + 7(&“ (PO)(#)) + Tali + Z))
X gr<\/L§(ﬁ,y + [Cog1]) — \/_(én, (PV)(t)) — Ta(ii — z)>d§dﬁd01(vl)
dO’Q(’Ug),

where Ay, Hy, By and Hy are given by (9), (16), (20) and (23), respectively.

Theorem 4.8. If we replace X, 11 by Xn in Theorem 4.5, then the conclusion
of the theorem still holds, where §n+1, CnJrl are replaced by gn,gn € R+l
respectively.

Proof. Note that By(2A1,v1 + g, Z) = B1(A1, %(’Ul +w2), @) and A1(2A1,v1 +
vg,Z) = A1(A1, %(vl + v9),d) if @ = V2%, where A; and B; are given by

(9) and (20), respectively. For I (€0, C1ye-oyCn) € R et (a1 =
(Co,C1y -5 CnyCnt1), where (i1 € R For A € C4 and Ay > 0, we have
by Lemma 3.1, Theorem 4.7 and the change of variable theorem,

A1 =
K[(%*%mx 16 W2 Sn)

ON G == AW TR

i
fn,v )/ A1 (2N, v1 — v, @) B1(2A,v1 — va, W /exp{—
( 1— . 1( 1 — v2,%))Bi( 1 2, ) ; 72

(v1 + v2, [Cat1)) /RT Ay ()\h (v1 + v2), )fr(\/—((v Y+ [Gurr])+
1

Tad) + f@n,(P f)+TAu>gr<¢i§((ﬁ,y+[5n+1]>+Ton>—2

(&, (PO)(E) — > { 4 C"f_f") }d&dcnﬂdﬁdal(m)daz(vz)

1 (3)' () [ fuglTsr s (=)

Hy (ECn, v+ ’1}2) / / A1(2)\, V1 — Vg, ﬁ))Bl (2)\, V1 — Vg, G)Al

(2A1,v1 + v2, 2) B1(2A1, 01 + 02, 2) fr (%(ﬁy) + %(C:z + &, (PE)(D)
+ Tald + z”))gr <\/L§(ﬁ,y) + %(c@ — &0, (PO)®) + Ta(Z— ﬁ))didﬁ
dUl(Ul)dUQ(UQ).
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By the analytic continuation, we have the existence of Ty, [[(U1%W2)| X,](-, &)
| X0n](y, Cn) for Ay € C4. Let @ = Z4+@ and | = Z— 1. By a long calculation that
is tedious but not difficult, we can prove that for A € Cy, By (2A, v1 —va, %(137

1))B1 (2, vy + vg, (@ + 1)) = Bi(A,v1,W)Bi (), v2,1) so that by Theorem 3.2
and the change of variable theorem,

\Ijl >i<\112 |X 5n)|X ](yvgn)

[[(
<21> /LZOt]/LZOt]eXp{ (o1 + va, )}H2<%(5n+gn),v1>H2

(%(1&1%02) /T/ A (A o1, @) Ay (N, va, 1) B1 (A, v1,0) By (X, v2, 1)

T\[[

(500 + 756 + & (POD) + T
(50 + %(cn & (PO + Tl ) il (1))
= (B (s 56+ 60)] (Bl (Jsn 5@ - 6))].
which completes the proof. 0

Now, we have the following relationships between the conditional Fourier-
Feynman transforms and the conditional convolution products from Theorems
2.2,24,3.2,3.5,4.3,4.4, 4.5 and 4.8.

Theorem 4.9. Let Uy and Uy be as given in Theorem 2.4. Let X, be given
by (4) and q be a nonzero real number. Then we have the following:

(1) if F.,G, € AN then we have for wy-a.e. y € C[0,t] and Px, -a.e.
€n,Cn € R,

TV [0 # P2)g| Xa] (- 60) | X (Y, o)

- [Tq(l)[\lfﬂXn](\/_y’\/_(C”ng")ﬂ{ 2] ]<\fy’f( §n))],

(2) if F. € AWM and G, € A£2), then we have for wy-a.e. y € C[0,t] and
Px_ -a.e. En,fn c R

T[[(W1 % Ua)gl Xn] (- 60) [ X0 (4, o)

= [ (s 56+ 60)] [Twalx (50056 - 6).

Theorem 4.10. If we replace X,, by X,+1 in Theorem 4.9, then the conclu-
sions of the theorem still hold, where &,, C, are replaced by &1, (i1 € R?H2,
respectively.
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