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ON SOME MODULAR EQUATIONS OF DEGREE 5 AND
THEIR APPLICATIONS

DAE HYUN PAEK AND JINHEE Y1

ABSTRACT. We first derive several modular equations of degree 5 and
present their concise proofs based on algebraic computations. We then
establish explicit relations and formulas for some parameterizations for
the theta functions ¢ and ¥ by using the derived modular equations. In
addition, we find specific values of the parameterizations and evaluate
some numerical values of the Rogers-Ramanujan continued fraction.

1. Introduction

We begin this section by introducing Ramanujan’s definition of his general
theta function. For |ab| < 1, define

f(a/,b) = Z an(n+1)/2bn(n_1)/2.

n=—oo

Note that two special cases of f(a,b) are defined by, for |q| < 1,

o) = fla.) = Y. 0" = (562 @% )

and
= (¢*5¢%) oo
U(q) = flg,q®) =Y ¢mTh/2 =222
@)= 1669 ,;J (¢54%)
where
(a; @)oo := [J (1 = ag™).
n=0
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1316 DAE HYUN PAEK AND JINHEE YI

Let a, b, and ¢ be arbitrary complex numbers except that ¢ cannot be a non-
positive integer. Then, for |z| < 1, the Gaussian or ordinary hypergeometric
function o F} (a, b; ¢; z) is defined by

2F1(a’ab, C,Z) T ;O (C nn'
where (a)o := 1 and (a), = ala+ 1)(a+2)---(a +n — 1) for each positive
integer n.
Now the complete elliptic integral of the first kind K (k) is defined by

. do 2 _ T of —nkl
(1.1) K(k) .—/O m 22F1 (23291 k) 290 (6 K)a

where 0 < k < 1, K’ = K(k'), and k' = v/1 — k2. The number k is called the
modulus of K and &’ is called the complementary modulus.

Let K, K’, L, and L’ denote complete elliptic integrals of the first kind
associated with the moduli k, &/, I, and I’, respectively, where 0 < k < 1 and
0 <l < 1. Suppose that

L K’

holds for some positive integer n. A relation between k and ! induced by (1.2)
is called a modular equation of degree n.

If we set
K’ L
q = exp (—7‘('?) and ¢ = exp (—ﬂ'f) ,

we see that (1.2) is equivalent to the relation ¢" = ¢’. Thus, a modular equation

can be viewed as an identity involving theta functions at the arguments ¢ and
n

q".

Note that the definition of a modular equation mentioned above is the one
used by Ramanujan, but we emphasize that there are several definitions of a
modular equation in the literature. For example, refer the books by R. A.
Rankin in [7] and B. Schoeneberg in [8] for other definitions of a modular
equation. Following Ramanujan, set o = k2 and 8 = [2, then we say that j3
has degree n over a. By the relationship between complete elliptic integrals of
the first kind and hypergeometric function, we have

2F1(232?11 ):2F1(2)2711_ﬁ)
2F1 (3,31 0) 2F1(3,5:1;8)

Let z, = ¢%(¢™). Then the multiplier m for degree n is defined by

9 =

B ©(q") oz
Next we introduce the definitions of 4 parameterizations for the theta func-
tions ¢ and 1 from [9, 11, 13]. For any positive real numbers k and n, define
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hk,n by

©(q)
1.3 h no= T34 o
(13) " k/4p(q*)
where ¢ = e "V"™/*_ define Rl Y

b T R Ap(—gk)’
where ¢ = e ™2™V "/k, define Iy, , by

_ ¥(—q)
o k1/4q(k71)/81/)(7qk) ’

(15) lk,n :

where ¢ = e~™V"/* define l}.n BY

/ v(q)
(1.6) Uy = k1/4q(k—1(§/8w(qk)’

where ¢ = e_”\/m.

Moreover, in [9, 11, 13], several new modular equations for the theta func-
tions were derived, some explicit relations and formulas for the parameteriza-
tions were offered, and some values of the parameterizations were determined.
Whereas, in [6, 12], some modular equations of degrees 3 and 9 for the theta
functions ¢ and ¢ were derived in order to establish explicit relations and for-
mulas for the parameterizations for hi,n, hj ,, lkn, and [} ,, and show some
applications of the modular equations to evaluations of the cubic continued
fraction and the theta function .

