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An Approximation of the Cumulant Generating Functions of
Diffusion Models and the Pseudo-likelihood Estimation Method

Yoon-Dong Lee** - Eun-kyung Lees*:x

m Abstract =

Diffusion is a basic mathematical tool for modern financial engineering. The theory of the estimation methods for diffusion
models is an important topic of the financial engineering. Many researches have been tried to apply the likelihood estimation
method for estimating diffusion models. However, the likelihood estimation method for diffusion is complicated and needs
much amount of computing.

In this paper we develop the estimation methods which are simple enough to be compared to the Euler approximation
method, and efficient enough statistically to be compared to the likelihood estimation method. We devise pseudo-likelihood
and propose the maximum pseudo-likelihood estimation methods. The pseudo-likelihoods are obtained by approximating
the transition density with normal distributions. The means and the variances of the distributions are obtained from the delta
expansion suggested by Lee, Song and Lee (2012).

We compare the newly suggested estimators with other existing estimators by simulation study. From the simulation study
we find the maximum pseudo-likelihood estimator has very similar properties with the maximum likelihood estimator. Also
the maximum pseudo-likelihood estimator is easy to apply to general diffusion models, and can be obtained by simple numer—
ical steps.

Keyword : Diffusion Models, Transition Density, Delta Expansion, The Maximum Likelihood
Estimator
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A A4 wlasks 3lo] 7bssith CIR 23l
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Ciase ﬁl)r o F3t7] fleld = 208>07°] gt y=1/2%
ol AojstEmEssrt nETtoAFEE(mon-  CKLS 2@ o] 49 whof 47} 059 <a gl
central chi-square distribution)] EE|& 3 o] Wb, 1 Agg A eEFAES CIR 2
Ho] A% A SERARe o Ao Abser  FAHSh e wHor Take o) sbednz
t}. CIR 28¢] 749+ Euler, P[3,3], NLL, P[L, oltl 7H4& Esto] Fak Age HFEFAL
A], PI[L,Bl& ©] &3 F4UUER A4 =54 (XLE 2} ZA3H3 b8 F8HE Foto] Aozl
WS A o7 vluste] ke ARY F=AHk FAFES vlaste] FEHEY] AsS HHE
Holl ool e FYYE FFYL Agenr 9
<i 1> OU 2¥of| chst A|=Za0]M ZZHMean, RMSE, RMSD)
B2 A7) nd 1007 400, #ZAIF HE Av /123 1/4. 6= (0, 8,0) 9 F3S (05, 2,1).
A n Estimator Mean RMSE RMSD
« I6] o « B o «@ I6] o

Euler 1.075 2.04 0.963

0.829 0579 0.079 0.112 0.000 0.064

100 PI3, 3] 1.150 2.04 1.009

0.947 0579 0.075 0.013 0.000 0.001

P[L, A] 1.145 2.04 1.009

0.937 0579 0.076

V2 Euler 0.618 1.984 0976 0.240 0.349 0.043 0.023 0.001 0.028
400 P3,3] 0.637 1.984 1.002 0.261 0.349 0.037 0.001 0.001 0.000
PIL, Al 0.636 1.984 1.002 0.261 0.349 0.037
Euler 0619 2.004 0.925 0.270 0.382 0.100 0.086 0.000 0.087
100 P[3, 3] 0.690 2.004 1.004 0.362 0.382 0.076 0.015 0.000 0.002
14 PIL, A] 0.683 2.004 1.005 0.349 0.382 0.076

Euler 0.504 1.998 0.938

0.100 0.202 0.070 0.040 0.000 0.066

400 P[3,3] 0.543 1.998 1.002

0.125 0.202 0.038 0.003 0.000 0.000

PIL, A] 0541 1.998 1.002

0.123 0.202 0.038
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<E 2> CIR 2¥of cist A|=Z2l|o|M ZHMean, RMSE, RMSD)

o] A7) ne 1003 400, #SAI HH A+ /1239 1/4. 6=(a, 8, 0) S FEE 2, 1, D).

