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ON SOME BEHAVIOR OF INTEGRAL POINTS ON A
HYPERBOLA

YEONOK Kim

ABSTRACT. In this paper, we study the root system of rank 2 hyperbolic
Kac-Moody algebras. We give some sufficient conditions for the existence
of imaginary roots of square length —2k (k € Z~¢). We also give several
relations between the integral points on the hyperbola h to show that the
value of the symmetric bilinear form of any two integral points depends
only on the number of integral points between them. We also give some
generalizations of Binet formula and Catalan’s identity.

1. Introduction

Let A be the Cartan matrix A = (—217 7;) with ¢ > b > 0, ab > 4 and
g = g(A) denote the associated rank 2 hyperbolic Kac-Moody Lie algebra over
the field of complex numbers. Let IT = {«g, a1} denote the set of simple roots
with A its root system, and W = (rg,r1) its Weyl group of g where rg, r
are the simple reflections. A root o € A is called a real root if there exists
w € W such that w(a) is a simple root. A root which is not real is called an
imaginary root. We denote by the symbols A"¢, A%, A" and Afﬁ" the set
of all real, positive real, imaginary and positive imaginary roots, respectively.
We also denote by Agmk the set of all positive imaginary roots of the algebra
g(A) with square length —2k. In [2], A. J. Feingold showed that the Fibonacci
numbers are intimately related to the rank 2 hyperbolic GCM Lie algebras.
Moreover in [5], S. J. Kang and D. J. Melville showed that all the roots of
a given length are Weyl conjugate to roots in a small region. These help in
determining the sufficient conditions for the existence of integral points on the
hyperbola by : bz? — abzy + ay? = —bk (k € Z~0). Below we display the main
results.

Main results. 1. Let {A4,} and {B,} be sequences defined in (3). In Lemma
2.2, we give some generalizations of Binet formula for the sequences {A,} and
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{B,}. And then we also give binomial expression for n-th term of each sequence
by utilizing Pascal’s triangle.

2. Let bx? — abxy + ay? = —bk be the hyperbola given above and let k = >
be any positive integer where t is a square-free integer and v € Z. For some
positive integer 6, we have:

If (v,0) € —C, then % <t< %, where —C' is a set defined as

—C={ (mn) € Lo x Lo | 25 <m< /gt

Vab—4 ab—4">
_ abm—+/(a2b2—4ab)m2—4abk
- 2a }

3. (7,0) € =C if and only if there exists j € Toyp such that t = j — 2= —1

and n = L= where Toy, is a set defined as

Toy={j€Z| L ez, IMcZ uith 2< ;<)
4. Let bz? — abxy + ay® = a and bx? — abxy + ay® = b be hyperbolas. Then
the value of the symmetric bilinear form (see equation (2) in Section 2) of two
integral points depends only on the number of integral points between them.
5. We give some generalizations of Catalan’s identity in [6] for the sequences

{A,} and {B,} as follows:

2
a k _
(a) (A2n+2k)2 — AopAoniak = W(lel alk 41)2.
b2
(b) (Bangor)? — BonBonsar = W(ZL adk=1iy2,

ab
(¢) (Agni112k)? — Aopi1Aopiivar = W(Zle atk—10)2

And then we define the new sequence { £ }, which we will call Lie-Fibonacci
sequence, that is a generalization of Fibonacci sequence. We also give several

interesting identities for Lie-Fibonacci sequence {F,sa)}.

2. The root system of g(A)

In this section, we give some sufficient conditions for the existence of imag-
inary roots of square length —2k (k € Z > 0).
We identify an element

(1) a = zoap + rroq € @ with an ordered pair (xg, 1) € Z X Z.

We call a root o € Z x Z a positive integral point if xg, x1 € Z>¢. Let us define
a symmetric bilinear form (:|-) on h* by the following equations:

(2) (a0 |0) =2, (a1 ]an) = 3, (aglen) = —a.

We define the sequences of integers {Ay} and {B,} for n > 0 by the recur-
rence relations

(3) AO == BO = 0, A1 = Bl = 1, To(AnOéo + BnJrlOél) = An+2a0 + Bn+10él



ON SOME BEHAVIOR OF INTEGRAL POINTS ON A HYPERBOLA 1245

and 71 (AnJrlOéO + BnOél) = An+104() + Bn+2a1.
Then we obtain the following formulas for n > 0:
(4) An+2 = aBn+1 - Ana
Byi2 =bAn+1 — B,

In particular, if a = b = 3, then A, = B,, = Fb,, for n > 1, where {F,} is a
famous Fibonacci sequence defined by the recurrence relations

(5) Fo=0,F =1, Fryo = Fp+ Fnpa.

