Bull. Korean Math. Soc. 50 (2013), No. 4, pp. 1329-1343
http://dx.doi.org/10.4134/BKMS.2013.50.4.1329

SOME TRANSLATION SURFACES IN THE 3-DIMENSIONAL
HEISENBERG GROUP

DAE WoN Yoon, CHUL Woo LEE, AND MURAT KEMAL KARACAN

ABSTRACT. In this paper, we define translation surfaces in the 3-dimen-
sional Heisenberg group H3 obtained as a product of two planar curves
lying in planes, which are not orthogonal, and study minimal translation
surfaces in Hs.

1. Introduction

Minimal surfaces are one of main objects which have drawn geometers’ in-
terest for a very long time. In 1744, L. Euler found that the only minimal
surfaces of revolution are the planes and the catenoids, and in 1842 E. Catalan
proved that the planes and the helicoids are the only minimal ruled surfaces
in the 3-dimensional Euclidean space E3. Also, H. F. Scherk in 1835 studied
translation surfaces in E? defined as graph of the function z(z,y) = f(x)+g(y)
and he proved that, besides the planes, the only minimal translation surfaces
are the surfaces given by

1

1.1 -1
(1.1) z=—log

cos(ax)
cos(ay)
where f(z) and g(y) are smooth functions on some interval of R and a is a
non-zero constant. These surfaces are now referred as Scherk’s minimal sur-
faces. The study of minimal surfaces of revolution, ruled surfaces and trans-
lation surfaces in the Euclidean space was extended to the Lorentz version by
O. Kobayashi [4] and I. V. de Woestijne [8]. R. Lépez [5] studied transla-
tion surfaces in the 3-dimensional hyperbolic space H? and classified minimal
translation surfaces.

Translation surfaces can be defined in any 3-dimensional Lie group equipped
with left invariant Riemannian metric. A translation surface in the 3-dimen-
sional Lie group equipped with a left invariant metric is a surface in the group

1 1
= —log| cos(az)| — = log| cos(ay)],
a a
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parametrized as a product of two curves (cf. [3]). In [3] J. Inoguchi, R. Lépez
and M. I. Munteanu defined translation surfaces in the 3-dimensional Heisen-
berg group H3 in terms of a pair of two planar curves lying in orthogonal planes
and they classified minimal translation surfaces in Hs. Also, R. Lépez and M.
I. Munteanu [6] constructed translation surfaces in Sols and investigated prop-
erties of minimal one. The space Sols is a simply connected homogeneous the
3-dimensional manifold whose isometry group has dimension 3 and it is one of
the eight models of geometry of W. Thurston [7].

On the other hand, Scherk’s minimal surface given by (1.1) can be also
parametrized by

1 -1
(1.2) x(s,t) = (a,O, - 1og|cos(as)|) + (O,t, — 1og|cos(at)|) ,
a a

and it is defined as the sum of two planar curves lying in orthogonal planes. In
[1] authors considered translation surfaces generated as the sum of planar curves
lying in planes, which are not orthogonal, and they classified such minimal one.

In this paper, we classify translation surfaces in the 3-dimensional Heisenberg
group Hj3 obtained as a product of two planar curves lying in any two planes.

2. Preliminaries

The 3-dimensional Heisenberg group Hs is a matrix group which is given by

1 =z =z
7—[3{(0 1 y)’z,y,zGR}.
0 0 1

The Heisenberg group Hs is represented as the Cartesian 3-space R3(z,y, 2)
with the group operation (cf. [2]):

o _ _ _, 1 1
The identity of the group is (0,0,0) and the inverse of (z,y, 2) is (—x, —y, —z).
It is simply connected and connected 2-step nilpotent Lie group.
On the other hand, the orthonormal basis of the tangent space at the identity

0 1 0 0 0 0 0 0 1
Ei=10 0 0|, Ea=(0 0 1], E3s=1]|0 0 0
0 0 0 0 0 0 0 0 0
and the left invariant metric g in Hs is given by
1 2
(2.2) g =dx* +dy* + (dz + §(yd:c - zdy)) .

And the left invariant orthonormal frame on Hg are given by

a yo g x0 0

s VP 62:8_y+§&’ €= 5
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for which we have the Lie brackets
[ela 62] = €3, [62) 63] = Oa [633 el] =0.