In this paper, we derive some modular equations of degree 5 for the theta
functions ¢ and v and present their concise proofs based on algebraic com-
putations as in [6, 12]. We also find explicit relations and formulas for the
corresponding parameterizations, and evaluate some numerical values of hs ;,

5.0 ls.n, and Ig , by employing the relations and formulas established earlier.
Moreover, we use these values to evaluate some specific values of the Rogers-
Ramanujan continued fraction.

2. Preliminary results

In this section, we introduce basic theta function identities that will play key
roles in deriving some modular equations. Let k be the modulus as in (1.1).
Set = k% and also set

2,4 ¥(=9)
(2.1) B = =1

Then
(2.2) ©*(q) = 2F1 (3, 3: 1 2) =: 2,
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where

AL L1 —g) K(k)
9. — eV .— . 2 27914 _ o .
23 g=e eXp( TR (L L) eXp( ”m))

Lemma 2.1 ([1], Theorem 5.4.1). If x, q, and z are related by (2.1), (2.2),
and (2.3), then

(i) »(g) = V=,

(it) ¢(—q) = v2(1 —2)"/%,

(i) ¢(—¢%) = vz(1 —2)"/%.
Lemma 2.2 ([1], Theorem 5.4.2). If x, q, and z are related by (2.1), (2.2),
and (2.3), then

0) wla) = /32 (5>/

(i) $(-q) = /22 (M>/

Lemma 2.3 ([2], Entry 13, Chapter 19). Let 8 be the fifth degree and m = 4,
Then

o (B (e (Ba=mN
! 1-—« a(l —a) ’
a\ 1—a\Y* a(l —a) vep
o (5) +(3=5) - (=) =
B 1-p A —p) m
Lemma 2.4 ([11], Theorem 2.2). For any positive real number k,
hiy = 1.
Lemma 2.5 ([13], Theorem 2.3). For any positive real number k,

lka =1
We recall that the Rogers-Ramanujan continued fraction R(q) is defined by,
for |g| < 1,
1/5 fl=4,—4") _
f(7q27 7q3)

g/

R(q) = I 4+

We also define

=

¢ ¢ .y
1 +1

1T+

S(q) == —R(—q).

The following results show general formulas for R(e~2"V"/%) and S(e"™V"/5)
in terms of hy ., and Iy p.

Lemma 2.6 ([13], Theorem 6.1). For any real number n, we have
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(i) - RO (e=2™Vn/5) = 5¢/5h2 I}

R5(6727T /5 ) 5,n"5,n

1
(i) —————— + 11— 8%(e™™V"/5) =5\5hs 12 .
55(6—7r n/5) ’ ’

3. Modular equations

In [3], there are Ramanujan’s 23 eta function identities, which are certain
types of modular equations. In this section, we derive some modular equations
of degree 5 and present their proofs based on concise algebraic computations
by employing the theory of theta functions in the spirit of Ramanujan. In
addition, we establish some explicit relations and formulas for hs ;, hg,n, l5,m,
and lgﬁn by employing these modular equations.

Theorem 3.1. If P = 29 and Q = 259 then

»(q®) w(=q°)’
P Q@ 5
1 —+=4+4=P —
(3.1) 0 + D + Q+ PO

Proof. By Lemma 2.1(i) and (i),

z Z 1l -« 1/4
P=,/2 and Q=,/2
25 and - Q 25 (15) ’

where (8 has degree 5 over a. Thus
o) 1— o\ /4
P (15) |
8 1/4+£_ 8 1/4£:P2
o Q ! Q

o) V4 0 o 1/4Q 5
<5> *F(E) PP

Combining and rewriting above two equations in terms of P and ), we deduce

that (-2)(-9)-(3-2) (r-5)-

This is equivalent to (3.1) and hence we complete the proof. O

By Lemma 2.3,

and

Using the definitions of Ay , and h;cﬁn, we have the following:

Corollary 3.2. For every positive real number n, we have

1 hsn hi‘) n/4
(3.2) V5 hs bl .+ =20 4 0T 14
5/ h’swnhi‘),n/él hg,n/4 h57"
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Proof. Letting ¢ = e~™V"™/% in (1.3) and (1.4), we find that P = 54 hs,, and
Q = 5"*hf, ,, in Theorem 3.1. Rewriting (3.1) in terms of hs, and hf
we complete the proof. O