Now we recall some well known properties of the root system of hyperbolic
Kac-Moody algebra g(A).

Proposition 2.1 ([4]). For the hyperbolic Kac-Moody algebra g(A), the root
system is given by

(a) AT ={(z, y) € Z X Z) | bx?® — abzy + ay® = a or b}.

(b) A™ ={(z, y) € Z x Z) | bx?® — abxy + ay* < 0}.

We know that the Fibonacci numbers can be calculated directly with Binet
formula (see [3] and [7]):

1 ((1+v5) [(1-v5)\"
F,=— — .
NG 2 2
The following lemma gives some generalization of Binet formula correspond-

ing to the sequences {4, } and {B,}.
Lemma 2.2. Let {A,} and {B,} be the sequences defined in (3). Then

2
ax 1
A — 2n
n T A ] (a a2”) ’

ba? om 1
o= g (o)

3
o+« Il
A2n+1 :BQ’H,-‘,-I = a471 (a n+l _

1
a2n+1) (n € Z>9),

where

o — \/@—i—\/ab—él
B 2

Proof. We will look for the closed form expressions of the sequences {4, } and
{B,}. Let us consider the sequence {B,} first. Let F(z) =Y > B,az™ be the
generating function for the sequence {Bp}n>1.

Using the equation (4), we have
(6) Bn+3 == (ab - 2)Bn+1 — anl-
n+3

is a zero of 1— (ab—2)x? + z*.

Then multiplying (6) by "1 yields

Bpisz" ™3 = (ab—2)2*B, 12" — ' B, 12"
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Summing up over n > 1 gives

(7) iBn+3.T (ab—2)x ZBH+1ZE 1 z4iBn,1:c”71
n=1 n=1

These implies,
F(z) — (By + Biz + Byx? + B3a®) = (ab — 2)2?(F(z) — z) — 2*F(x),
and hence
(1 — (ab—2)2* + ") F(x) = = + ba? + (ab — 1)z* — (ab — 2)2®
=+ ba? 4 3.
Now suppose
| Vab+Vab 1

be a zero of 1 — (ab — 2)z% + z*. By brief calculation, we get four zeros, a, —a,
Land —1, of 1 — (ab—2)z? + 2*. Thus we have:

x +bx? + 23
1—(ab—2)a? +a*

S (S -3 (2))

F(z) =

n=0 n=0
a—ba?+ad [ R AN
T T 2A - 1) (Z (zo2)" =3 (_E) )
n=0 n=0
_ﬂ i( )Qn_i(f)Qn
 (at—1) a“r «
n=0 n=0
a+a® — 2n+1 2n+1
+— <Z(aw) +
(Oé - 1) n=0
bo? 2n 1 2n O‘ JF o 2n+1 1 2n+1
a4_1z<0‘ ﬁ) Z< a2n+1)x :
n=0 =

Therefore, we obtain

b om 1 a+a? ol 1
32n=a41(a _%)’ B =7 @7 — oz ) (0 20)

By using similar steps, we have

2
e 9 1
AQ"_—Q4—1 (an_ﬁ)a
_ _at o’ gnt 1
Aont1 = Bopt1 = - (a T (n>1),

and hence the stated result. O
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Using the above lemma, we now obtain a binomial expression for each of the
sequences {A,} and {B,}.
Theorem 2.3. Let {A,} and {B,} be the sequences as above. Then for all
n >0,

a - n— _
Ay, = Wzgnc%_l(ab) Flab — 4)F1,
k=1

[ e _
B2n = 92n—1 22n02k71(ab) k(ab - 4)k 15
k=1
and
1 n+1
_ _ n+l—k k-1
Aogpy1 = Bapt1 = %;2714—102]@—1@[) (ab —4)" "