Also, the Livi-Civita connection V of Hs is expressed as

- . 1 . 1
Ve,e1 =0, Ve, €2 = 568 Ve, €3 = 52
- 1 . . 1
Ve,€1 = 56 Vey,e2 =0, Ve,€3 = 5€
- 1 . 1 .

Ves€1 = 52 Ves€2 = 5€ Vesez = 0.

A translation surface ¥(c«, 8) in the 3-dimensional Heisenberg group Hs is
a surface parametrized by

x: 3 = Hs, x(s,t) = a(s) * p(t),

where a and 3 are any generating curves in R3. Since the group operation
* is not commutative, we have two translation surfaces, namely X(«, 3) and
(8, ), which are different.

Now, we define translation surfaces in Hj3 generated by two planar curves «
and f lying in not orthogonal planes. According to planar curves o and 3, we
distinguish six types as follows:

First, we assume that a(s) lies in the xz-plane of R? and 3(t) in the plane
with equation x cosf — ysinf = 0. This means that

a(s) = (s, 0, f(s)),
B(t) = (tsinb, tcos, g(t)).

In this case, we have two translation surfaces X1 («, 8) and X4(«, 8) parametr-
ized by, respectively

(s, t) = a(s) * B(t)

(2.3) - (8+tsin9,tcos9,f(5)+g(t)+ StC;SG)
and

x(s,t) = B(t) * as)
(2.4) _ (S +tsing, t cos0, f(s) + g(t) — StC;se) :

which are called the translation surfaces of type 1 and 4.
Second, if a curve a(s) lies in the xz-plane of R? and 3(t) in the plane with
equation zcosf — ysin @ = 0, that is,

a(s) = (s,0, f(s)),
B(t) = (g(t), cosOt, sin 0t),
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then the parametrization of Ya(c, 8) is given by
(s, 1) = a(s) = B(t)

(2.5) = (s + g(t), cosOt, f(s) + sin Ot +

st cos 9)

and the parametrization of X5(f, «) is given by
(s, t) = B(t) * afs)

(2:6) = (s + g(t),cosOt, f(s) + sin 6t —

stcost
5 .

The surfaces ¥ and Y5 are said to be of type 2 and type 5, respectively.
Third, we consider two curves a(s) and 3(t) lying the yz-plane of R® and
the plane with equation sin 6z — cos 8z = 0, respectively. In this case, a(s) and
B(t) are given by
a(s) = (0, f(s)),
B(t) = (cosbt, g(t), sin 6t).
Thus, the translation surface ¥5(«, 3) is parametrized by

x(s,t) = a(s) * 5(¢)

@7) = (cos Ot, s+ g(t), f(s) + sin Ot —

st cos 9)

and the translation surface Xg(8, «) is parametrized by
(s, t) = B(t) * als)

2.8
(2.8) _ <Coset,s+g(t),f(s)+sin9t+ Stc;w),

which are called the translation surfaces of type 3 and type 6, respectively.

Remark 2.1. If = kn,k € N in all types, the surfaces defined in [3] appear.

So, translation surfaces of type 1-6 is generalization of surfaces given in [3].
3. Minimal translation surfaces of type 1 and type 4

Let X7 be a translation surface of type 1 in the 3-dimensional Heisenberg
space Hs. Then, ¥; is parametrized by

(3.1) x(s,t) = (s +tsinf, tcosh, f(s)+g(t) + stcosH) .

2

We have the natural frame {x;,z;} given by

ox
s
ox
ot

=z =e1 + (f'(s) + tcosh)es,

:= x4 = sinfe; + cosfey + g'(t)es.
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From this, the unit normal vector field U of ¥; is given by
U =w"7(—cosO(f'(s)+tcosB)er + (sinO(f (s)+tcosh) — g'(t))es + cosfes) ,

where w = ||z x x| |2
The coeflicients of the first fundamental form of ¥, are given by

E = (z5,25) = 1+ (f'(s) + tcosh)?,
F = (xg,x¢) =sinf + ¢'(t)(f'(s) + t cos ),
G = (z,m) =1+ g'(t)".