2
Theorem 3.3. If P = f((q%)) and Q = %, then

RO R

Proof. By Lemma 2.1(i) and (iii),

1/8
1 —
P=/2 and Q= ﬂ( a) ,

where (8 has degree 5 over a. Thus
Q? 1—a\"*
= (=5)
ﬂ 1/4+ P2 ﬂ 1/4 P2 _P2
o Q? ! Q*
o\ @ o\ 5
B p2 B P2 p2’

Combining and rewriting above two equations in terms of P and @Q as in the
proof of Theorem 3.1, we complete the proof. (I

By Lemma 2.3,

and

Using the definitions of Ay , and h;cﬁn, we have the following:

Corollary 3.4. For every positive real number n, we have

2
1 h R\
3.4 5( W2, +— | = | 22 5,n 4.
( ) \/_< 5, + h/25,n) (h%m + h5,n +

Proof. Letting ¢ = e~™V"/% in (1.3) and (1.4), we find that P = 54 h5,, and
Q = 54 h,, in Theorem 3.3. Rewriting (3.3) in terms of hs, and hf,, we

complete the proof. O

Theorem 3.5. If P = f((qqs)) and Q = (11/1/2’(71;()(15), then

SRR

Proof. By Lemmas 2.1(i) and 2.2(i),

z 7 (a8
P=./2 and Q= —1(—) ,

<5 <5 ﬂ
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where 8 has degree 5 over a. Thus

Q2 o 1/4

me(5)
P2 /1-p\"* P2\t
— - — =P
Q2+<1—a> Q? (1—a)
Q2+ 1-a\"*" Q2 /1-a\"*" 5
p2 1-8 P2\1-3 - p2

Combining and rewriting above two equations in terms of P and @ as in the
proof of Theorem 3.1, we complete the proof. O

By Lemma 2.3,

and

Using the definitions of Ay, and l;cyn, we have the following;:

Corollary 3.6. For every positive real number n, we have

2
(3.6) V5 (Pt L) = (Mma) 4 (B 2 +4
. 5,n 1,25”” lé’n h57n .

Proof. Letting ¢ = e~™V"™/% in (1.3) and (1.6), we find that P = 54 hs,, and
Q = 5414, in Theorem 3.5. Rewriting (3.5) in terms of hs, and I}, we

complete the proof. O
_ ¥ _ %)
Theorem 3.7. If P = 7% and QQ = TICRAR then
P\?* [/Q\’ 5
. — = 4=P* 4+ —.
(37) (5) +(3) +1-r+ 5

Proof. By Lemma 2.2(i) and (iii),

= a 1/8 o a 1/4
P=,/—|= and =,/— 1= ,
V2(6) = ey ()
where (8 has degree 5 over a. Thus

Q@ _ (%)”4 i 2P

Pz o\p s QP
By Lemma 2.3,
P2 /1-B\Y* P2 /1-p\Y* Pt
(=) @) %
and
Q_2+(1—a)1/4_Q_2(1—a)1/4_LQ2
P2 1-p P2\1-p P

Combining and rewriting above two equations in terms of P and @ as in the
proof of Theorem 3.1, we complete the proof. O



1322 DAE HYUN PAEK AND JINHEE YI

Using the definition of l;wl, we have the following:

Corollary 3.8. For every positive real number n, we have

2 2
(3.8) V5 <l’257n + 112—) = (l’ ’ ) + (l” +4.
5,n 5,4n 5,n
Proof. Letting ¢ = e~™V™/® in (1.6), we find that P = 5'/4 I5, and Q =

5441 , in Theorem 3.7. Rewriting (3.7) in terms of 15 ,, and 1} 4,,, we complete
the proof. 0

2
Theorem 3.9. If P = f((ﬂfm)) and Q = ql/ff;()qs), then

(3.9) (P?+Q*-5) (%+él>1.

Proof. By Lemmas 2.1(iii) and 2.2(i),

1/8 1/8
21 (11—« z21 [«
P=,/— and =4/— 1|3 ,
V 25 (15) @ 25 (ﬂ)
21

where (8 has degree 5 over a. Let m = —. Then
Z5

(1—(1)1/4 _ P_2 i (g)l/ll _ Q_2
1-p m 153 m

By Lemma 2.3, we deduce that

1 1 m
Pt g

=1

and

P2+Q2*

P22
P _ g
m

Combining and rewriting these two equations in terms of P and @), we complete
the proof. (I

Using the definitions of A, and [} ,, we have the following:

Corollary 3.10. For every positive real number n, we have

1 1
(3.10) (hi’?,n + li’?,n — \/g) (hT + 7z \/5> =1.