Proof. From Lemma 2.2,

bo? om 1
Ben = at—1 (a %)

b<@+\/ab4>2

2

(\/%+s/ab4>2n (\/a_\/abél)%)
2 2

(m+\/ab4>4_1
2

b Vab + ab —4 2”_ Vab —vab—4 o
ab(ab — 4) 2 2

b n
= WZQnCQk_l(ab)"_k(ab - 4)k_1;
k=1

and

3
B _« + « o2t 1
2n+1 at —1 a2n+1

\/E+\/ab74+ <\/E+\/ab4>3
2 (

2

\/E+\/m)21z+l<\/a__\/m>2n,+l)
2 2

(\/@+\/ab4>41
2

1 n+1 ) .
- %Z%chkfl(ab)"ﬂ Flab — 4)F 1,
k=1
Since Az, = §Ban and Agpy1 = Bany1, we get the desired result. 0

From now on, we can get the n-th term of {A,} and {B,} by using the
Pascal’s triangle.
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Example 2.4. Since

4
a _ _
Ag = ?ch%_l(ab)" *(ab— 4)F1,
k=1
in the 8th row of the Pascal’s triangle, we take the 2nd 8, 4th 56, 6th 56, and
8th 8. Then we have

Ay = 2 (8(ab)? + 56(ab)*(ab — 4) + 56(ab)(ab — 4 + 8(ab — 4)°).

In the same manner, we get

By = 5%(9(ab)4+84(ab)3(ab—4)+126(ab)2(ab—4)2+36(ab)(ab—4)3+ (ab—4)%).

So far, we have looked at the expressions of the sequences {4, } and {B,}.
Now we investigate relations among the integral points on some hyperbola. In
particular, we will look at imaginary roots first.

We will start with recalling some of the fundamental properties of the imag-
inary roots.

Proposition 2.5 ([4]). (a) The set AT™ is W -invariant.

(b) For any o € A", there exists a unique f € A" such that § = w(«)
for somew e W and (8| o) <0 fori=0,1.

For any a € Afffk, the above proposition tells us that there is a unique

B = (m,n) € A" such that 8 = wa for some w € W and
(8) (B8] ap) =2m —an <0,
(B ] 1) =—am+ 2n <0.

Since the bilinear form ( | ) is W-invariant, we also have g € AY™,.

If —C is the set of all positive integral points § = (m,n) on the hyperbola
br : ba? — abzy + ay? = —bk (k € Zso) that lie between the lines y = 2z and
y = 2z, then we observe that (see [4] and [5])

_C:{(m,n)eZzonZH \/%Smg\/:bbz,

o abm—\/(a2b2—4ab)m2—4abk }
= o .

We have the following proposition.

Proposition 2.6 ([5]). (a) For a € A'™, there exists a unique 8 € —C' such
that a = wp for some w € W.
(b) ALY = {(m,n), (mAzjs1 —nAzj, mBaj —nBaj-1),
(—mAsgj_1 +nAsj, —mBa; +nBgji1),
mA2j+1 — TLAQj, mBQj+2 — nBQjJrl),

(
(—=mAgji1 +nAgjra, —mBs; +nByjt1)|(m,n) € —C}.
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We know that any positive integer k£ can be represented as a product of two
integers t and v2 (v € Z) where t is a square free integer.

The following lemma gives a nice description on a set of positive imaginary
roots of square length —2k.

Lemma 2.7. Let bx? — abzy + ay® = —bk be a hyperbola where k = > is any
positive integer with a square free integer t and v € Zso. If (v,0) € —C for
some positive integer &, then

ab—4 ab—4

<t<
ab T T 4

Proof. If (,8) € —C for some positive integer &, then

20/k _ [ _abk
vab—4 = ab—4’

Since k = t?2, we have

IN

2Vt | < abt

< .
Vab—4 = 7 Vab—4

Squaring both sides give the desired result. (I

We now present the main result of this article in the next theorem.

Theorem 2.8. Let k = ty2 be any positive integer, where t is a square free
integer and let

Tow={j€Z| L el ez with 2<j<2}.

Then
(v,9) € —=C for some positive integer § if and only if

t:j—g—l, and 6:%f0r50me JE€Tap.