To compute the second fundamental form of 31, we have to calculate the
following:

Ve.ts = —(f'(s) + tcosB)es + f"(s)es,
Vi, Tt = % cosO(f'(s)+tcosf)er— %(sin O(f'(s)+tcost) + g'(t))ngr% cos feg,
Va2t = cos g’ (t)er —sin g’ (t)ea + g” (t)es,
which imply the coefficients of the second fundamental form of 3; are given by
L= (Vp.25,U) = —w 2 (sin0f (s)°+ 2f'(s) sin 0 cos 0t — f'(s)g'(t)
+sin 6 cos® 0t> — cos0g' (t)t — cosOf"(s))

- 1
M = (V,,2,U) = f§w71/2(f’(s)2 + 2t cosOf(s) + t% cos® 0 — ¢/ (t)° — cosb),

N = (Vg,0,U) = —w 2(f'(s)g' (t) + tcos O’ (t) — sin B’ (t)* — cos Og” (t)).
Thus, the mean curvature of 3, is given by
(3.2)
1
i = wag/z cosO(—g"(t) — f"(s) + tcos? 09’ (t) + cos O (s)g'(t) — f'(s)°g"(t)

—t2cos20g” (t) — f"(s)g'(t)* +sin O cos O — 2t cosOf (s)g" (t)).

If cos® = 0, then H = 0, that is, minimal. In this case, ¥; is an open part of
a plane (trivial minimal surface).
We suppose that the translation surface ¥; of type 1 is non-trivial minimal.

Then from (3.2) we obtain
3.3) 1"(5)(1+¢/(t)) = (cosf'(s) + teos* 0)g' (1)
- + (14 (f'(s) +tcos)?)g"(t) — sinf cos = 0.

In order to solve the above ordinary differential equation, divide by 1+ g’ (t)2 +

0. We obtain
1(s) — (cos 0f/(5) + teos? ) —L L

1+g/'(t)°

’ inf 9
(14 (f'(s) + tcos)?) — % _
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Taking the derivative with respect to s, we have
/ t 1 t
(3.4)  f"(s) — cosOf"(s) g'(t) S +2 g"(t)
1+g'(t)" 1+4'(t)
The case f”(s) = 0 will be treated separately. First of all, let us suppose that
f"(s) # 0 on an open interval. Then equation (3.4) becomes

5 (f'(s) +tcosd) f"(s) = 0.

" ! 11
(3.5) f//(s) — cosf—2 ®) 5 +2 9" 5 (f'(s) +tcosh) = 0.
f"(s) L+g()” 144
Differentiating (3.5) with respect to ¢, we have
(3.6)

cos 9@ 3 '(5)+tcos 4 9"(t) g 9"®) cosf =
9dt<1+g/(t)2> 2(f'(s)+1 9)dt<1+g,(t)2> 21+g,(t)2 6 =0.

It % (15(:;’((?)2) # 0, then by (3.6) f’(s) +tcosf depends only on t. So, we get

f"(s) = 0, it is a contradiction. Thus, 14?;/((?)2 = A (=constant). It follows
that equation (3.6) rewritten as the form:

/ 2
cosfA |1+ Lﬂ? =0
L+g'(t)

From this, we have A = 0 because cosf # 0. Thus, ¢"(t) = 0. We put
g(t) = ct +d (c,d € R). Substituting it in (3.3), we get

F"(s)(1 +¢*) — (cosOf'(s) +tcos? O)c —sinf cosf = 0,

it follows that ¢ = 0 and f”(s) = cosfsinf. We put f'(s) = sinfcosfs + a
(a € R). Substituting it in (3.3), one obtain

sinfcos (1 + ¢?) — (sinfcos? O + acosf + t cos® f)c = 0,

which implies ¢ = 0 and sinf cos @ = 0. It is a contradiction. Consequently, for
any minimal translation surface of type 1, we have f”(s) = 0.
Take f(s) = as+b (a,b € R). From this, equation (3.3) becomes
acosf +tcos’f sin @ cos 6

"
90 14+ (a+ tcos@)Qg ®) 1+ (a+tcosh)?
We can easily find a general solution of the above ODE and its solution is given
by
(3.7)
g(t)
C1

= osd [(a—i—tcos@)\/l + (a4 tcos0)2+1In(a +tcosd + /14 (a+ tcosh)?)