5,n 5,n
Proof. Letting ¢ = e~™V"™/% in (1.4) and (1.6), we find that P = 5'/4 h.,, and
Q = 5Y41% . in Theorem 3.9. Rewriting (3.9) in terms of hf, and I}, we
complete the proof. O
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Theorem 3.11. If P = —29 — 4nd Q = —2C9_ then

a2 (q®) a*/2p(=q)’
1 1
2 2

Proof. By Lemma 2.2(i) and (ii),

_ Ja [« 1/8 [z (a(l-a) 1/8
P“Vg;(ﬁ) and Q= Eg(ﬂﬂx%) |

where 8 has degree 5 over a. Let
1/4
1 —
m=22 and T=,/2 a .
zZ5 z5 1-— ﬂ
Then

é 1/4_ﬂ 1_6 1/4_@ ind 6(1_B) 1/4_ﬂ
! - P 1-—« T a(l —a) QY

By Lemma 2.3, we deduce that

mo ym_m
P2 T Q?

[
3

and

Combining and rewriting above two equations in terms of P and @), we complete
the proof. 0

Using the definitions of I ,, and l;cﬁn, we have the following:

Corollary 3.12. For every positive real number n, we have
1 1

(3.12) (l:‘fn - lg,n — \/g) <ZT e \/5) = 1.
5,n 5,n

Proof. Letting ¢ = e~™V"™/% in (1.5) and (1.6), we find that P =541,  and
Q = 5'/*15,, in Theorem 3.11. Rewriting (3.11) in terms of I5,, and l5 ,, we
complete the proof. (I

4. Evaluations of hs j, hg’n, l5,n, and lg’n

In this section, we evaluate some numerical values of hs ., hgm, l5,n, and
lgyn by using the explicit relations and formulas established in Section 3.

The following results exhibit a general method for evaluating the values of
lg74n for all positive integers n. We show the case when n =1 and n = 2.

Theorem 4.1. We have

owm¢”fguﬂgﬁ,
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(i) 1g, = 0 IV
(iii) zg,m:\/(3+2\/5)((1+ﬁ)a—1)+%(3+\/5)2 8a —5+/5,
where
:1+\/3+ 1+V5

2 2
Proof. For (i), letting n = 1 in (3.6) and using hs; = 1 from Lemma 2.4, we
find that
I —(1+VE)IF, +1=0.
Solving for I5 ; and using the fact that I5; > 1, we complete the proof.

For (ii), letting n = 1 in (3.8) and putting the value of [; ; from the previous
result of (i), and using the fact that I5 , > 1, we deduce that

(3+V5)12, —11-5V5— (6+2v5)\/2+ V5 =0.

Solving for I5 4 and using the fact that I5 4 > 1 again, we complete the proof.
For (iii), let n = 4 in (3.8), then we deduce that

i — (V5IZ, 2a VB + U5 = 0.
Putting the value of I5 , from the previous result of (ii), solving for I5 ;4, and
using the fact that 13716 > 1, we complete the proof. (|

See Theorems 3.3(v) and 4.10(xi) in [13] for alternative proofs for Theorem
4.1(i) and (ii), respectively. By repeating the same argument as in the proof of
Theorem 4.1, we can find the values of I5 4. forn =3,4,5,....

Theorem 4.2. We have

01 \/2(3+\/3)(4a1+\/_) +(B3+v5)2V8a—5+ 6
v 2(1+V5)(vV5a—1) ’

\/_b276b+\/_+\/\/_b272b+\/_)(\/_b2 6b+\/_)

(ii) Is16 = 2VEb 1)
where
_14vE L (145
2 2
and

b:(3+2\/5)((1+\/5)a—1)+%(3+\/5)2\/8a—5+\/3.

Proof. For (i), let n =4 in (3.12), then we deduce that
(VB = Dl = (VB U54 — 618+ V5) By — Il + VBIS, = 0.
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Putting the value of I5 , from Theorem 4.1(ii), solving for I5 4, and using the
fact that I5 4 has a real value greater than 1, we complete the proof.