Proof. Suppose that (v,8) € —C for some positive integer §. From Lemma 2.7,
we have abt > ab — 4. Hence

0 < \/(a2b? — 4ab)y? — 4abk = \/(a2b? — 4ab — 4abt)
< \/a2b? — 4ab — 4(ab — 4)y
= (ab—4)y.
Since 2ab+ 1 ¢ 27Z, it is impossible to have

. S . ab
V/(a2b% — 4ab) — 4abt = ab— (2j + 1) for any j with 2 < j < 2.
Thus we have

(9) \/(a2b% — 4ab) — 4abt € Z if and only if \/(a2b% — 4ab) — 4abt = ab — 2j

P . b
for some j with 2 < j < <.
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Squaring both sides of equation (9), we obtain

J

t=j—>=—1
J ab )
and hence
j2
— € 7.
ab

On the other hand,
ab — Va2b? — 4ab — 4abt ab — (ab — 2j) Jv
6= Y=\—"7—5——|7=

2a 2 a

Since ¢ is a positive integer, we have j € Ty ;. Conversely, suppose that
there exists j € Tj, ; such that
.2 .
t=j—2— -1 and ez,
ab a
Consider the hyperbola b2 : bx? — abxy + ay® = —bty2. If we replace (z,y)
with (7, L) in the equation by : baz? — abzy + ay® = —bty?, we obtain
. . .2
v J7V\2 . ) 2 2
by? —aby(EL) + a(=)? = —b(j — = — 1)v% = —btr?,
7 —aby(7) +a(77) U= =1 gl
which shows that (v, %) is an integral point on the hyperbola b;,2. To prove
(7, %) € C, we need to check that the inequality

2k abk

10 — <y <y —
(10) Vab—4 ~ =V
and
(1) v _ aby — +/(a2b? — 4ab)y? — 4abk

a 2a

Since t = j— % — 1 implies equation (11), we only need to show the equation
(10). We will show instead that
ab—4 ab—4
<t< ,
ab T T 4
because of the direct equivalence between (10) and (12). It is clear that 2274 < ¢
since ¢ > 1. We only need to show

(12)

ab—4<t
i St
Suppose t > L‘j‘l. Then we have
)
. ] ab—4
L 1> :
J ab 4

and hence
(ab—25)* <0,
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which is a contradiction. Hence the inequality (12) holds and hence
VAl .
(’75 ;) e —C. [l

We already know that the Weyl group W is infinite and acts faithfully on
the root system of g(A). Thus

AT ={a€Qs |a=wp forweW, ge—-C}

and we can say that AT is either empty or infinite. Since there are no integral
point on the union of the lines bz? — abzy + ay? = 0, the set of all imaginary
roots of g(A) corresponds to the set of all integral points on the hyperbolas
br : ba? — abxy + ay?® = —bk(k € Z~() (see [4] and [5]).

We have the following corollary:

Corollary 2.9. If T, # 0, for some positive integer vy, then there are infinitely
many integral points on the hyperbola
.2

h o o 2:be—abxy—i—ayQZ—b(j_fz_b_l)VQfOTjeT-

Proof. If there exists j € Ty p, then % € Z. On the other hand,

: : 2,2
Y J : 7
by? = aby(=) +a(>)? = by* = bjy* +b(—~)
a a ab
j* 2
=—-b(j— = —1)".
=5
This means that (v, %) is an integral point on the hyperbola b(jfﬁq)»y?' Since
. ab
W is infinite and W acts faithfully on A*™, we have the desired result. O

The above corollary tells us that if j € T, ;, = 0), then —C = (). The following
example, however, shows that the converse is not valid.

Example 2.10. Let 222 — 102y + 5y? = —12. Since (2,2) € —C, there exist
infinitely many integral points on the hyperbola. But T, ; = (.

The following theorem gives us a useful algorithm for finding all of j € 17, .
Theorem 2.11. Suppose ab = up® where u is a square-free integer and p is a
positive integer and let jo = up. Then j € T, if and only if

ab .

j = qjo for some positive integer q with 1 < q < Jio and 1 € Zsg.

Proof. Assume j € T, 5. Then j2 = lab = lup? for some | € Z~g. Since u is a

square free integer, we have | = ug® for some q € Z~y.
Thus

J = qup = qjo.
Moreover since

b
2<j=qjo <%, andjo>2
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we have
ab

1<g< 2,
Jo
the desired result. Conversely, suppose that

i

j=qjo for some g with 1 <¢g < and % € Zxo.