1
+ sinf(at + 5 cos 0t* + c3),

where ¢; and co are constants of integration.
Thus, we have the following:
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Theorem 3.1. A translation surface of type 1 in the 3-dimensional Heisenberg
space Hs is a non-trivial minimal surface if and only if the surface can be
parametrized as

x(s,t) = (s—i—tsin@,tcos@,f(s) +g(t) + Stcose) |

2
where f(s) =as+b (a,b € R) and g(t) is given by (3.7).

Let ¥4 be a translation surface of type 4 in the 3-dimensional Heisenberg
space Hs. Then, ¥4 is parametrized by

(3.8) x(s,t) = (s +tsinf,tcosb, f(s) + g(t) — st COS@) )

2
By a long computation, we can obtain the mean curvature H as

1 = 5w/ (g(0) 4 (5) — s cos? 0'(5) +cos 07" (5)g' (1) + 1" ()9 (1)

+5%cos? 0f"(s) + f'(s)°g" (t) + sin O cos § — 25 cos Gf”(s)g’(t)) :

Suppose that the translation surface ¥4 of type 4 is non-trivial minimal.
Then, by using similar method of the translation surface of type 1, we have the
following result:

Theorem 3.2. A translation surface of type 4 in the 3-dimensional Heisenberg
space Hs is a non-trivial minimal surface if and only if the surface can be
parametrized as

x(s,t) = (s +tsin®, tcosl, f(s)+ g(t) — Stc2059) |
where
f(s)
B coCSQ [(a +sc0s0)\/1+ (a+scos)2+In(a + scosd + /1 + (a + scos0)?)

1
+ sin H(as—i—g cos 0s* + d)

and g(t) = —at + b with a,b,c,d € R.

4. Minimal translation surfaces of type 2 and type 5

Let X5 be a translation surface of type 2 in the 3-dimensional Heisenberg
space Hs. Then, X5 is parametrized by

(4.1) (s, t) = (S + g(t),cosbt, f(s) + sin Ot + stcose) _
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It follows that we have

zs =e1 + (f'(s) +tcosf)es,

1 1

xr = g (t)e1 + cosfey + (5 cos g’ (t)t — 5 cos Og(t) + sin 9) es

and the unit normal vector U is
U=w"2(=cosO(f'(s) + tcosf)e;
1 1
+ 19" () (f'(s) + cosOt)— 5 cos Og'(t)t + 5 cos Og(t)—sin 9] €a + cos 963) .

On the other hand, the coefficients of the first fundamental form of Yo are
given by

E =1+ (f(s)+tcos)?
F=g(@)+ (f'(s) + cosbt) <% cosOg' (1)t — %cos Og(t) + sin 9) :

O g (01— (1) + sinheos g (1)t — o).

By a straightforward calculation, we obtain

Ve.ts = — (f'(s) +tcosO)es + f(s)es,

s

G=g ) +1+

Vi, Ty = %cos O(f'(s) +tcosb)e; — % (g’(t)(f’(s) + cos0t) + % cos g’ (t)t

1 1
~3 cosfg(t) + sin 9) es + 3 cos fes,
<7 " 1 !/ 1 .
Ve, = | ¢g"(t) + cosf 5 cos 0g'(t)t — 5 cos Og(t) +sinf| | eq

1 1 1
—4'(t) (5 cosOg' (t)t — 5 c0s Og(t) + sin 9> es + 5 cos 0g" (t)tes.

Using the data described above, we can calculate the coefficients of the second
fundamental form of X9 and obtain also the mean curvature H as follows:

(42) H= éw_3/2 cos (Tof”(s) FT() + Tof'(s)? + Taf'(5)° + T4) :
where
To = 4g'(t)* + 4+ cos® 0(g (t)t — g(t))? + 4sinf cos O(g ()t — g(t)) = 4G,
Ty = —4g" (t) — 4sin 6 cos O + 2 cos® Og(t) — 2 cos® g’ (t)t — 8 cos® Ot?g" (1),
Ty = —10cosfg” (¢)t,
T3 = —4g"(t),
Ty = —4sinf cos? 0t 4 2 cos® Og(t)t — 2 cos® Oy’ (t)t* — 4 cos by’ (1)
—2cosfg” ()t —2cos® Ot3g" (t).
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If cosd = 0, then H = 0, that is, 3o is an open part of a plane (trivial
minimal surface).