For (ii), let n = 16 in (3.12) and replace I 4, l5 4 by I5 14, I5,16, respectively.
Then the rest of the proof is similar to that of Part (i). O

Theorem 4.3. We have

woo_1VE 146
517 2 2

Proof. Letting n = 1 in (3.4) and using the fact that hs ; = 1 from Lemma 2.4,
we find that

(VB —1) R —4h?Z +V5—1=0.
Solving for 5 ; and using the fact that 0 < hj; < 1, we complete the proof. [

See Theorem 4.16 in [11] for an alternative proof for Theorem 4.3.

Theorem 4.4. We have

() hos = 2V
"3+ V2 VB +VI0)(a—V5)
- VB2 — b+ V5 + (VBB — 20+ VB)(VB b2 — 6b+ V/5)
1) hs16 = 9 )
where
1+5 1++5
‘=3 T\
and

b:(3+2\/5)((1+\/5)a—1)+%(3+\/5)2\/8a—5+\/5.

Proof. For (i), let n =4 in (3.2), then we find that
(\/5}1%2,1 - 1)h§,4 - 4h/5,1h5,4 - hi-fl + \/5 =0.

—1
1+5 1+V5 1++5 1++5
2 2 5 T 2 '

Putting the value of h5 ; from Theorem 4.3, solving for hs 4, and using the fact
that hs 4 > 0, we complete the proof.
For (ii), let n = 16 in (3.6), then we deduce that

hg,w - (\/51{{%16 - 4132,16 + \/5)}‘%,16 + lgfw =0.

Putting the value of If ;4 from Theorem 4.1(iii), solving for hs 16, and using
the fact that 0 < hs 16 < 1, we complete the proof. (I

Note that
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5. Evaluations of R(q) and S(q)

We now apply specific values of hs, and I5, to evaluations of the Rogers-
Ramanujan continued fraction. In his second letter to G. H. Hardy (see [5]
for more details), Ramanujan gave the first non-elementary evaluations of R(q)

and S(g), namely,
R(e-27) — /5+2\/5 B x/52+ 1
Se) = /572\/3 B \/32— 1

Berndt, Chan, and Zhang [4] derived formulas for the explicit evaluations of

and

R(e=2™vV") and S(e~"™v") for positive rational numbers 7 in terms of Raman-
ujan-Weber class invariants. In [10], Yi established some formulas and de-
termined values for R(e‘QW\/ﬁ) and S (e‘”\/ﬁ) by using modular equations of
degrees 5 or 25. She provided simple proofs for some known values of R(gq) and
also found some new values of R(g). We now consider the numerical values of

R(e=2™V"/5Y and S(e’“\/m) where n is a positive integer. In [9], the values
of R(e " "/5) were evaluated when n = 1, 2, 3, 4, 7, 8, 9 and the values of
S(e*”\/m) were evaluated when n = 1, 3, 7, 9. We end this section by eval-
uating the numerical values of R(e_%\/"_/5) and S(e”™V"/5) for n = 4 and
n = 16.
Theorem 5.1. We have

() B (e im/V9) =

(_11 —5vV5b+ \/5(251)2 +22v5b + 25)) ;
(11 —5vBe+ \/5(25¢ — 225 + 25)) ,

N po =

(i) S5(e=2m/V5) =
where

1+v5  J14+V5
R

(3+\/3)(2(4a+17\/3)+(3+\/3) 8a—5+\/5)
(1+v5)B+VvV2+v5+v10)(vV5a—1)(a —V5) ’
732(3+\/5)a2(2(4a+17\/3)+(3+\/3) 8a—5+\/3)
A+ VB)(VBa—1) ((3+VZ+VE+VI0)a—5))'

Proof. The results follow directly form Lemma 2.6 and Theorems 4.2(i) and
44(1). O

b=2a

See [11] for an alternative proof of Theorem 5.1(i).
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Theorem 5.2. We have

where

(i) RS(e=87/V5) = % (11 —5V5¢c+ \/5(25c2 +22\/30+25)) ,
(i) S5(e~47/V5) = % (11 —5v5d + \/5(25d2 - 22\/3d+25)) ,
1+5 1++/5
-T2 * 2

S8
Il

(3+2\/5_))((1+\/5)a—1) +%(3+\/5)2\/8a—5+\/5,

(VB2 —6b+/5)
‘= (VBb—1)2
8b4/v/5b2 — 6b+ /5
(vVB5b—1) (\/\/5b2—2b+\/5 +\/\/E_)b2—6b+\/5)3

Proof. The results follow directly form Lemma 2.6 and Theorems 4.2(ii) and
4.4(ii). O
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