<
o

4 o
Since jo > 2, we have 2 < j < 2. On the other hand, % — (@jo)” _
2. 2 2

0 = q?u € Z. Thus we have j € T, ;, establishing the statement. O
Corollary 2.12. If ab is a square-free integer, then Ty, = 0.
. s . . b
Proof. Since jo = ab, there cannot exist ¢ € Z such that gjo < %. (I
We present several examples.

Example 2.13. Let by : 422 — 362y + 99> = —4k where k = 7 - 32, Then
Toa={ 6,12,18 }. Since j — g—G —1=7, we have j =12 € Ty 4, and (7%) =
(3,4) € —C. Hence there are infinitely many integral points on the hyperbola
422 — 36xy + 9y? = —4-7- 32

From our discussion, it is clear that —C' = {) if and only if there is no integral
points on the hyperbola by, : bx? — abzy + ay? = —bk (k € Z~). Nevertheless,
it is not the same way as in the case of Ty, , = (. The following example is the
case when —C = 0.

Example 2.14. There is no integral point on the hyperbola 222 —10zy+5y* =
—2.

Example 2.15. Since (2,2) is an integral point on the hyperbola 222 — 10xy +
5y? = —12, there are infinitely many integral points. But T, = 0.

3. Some relations between the integral points on the hyperbolas

In this section, we study some relations among the integral points on the
hyperbolas bz? — abzy + ay? = b or a. In the case of a # br? for some r € Z,
it is well known that there is an 1-1 correspondence between the set A" and
the set of all integral points on the hyperbolas h¢ : bz? — abry + ay? = a and
ho : ba? — abxy + ay® = b.

Using induction on j > 0, we have the following equations:

(ror1)l o = (Asjs1, Baj),
(13) (riro)ria0 = (Azjt1, Bajia),
(riro) a1 = (Asj, Baji1), and
ro(riro)’ a1 = (Agjy2, Bajt1).

Consider the hyperbolas h® and h® as above. It consists of two pairs of
curves. Let us classify A’¢ into four groups. By simple calculation, for j € Z~,
we have the following:
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(a) The point (Agj, B2j+1) is an integral point on the hyperbola h* that lies
above the asymptote y = (Wi V‘;Z@M)z.
(b) The point (Agjt+2, B2j+1) is an integral point on the hyperbola h* that

ab—+/ab(ab—4) ).CC

2a
(c) The point (Agj41, Bajt+2) is an integral point on the hyperbola h® that

ab++/ab(ab—4)
(d) The point (Azj11, Ba;) is an integral point on the hyperbola h® that lies

below the asymptote y = (“b_‘;iz(“b_‘l))x.

Since the sequences {As2,}, {Ba2,} and {As,41} are increasing, we rec-
ognize that there are n — 1 integral points on the hyperbola between the
points (A;, Bjy1) and (Ajion, Bjtont1) along the curve. Likewise, there are
n — 1 integral points on the hyperbola between the points (A4;, B;—_1) and
(Ajt2n, Bj+on—1) along the curve.

As mentioned in the introduction, the following theorem shows that the
value of the symmetric bilinear form (see equation (2) of Section 2) of two
integral points depends only on the number of integral points that lie between
them.

lies below the asymptote y = (

lies above the asymptote y =

Theorem 3.1. Let {A,} and {B,} be sequences defined as in (3) of Section
2. Then for j, n € Zxq, we have:

(a) ((A2j, Bajt1) | (Agjtan, Bajyon+1)) = —aday + 22 Bapy1.

(b) ((Agjy2, Baj1) | (Azjt2nt2, Bajyont1)) = —adan + 3 Banta.

(c) ((A2j41,B2j+2) | (Azjtant1, Bajtont2)) = 242,41 — aBay.

(d) ((A2j41,B2j) | (A2jtont1, B2jt2n)) = 2A2p41 — aBay.

(e) ((Az2j, B2j+1) | (Agjqont1, Bajront2)) = —aAony1 + 2—;an+2-

(f) ((A2j41, Bajt2) | (A2jtant2: B2jtonts)) = 2A2p42 — aBanyi.