Suppose that the translation surface ¥ of type 2 is non-trivial minimal.
Then from (4.2) we have

(4.3) Tof"(s) + Tuf'(s) + Tof'(s)” + Tsf'(s)” + Ty = 0.

Since Ty = cos? 0(g'(t)t — g(t) + 2tan)? + 4(g'(t)* + cos20) # 0, we divide
(4.3) by Ty and take the derivatives with respect to s and t, respectively. We
obtain

G (3) o2 (3) rere g (7)) rerre -o

The case f’(s) =0 will be treated separately. From now on, let us suppose
that f”(s) # 0 on an open interval. Dividing by f”(s) and differentiating the
above equation with respect to s twice, we can obtain

T T T:
ALYy, ARy d(B)_,
dt \ T, dt \ T, dt \ T,
By using the previous equation and the relation of 75 and 73, we show that
g"(t) =0, that is, g(t) = at + b (a,b € R). Substituting it in (4.3), one obtain

acosf

2
5“4+ cs+d,
(a2 + 1+ 2sin’ 0)

1) =3

where ¢, d € R.
Now, we consider f”(s) = 0. Then, f(s) =as+b (a,b € R). It follows that
equation (4.3) becomes

[(2a 4 cos 0t)(1 + (cos 0t + a)?)] " (t) + [2 cos b + t(acos® 6 + cos® Ot)] ¢'(t)
— (acos? § + cos® Ot)g(t) + 2sin O cos 0 + 2sin 6 cos? Ot = 0.

Denote p(t) = (2a + cos6t)g(t). The above equation can be rewritten as the
form:

cosf(a+cosft) , . —2sinfcosf — 22sinf cos® Ot

//t t —
() 1+(a+c059)2p() 1+ (a4 cosf)? ’

which has the solution

p(t)

(t
= %1 ((a + cosbt)\/1+ (a+ cosbt)? +In(a + cos Ot + /1 + (a + cos@t)Q))

+ 2sin 0t + ¢,
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where ¢1,co € R. Thus, a function g(t) is given by
c
! ) ((a—i—cos@t) 1+ (a+ cos6t)?

f=— 1
9(t) 2(2a + cos Ot

(4.4) +In(a + cos bt + /1 + (a + cos 9t)2))

2 sin 0t n Co
2a +cosft  2a+ cosft’

Consequently, we have the following:

Theorem 4.1. A translation surface of type 2 in the 3-dimensional Heisenberg
space Hs is a non-trivial minimal surface if and only if the surface can be
parametrized as

tcosf
x(s,t) = (s + g(t),cosbt, f(s) + sin Ot + 2 CQOS ) ,

where
(i) either f(s) = WOSZHMSQJFCSJFCI and g(t) = at+b with a,b,c,d € R,
(ii) or f(s) = as+ b and g(t) is given by (4.4) with a,b € R.

Let X5 be a translation surface of type 5 in the 3-dimensional Heisenberg
space Hs. Then, X5 is parametrized by

(4.5) (s, t) = (S + g(t),cosbt, f(s) + sin Ot — st COSG) _

In this case, by straightforward computation the mean curvature is given by
1
H = qw™cosf (Pof"(s) + PLf'(s) + Pof ()" + Paf' () + P )
where
Py =4g' ()" + 4+ cos? 0(tg'(t) — g(t))? + 4sin O cos O(tg () — g(t))
—4cos®Os(tg'(t) — g(t)) — 8sinf cosBs + 4 cos? 052,
Py = —44¢"(t) + 2cos?O(tg' (t) — g(t)) — 4 cos® s + 4sin 6 cos b,
Py =2cosfg” (t)t,
P3 = 749”(15)7
Py =2cos0(g" (t)t +24'(t)).