. Mean RMSE RMSD
A n Estimator
o 5 o o o o 5] o
Euler 2.337 0.994 0.923 0.883 0.177 0.104 0.422 0.005 0.100
P[33] 258 0.993 1.008 1.150 0.177 0.077 0.221 0.013 0.011
100 NLL 2621 0.993 1.013 1.186 0.177 0.080 0.062 0.002 0.002
P[LA] 2622 0.993 1.014 1.188 0.177 0.081 0.059 0.002 0.002
P[L,BI 2.606 0.992 1.013 1172 0.177 0.080 0.070 0.003 0.002
112 XLE 2638 0994 1.014 1.202 0.177 0.081
Euler 1.946 1.001 0.932 0.349 0.087 0.076 0.216 0.001 0.073
P[33] 2.088 1.001 1.000 0.425 0.088 0.037 0.138 0.012 0.007
400 NLL 2.118 1.000 1.003 0.413 0.087 0.038 0.030 0.001 0.001
P[LA] 2121 1.000 1.003 0.415 0.087 0.038 0.025 0.001 0.001
P[L,BI 2113 0.999 1.003 0412 0.087 0.038 0.032 0.002 0.001
XLE 2.132 1.001 1.003 0.420 0.087 0.038
Euler 1.69 1.000 0.818 0.460 0.105 0.19 0.630 0.002 0.209
P[33] 1.829 1.080 1.063 0.391 0.148 0.143 0.718 0.117 0.118
100 NLL 2.133 0.991 1.005 0.562 0.106 0.090 0.161 0.010 0.019
P[L,A] 2.143 0.992 1.010 0.564 0.106 0.092 0.145 0.009 0.015
P[L,BI 2,042 0.984 0.998 0.502 0.107 0.086 0.269 0.019 0.028
14 XLE 2.244 1.000 1.016 0.644 0.105 0.097
Euler 1.606 0.99 0.825 0.432 0.051 0.178 0.480 0.000 0.184
P[33] 1.840 1115 1124 0.314 0.137 0.141 0.428 0.128 0.131
400 NLL 1.969 0.991 0.997 0.262 0.052 0.045 0.112 0.009 0.013
P[LA] 1.980 0.992 1.001 0.261 0.052 0.045 0.098 0.008 0.009
P[L,BI 1.8 0.984 0.990 0.276 0.054 0.045 0.199 0.016 0.023
XLE 2.067 0.99 1.007 0.286 0.051 0.047
<H# 3> CKLS ZHof Cist A|Z2i|0|M Z2HMean, RMSE, RMSD)
¥Eo A7) nd 10038 400, FZAIF 7HE Aw 1/123 1/4. 6= (a. 8,0, 7) 2] F3S (2, 1, 1, 0.5).
. Mean RMSE RMSD
A n Estimator
« 0 o o4 53 o « 5 o « 53 o
Euler 2.248 | 1.00: 0909 | 0442 | 0814 | 018 | 0117 | 0173 | 0.410 | 0.011 | 0113 | 0.173
P[33] 2508 | 1.000 | 1.004 | 0516 | 1.094 | 0185 | 0078 | 0.145 | 0.260 | 0.011 | 0.030 | 0.145
100 NLL 2.?24 1.001 | 1.006 | 0508 | 1.099 | 0.184 | 0.080 | 0.139 | 0.210 | 0.010 | 0.028 | 0.139
P[L,A] 2520 | 1.001 | 1.008 | 0510 | 1.09% | 0184 | 0.081 | 0.140 | 0.210 | 0.010 | 0.028 | 0.140
P[L,B] 2503 | 1.000 | 1.007 | 0512 | 1.079 | 0.185 | 0.081 | 0.141 | 0.214 | 0.011 | 0.028 | 0.141
112 XLE* 2544 | 1.001 | 1.009 | 0500 | 1.100 | 0.183 | 0.077 | 0.000 _
Euler 1.955 | 1.000 | 0.924 | 0441 | 0350 | 0.088 | 0.08 | 0.094 | 0215 | 0.002 | 0.034 | 0.094
P[3,3] 2112 | 0993 | 1.002 | 0508 | 0428 | 0.039 | 0.039 | 0.071 | 0.127 | 0.011 | 0.011 | 0.071
400 NLL 2127 | 0999 | 1.003 | 0503 | 0433 | 0.039 | 0.040 | 0.065 | 0.093 | 0.002 | 0.009 | 0.065
P[L,A] 2127 | 099 | 1.004 | 0507 | 0433 | 0.038 | 0.040 | 0.066 | 0.092 | 0.002 | 0.009 | 0.066
P[L,B] 2114 | 0998 | 1.004 | 0509 | 0427 | 0.039 | 0.040 | 0.066 | 0.095 | 0.003 | 0.009 | 0.066
XLE* 2144 | 0999 | 1.004 | 0500 | 0428 | 0.088 | 0.039 | 0.000
Euler 1678 | 0999 | 0.788 | 0.348 | 0484 | 0.105 | 0223 | 0.228 | 0632 | 0.005 | 0238 | 0.228
P[33] 1787 | 1.075 | 1.037 | 0540 | 0469 | 0.167 | 0.131 | 0.168 | 0.727 | 0.134 | 0.110 | 0.168
100 NLL 2121 | 0991 | 1.001 | 0515 | 0600 | 0.106 | 0.088 | 0.134 | 0235 | 0.010 | 0.023 | 0.134
P[LA] 2118 | 0992 | 1.007 | 0525 | 0597 | 0106 | 0090 | 0.138 | 0.231 | 0.009 | 0021 | 0.138
P[L,BI 2011 | 0934 | 0999 | 0540 | 0537 | 0.110 | 0.087 | 0.148 | 0325 | 0.026 | 0.029 | 0.148
4 XLE* 2226 | 0999 | 1.013 | 0500 | 0667 | 0104 | 0.094 | 0.000 _
Euler 1.609 | 0999 | 0802 | 0.345 | 0427 | 0.051 | 0201 | 0174 | 0475 | 0.002 | 0208 | 0174
P[33] 1.647 | 1.117 | 1.099 | 0584 | 0462 | 0159 | 0132 | 0.163 | 0561 | 0.148 | 0122 | 0.163
400 NLL 1965 | 0991 | 0997 | 0507 | 0268 | 0.063 | 0.044 | 0.065 | 0.134 | 0.008 | 0013 | 0.065
P[L,A] 1967 | 0993 | 1.003 | 0518 | 0267 | 0.052 | 0.045 | 0.068 | 0.131 | 0.007 | 0.009 | 0.068
P[L,B] 1.869 | 0935 | 099 | 0541 | 0285 | 0.054 | 0.044 | 0.081 | 0229 | 0.015 | 0.018 | 0.081
XLEx* 2063 | 0999 | 1.007 | 0500 | 0282 | 0.051 | 0.047 | 0.000
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