Proof. Using the equations in (13), we have

((Azj, Baji1) | (Agjian, Bojront1)) = (rire) en | (rire)’ ™ an)
= (1 [ (r1710)" 1)
= (a1 (Az2n, Ban+1))
2a

= —aAs, + ?anﬂ,

and hence (a). For (b),

((Azj12, Bajy1) | (Agjianya, Bajroant1)) = (ro(riro)’ an [ro(rire) ™ an)
= (a1 [ (r17m0)" 1)
= (a1 (A2n, Bant1))
2a

—aAop + ?anﬂ,
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and for (c),
((Agj41, Bajia) | (Agji2nt1, Bajyanta)) = (ri(rori)’ag | (r1(ror )" ag)
= (ao | (ror1)" )
= (aol (A2n41, B2n))
= 2A5,11 — aBa,.
In a similar manner, we can derive the part (d), (e) and (f). O

We already know that Catalan’s identity (see [6]) which was proved by Cata-
lan holds for Fibonacci sequence {F,,}. The following properties are some gen-
eralizations of Catalan’s identity .

Theorem 3.2. (a) (A2n+2k)2 - A2n2A2n+4kk = 044(1;_274 (Z?:l a4k_4l)2.
(b) (Bantor)? — BanBaniar = —es (X5, ath=41)2,
(¢) (Agni1yon)? — Aspy1Aoniiyar = %(ZL atk=aly2,
Proof. Using Lemma 2.2, we have
(A2n+2k)2 — AopAontak

1 1 1
2n+2k 2 2n 2n+4k
(a4_1) (a2 Ly o Ly Loy

ac® {a4n+4k L 9 _ (a4n+4k o1 otk _ 1 )}
ol — 1 Anrik Antak P

_ at
- a4k i\ A1
k 2
- dk—4l
1=1
and hence (a). In a similar manner, we can derive the parts (b) and (c). O

It is interesting to see that when we put & = 1, in Theorem 3.2, we get the
following numbers:

Corollary 3.3. (a) (A2pi2)? — Aoy Azpyg = a.
(b) (Bont2)? — BanBapya = b2
(c) (A2n43)* — Agpi1A2,ts = ab.

Define a new sequence {F,(la)} by the recurrence relations
(14) F(a) = (a) =1, F2(Zzi-2 = aFéz) - F2(z)—2’
FQ(ZZA F2(Zzi-2 - Féz) (n>0).

Clearly, {F,(ﬁ)} = {F,}, Fibonacci sequence. We deduce, after little calcu-
lation, the following proposition.
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Lemma 3.4. For any positive integer n and v, we have

1255

(a) V(FQ(Z)_Q, FQ(Z)) is an integral point on the hyperbola x% — axy + y? = 2.

(b) W(FQ(Z)_UFQ(ZL) is an integral point on the hyperbola x> — axy + y* =

—(a—2)7%
(¢) Fanys = aFont1 — Fon—1.
(d) Fap + Font1 = Fonyo.
(e) Fon—1+ aFop = Fopy1.
Proof. By putting W(FQ(Z),Q, FQ(Z)) and 'y(FQ( )
equations 22
and (b). For (c),
Fywyy = Fy, — Fi2,,
= a(F{ys — FSY) — (B — Fi) o)
= a(Fiky — Fy)) — (Fyy) — i)
oED -,

In a similar manner, we can derive parts (d) and (e).

Zflan(erl) instead of (x,y) in the
—azy +y? =% and 2? — azy + y* = —(a — 2)7?, we derive (a)

O

Let a = ¢~ he a zero of 1 — (a? — 2)2? + 2%, We have the following

proposition.

Proposition 3.5.

(a)

o) _ 1 a—24v@=2\" (a—2-v@-1\”
T (a—2)"a—4 2 2 '

")

(a — 2)ar where

(b)

(@)  _
Fonya = (a—2)"vVa? -4

2 2

Proof. In case of a = b, we derive o + 1 = ac and (o — 1)% =
a++vVa2—4
2

. From Lemma 2.2, we have

2
(a) aq " 1

e — _ =
o ad 1 (a a")

o =

1 ((a—2+\/a2—4)2n+1_(a—2—\/a2—4
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2n 2n
1 a—2++Va?2 -4 a—2—+va%—-4
(a—2)"Va? -4 2 2 ’

and hence (a). For (b),

B = F®on 42— F@ay

ao? 1 1
_ n+l _ _ n__ -
(e mm) - ()

— = ("= 5rG )
- (e G )

Recall that 32", F;F\") = (Fy,)2, and (a—2) 2 FEY) = (Fyp)2—1
(see [1]).
The following proposition shows a similar relation between the area of cer-

tain rectangle and the partial sum of sequence {F*F?_;} of product of two

consecutive terms of Lie-Fibonacci sequence {Féa)}.