If 35 is a non-trivial minimal translation surface, then it satisfies the equation

(4.6) Pof"(s) + Pif'(s) + Pof' ()" + Paf'(s)" + Py = 0.
Differentiating (4.6) with respect to s, we have
(4.7)

Pof" (s)+((Po)s + P1) £ (s)+(P1)s f'(5)+2P2f" ()" () +3Ps ()" f(s) = 0.
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With respect to the surface X5 of type 5, equation (4.7) is expressed as a very
complicated ordinary differential equation. So, we give examples of non-trivial
minimal translation surfaces by distinguishing some special cases:

1. If f is a constant function, then equation (4.6) leads to g” (¢)t+2¢'(¢) = 0.
It follows that g(t) = bor g(t) = ¢ +d (b,c,d € R).

2. Assume f’(s) = 0. Then, from (4.7) (P1)sf'(s) = 0, which implies
f'(s) = 0. This case is contained in the previous one.

3. If g is a constant function, that is, g(t) = a (a € R), then, equation (4.6)

writes as
(cos®0(2s +a)® — 4sinfcos0(2s +a) +4) f(s)
=0.

+ (4sin @ cos® — 2 cos? fa — 4 cos? 0s) f'(s)

In this case, we have f(s) = constant or

f(s) = bCZSH ((25+a7 2tan®)\/(25 + a — 2tan )2 + 4

(4.8)

+41n(25 +a — 2tand + /(25 + a — 2tan 6)2 + 4) —|—c),

where b and ¢ are constants of integration.
4. Suppose that ¢”(t) = 0, that is, g(t) = at + b (a,b € R). In this case,
from (4.6) we obtain the following differential equation
(4a® + 4+ cos® 0(2s + b)* — 4sinf cos 0(2s + b)) f'(s)
+ (—2cos® Ob — 4 cos? Os + 4sinf cos 0) f'(s) + 4acosd = 0

with the general solution

(4.9)
acos
fls) == aQ—i—cosQQS a2+ cos2 0

2 — 2si
+ caleosdl ;;:g nf) V/[cos 0(2s + b) — 2sin0]? 4 4(a? + cos? 0)

2¢o(a? + cos? 0)

+ i —
cos 6

+/[cos 0(2s + b) — 2sin ]2 + 4(a2 + cos? 9)) ,

(bcosO + 2sinf)s + ¢;

In (cos0(2s +b) — 2sind

where ¢; and ¢ are constants of integration.

Proposition 4.2. FEzxamples of non-trivial minimal translation surfaces of type
5 in the 3-dimensional Heisenberg group are the surfaces whose parametrization
18

x(s,t) = (s + g(t),cosbt, f(s) + sin Ot — st COSG)

given by
(1) f(s) =a and g(t) =b.
(2) f(s)=a and g(t) = 2 +c.
(3) g(t) = a and f(s) is given by (4.8).
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(4) g(t) = at + b and f(s) is given by (4.9),
where a,b,c € R.
5. Minimal translation surfaces of type 3 and type 6

Let X3 be a translation surface of type 3 in the 3-dimensional Heisenberg
space Hs. Then, X3 is parametrized by

(5-1) w(s,t) = (Cos@tas + (1), f(s) +sinft — Stcose) .

It follows that we have
xs = ez + (f'(s) —tcosh)es,

1 1
xr = cosfer + g (t)es + (—5 cos g’ (t)t + 5 s Og(t) + sin 9) €3,

which imply the coefficients of the first fundamental form of 33 are given by

E =1+ (f'(s) —tcosh)?,
F=g'(t)+ (f'(s) — cosot) (—% cos g’ (t)t + %cos Og(t) + sin 9) :

cos? 6

G=g )’ +1+ (g’ (Ot — g(1))? +sinf cos O(g(t) — ¢’ (H)1),

and the unit normal vector is given by
1

U= 5w71/2 ([—24'(t)(f'(s) — cosOt) — cos g’ (t)t + cosfg(t) + 2 sin be;

+2cosf(f'(s) —tcosf)es — 2 cosbes).
On the other hand, we obtain
Ve.ts = (f'(s) —tcosB)er + f"(s)es,

- 1 1 1
Ve Ty = = (g’(t)(f'(s) — cosOt) — 5 €08 0g' ()t + 5 ¢os Og(t) + sin 9) e1