Proposition 3.6. (a) 37", FYRY = (F{)ye,
2n+1 a a a
(b) (a=2) 23" FUFS = (F ) — 1.

1=

Proof. Since
2
>~ R, = FORS = (PO,
i=2

(a) is obviously true for n = 1. Proceeding by induction on n, if it is assumed
true for n = k, then

2k+2 2k
SRR =S YR + B R + P F
i=2 i=2

= (Fy)) + Fyph B + Pl Pl

= F (PR + Fih) + Pl o P

= Fz(Ziz(Fz(Z) + FQ(ZL)

= (FQ(ZZFQ)2a
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which proves (a) for n = k 4+ 1. For (b), clearly we have

3
(a—-2) 3 FYF = (a-2)(1+a~1) = (a—2)a = (F")2

Proceeding by induction on n, suppose that we have

2n+1
(a=2) > FUFY = (Fk,)? - 1,
i=2
then,
2k+3 o
(a—2) Z Fz‘(a)Fifl
i=2
2k+1
= (a—2) Y FOFY + (a - 2)(Fypl, Fiphy + Fi g Fiphs) = 1
i=2
(a) a (a) a a
= (Fyi)” = 1+ (a = 2) (P o Fah + o s i) — 1
(a) a (a) (a) (a)
= F2k+1(F2(kzrl + (a — 2)F2k+2) +(a— 2)F2k+3F2k+2 -1
= F2(ZZF1F2(ZEFB + (a— 2)F2(ZZF3F2(ZEFQ -1
= F2(Z13(F2(Zi1 + (a - 2)F2(ZZ+2)) -1
= (F2(Zzi-3)2 - 1a
which proves (b) for n = k 4 1. O

The following theorem generalizes the well-known fact that the sequence
{F};*’“} converges to (#)k, the k-th power of the golden ratio. In the fol-
E
o

lowing theorem, we give similar properties for the sequence {

(a)

. F
Theorem 3.7. (a) lim, o ;(ff)’“ = ak.

(b) limy, 00 Fantonr _ ak(a—1).

( 2n
F¢ k+1
: 2n4+14+2k+1 _
(c) limp o0 "F<a> ~ a—1°
2n+1

Proof. Combining Proposition 3.5 with | — 1| > 1, we have
1

R, e
lim @ = lim T

(a—2)2lVa2 —4 —Dr = (- 0)

i ((a o 1)n+2k o (é o 1)n+2k)

% (=2 (0= 1" = (E - 1))

((Oé _ 1)n+2k _ (é _ 1)n+2k)
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—_1)2\*
— lim <u>
n— o0 a—2

:ak,

and hence (a). For (b),
(a) : (
lim Fopiiion lim (a —2)"tk\/a? — 4
1

(Oé _ 1)2n+1+2k _ (L _ 1)2n+1+2k)

n— 00 F(a) n—oo o _1)2n — (L _1)2n
20 PRz A R

((a o 1)2n+1+2k _ (l _ 1)2n+1+2k)

T T (e )

k
L (a—1)2
= Jim (72 (a—1)
=af(a—1).
In a similar manner, we can derive part (c). O
Corollary 3.8. (a) ((FQ(;),FQ(;J)FQ) | (FQ(;J)FQ,FQ(;J)F4)) =a for all j € Z>o.
(o) ((FSL0 FiLa) | (S, Fi5)) = —(a—2)a for all j € Zso.

Proof. The part (a) is an immediate consequence of the parts (e) and (f) of
Theorem 3.1. Combining the results of the part(a) and Theorem 3.1, we have

((Féjil,Féfig>|<F§;ig,F§;i5>)

— ((F() _F(a) F(a) —F

2j+2 25 11 25+4 2J+2 |(F(a) _F ¢ F(a) F(('l) ))

) 2j+4 274+2°% 2546 27+4
= (B FSLONFS 0 Fie) ) = ((FSs, FELOIFS Lo FELY))
)

(a) pa(a) (a) a (a) pa(a) (a) (a)
— (B P LN F L BSLe) ) + ((BS B L) (B, B )

a—2—(—a®>+2(a®>—-1))+a
= - (a - 2)@,
and hence (b). O
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