2

1
-3 cosO(f'(s) —tcosf)es — 3 cos feg,

- 1 1
Ve, zt = g (1) (—5 cos g’ (t)t + 5 cos Og(t) + sin 9) e1

1 1
+ <g”(t) —cosf (5 cosfg' (t)t + 5 cos Og(t) + sin 9>) €s

1
— 5 cos 0g" (t)tes.
Using the data described above, we get the mean curvature H as

(52) H = S0 cos6 [Qof"(s) + Q1 f(s) + Qaf'(5)" + Quf'(5)" + Qi)



SOME TRANSLATION SURFACES 1341

where
Qo = —[4g'(t)* + 4+ cos® (g (t)t — g(t))? — 4sinf cos (g (t)t — g(t))]
— 46,
Q1 = 4g"(t) — 4sinf cos @ — 2 cos? Og(t) + 2 cos® Og’ (1)t + 8 cos® Ot?g" (t)
Q2 = —10cosfg” (t)t,
Q3 = 44" (t),
Q4 = —4sinf cos® Ot — 2 cos® Og(t)t + 2 cos® Og' (t)t* + 4 cos g’ (t)
+ 2cosg” (t)t + 2 cos® O3 g (t).
If cos @ = 0, then H = 0, that is, ¥ is an open part of a plane (trivial minimal
surface).

Suppose that the translation surface X of type 3 is non-trivial minimal. Then
from (5.2) we have

2 3
Qof"(s) +Q1f'(s) + Q2f'(s)” + Q3f'(s)" + Qa = 0.
Using the same algebraic techniques as in the case of surfaces of type 2, we get:

Theorem 5.1. A translation surface of type 3 in the 3-dimensional Heisenberg
space Hs is a non-trivial minimal surface if and only if the surface can be
parametrized as

x(s,t) = (cos@t,s +g(t), f(s) +sin 0t — stc;se) |

where
(i) either f(s) = 2(az$ogzinge)52Jrchrd and g(t) = —at+b with a,b,c,d €
R

7

(ii) or f(s) =as+b and

c
- = _l(a- 1 _ 2
g(t) 3(2a — cos 01) [(a cos 0t)\/1 + (a — cos 6t)
+1In(a — cos 6t + m)}
2sin 0t d

2a — cos 0t + 2a — cos 0t
where a,b,c,d € R.

Let X be a translation surface of type 6 in the 3-dimensional Heisenberg
space Hs. Then, ¥4 is parametrized by

(5:3) z(s,t) = (cos 0.5 + (1), J(s) + sin 0t + ‘32089) .

If ¥ is a non-trivial minimal translation surface, then it satisfies the equation

(5.4) Rof"(s) + Ruf'(s) + Paf'(s)” = Psf'(s)’ + Py =0,
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where
Ry = —4g'(t)” — 4 — cos® (tg'(t) — g(t))> + 4sin 6 cos O(tg' () — g(t))
+ 4 cos? Os(tg'(t) — g(t)) — 8sinf cos s — 4 cos® fs?,
Ry = 4¢"(t) — 2cos? 0(tg'(t) — g(t)) + 4 cos? Os 4 4 sin 6 cos 0.
Applying the same method as in the case of surfaces of type 5, we can obtain
the following;:

Proposition 5.2. Examples of non-trivial minimal translation surfaces of type
6 in the 3-dimensional Heisenberg group are the surfaces whose parametrization

is
x(s,t) = (cos@t,s + g(t), f(s) +sin 0t + stcose)

given by
(1) £(5) = a and g(t) = b
(2) f(s)=a and g(t) = 2 +c.
(3) g(t) =a and

f(s) = bcos@

((23+a —2tan®)\/(2s +a — 2tan )2 + 4

+41n(2s +a — 2tanf + /(25 + a — 2tan )2 + 4) —|—c) .

(4) g(t) = at+b and

acosf
J(s) = a2 +cos20°  a?+cos20
co(cosB(2s + b) — 2sinh)
2cosd
2co(a? + cos? 0)
cosd

+/[cos 0(2s 4 b) — 2sin ]2 + 4(a2 + cos? 9)) ,

(bcosO + 2sinf)s + ¢;

V/[cos 0(2s 4 b) — 2sin 0]2 + 4(a? + cos? §)

In (cos6(2s + b) — 2sin @

where a, b, c,c1,co € R.

Remark 5.3. There are infinite numbers of minimal surfaces for every 8 € R.
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