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GCR-LIGHTLIKE SUBMANIFOLDS OF INDEFINITE
NEARLY KAEHLER MANIFOLDS

SANGEET KUMAR, RAKESH KUMAR, AND R. K. NAGAICH

ABSTRACT. We introduce CR, SCR and GCR-lightlike submanifolds of
indefinite nearly Kaehler manifolds and obtain their existence in indefinite
nearly Kaehler manifolds of constant holomorphic sectional curvature ¢
and of constant type a. We also prove characterization theorems on the
existence of totally umbilical and minimal GC R-lightlike submanifolds of
indefinite nearly Kaehler manifolds.

1. Introduction

The geometry of CR-submanifolds of Kaehler manifolds was initiated by
Bejancu [2], as a generalization of totally real and complex submanifolds and
has been further developed by many others [3, 4, 5, 6, 7]. The study of CR-
submanifolds of nearly Kaehler manifolds was initiated by Deshmukh et al. [8]
and further developed by [16, 17]. The CR structures on real hypersurfaces
of complex manifolds have interesting applications to relativity. Duggal stud-
ied geometry of C'R submanifolds with Lorentzian metric and obtained their
interaction with relativity [9, 10]. Duggal and Bejancu [11] introduced a new
class called C R-lightlike submanifolds of indefinite Kaehler manifolds, which
excludes the complex and totally real cases. Then Duggal and Sahin [13] in-
troduced Screen Cauchy-Riemann (SCR)-lightlike submanifolds of indefinite
Kaehler manifolds, which contains complex and screen real sub-cases. But
there was no inclusion relation between SCR and C'R cases. So to obtain the
desired relationship, Duggal and Sahin [14] introduced Generalized Cauchy-
Riemann (GCR)-lightlike submanifolds of indefinite Kaehler manifolds and
further developed by [18, 19, 20]. The theory of lightlike submanifolds has
interaction with some results on Killing horizon, electromagnetic and radiation
fields and asymptotically flat spacetimes. Thus the significant applications of
CR structures in relativity and growing importance of lightlike submanifolds
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in mathematical physics and very limited information available motivated the
present, authors to work on it.

In present paper, we introduce the notion of CR-lightlike submanifolds of
indefinite nearly Kaehler manifolds and obtain the existence theorem for this
class of submanifolds. We conclude that CR-lightlike submanifolds do not
include invariant (complex) and totally real lightlike submanifolds. Thus we
introduce a class SC R-lightlike submanifolds of indefinite nearly Kaehler man-
ifolds, and derive the existence theorem for this class. We further conclude
that there is no inclusion relation between C'R and SCR subcases. Therefore
we introduce a new class called GC R-lightlike submanifolds of indefinite nearly
Kaehler manifolds and show that this class of submanifolds contains CR and
SC R-lightlike submanifolds as subcases. We obtain the existence of this class
and the non-existence of totally umbilical GC R-lightlike submanifolds of indef-
inite nearly Kaehler manifolds with constant holomorphic sectional curvature
¢ and of constant type a. We also study minimal GC R-lightlike submanifolds
and give some characterization theorems on minimal GC R-lightlike submani-
folds.

2. Lightlike submanifolds

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of con-
stant index ¢ such that m,n > 1, 1 < ¢ < m+n — 1 and (M,g) be an
m-dimensional submanifold of M and g be the induced metric of g on M. If
g is degenerate on the tangent bundle TM of M, then M is called a lightlike
submanifold of M, for detail see [11]. For a degenerate metric g on M, TM* is
a degenerate n-dimensional subspace of T, M. Thus both T, M and T, M+ are
degenerate orthogonal subspaces but no longer complementary. In this case,
there exists a subspace RadT, M = T, M N T, M 1 which is known as radical
(null) subspace. If the mapping RadTM : x € M — RadT,M, defines a
smooth distribution on M of rank r > 0, then the submanifold M of M is
called an r-lightlike submanifold and RadT M is called the radical distribu-
tion on M. Screen distribution S(T'M) is a semi-Riemannian complementary
distribution of Rad(TM) in T'M therefore

(1) TM = RadT M LS(TM)

and S(TM%1) is a complementary vector subbundle to RadTM in TM*. Let
tr(T'M) and ltr(T'M) be complementary (but not orthogonal) vector bundles
to TM in TM |p and to RadTM in S(TM*)L respectively. Then we have

(2) tr(TM) = ltr(TM) LS(TM™).

(3) TM |y=TM @ tr(TM) = (RadTM & 1tr(TM)) LS(TM)LS(TM™").

Let u be a local coordinate neighborhood of M and consider the local quasi-
orthonormal fields of frames of M along M, on was {&1,..., &, Wyi1,..., Wh,
Ni,.oo oy Ny X1,y oo, X}, where {&1, ..., &}, {N1,..., N, } are local lightlike
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bases of I'(RadT'M |,), T(Itr(TM) |,) and {Wyp1, ..., Wt {Xss1,..., Xin}
are local orthonormal bases of I'(S(TM™) |,) and T'(S(T'M) |,) respectively.
For this quasi-orthonormal fields of frames, we have:

Theorem 2.1 ([11]). Let (M, g, S(TM),S(TM™)) be an r-lightlike submani-
fold of a semi-Riemannian manifold (M, g). Then there exists a complementary
vector bundle Itr(TM) of RadT M in S(TM=*)L and a basis of T(ltxr(TM) |,)
consisting of smooth section {N;} of S(TM*)* |,, where u is a coordinate
neighborhood of M such that

(4) g(ng])zéz]a g(szNj):() fOT any i,j€{1,2,...,7"},

where {&1,...,&} is a lightlike basis of T (Rad(TM)).

Let V be the Levi-Civita connection on M then according to the decompo-
sition (3), the Gauss and Weingarten formulas are given by
(5) VxY =VxY +h(X,Y), VxU=—-ApX + VU
forany X, Y e I(TM) and U € T'(tr(T'M)), where {VxY, Ay X} and {h(X,Y),
V% U} belong to I'(T'M) and T'(tr(T'M)), respectively. Here V is a torsion-free
linear connection on M, h is a symmetric bilinear form on I'(T'M) which is
called second fundamental form, Ay is a linear a operator on M and known as
shape operator.

According to (2) considering the projection morphisms L and S of tr(T'M)
on ltr(TM) and S(T M) respectively, then (5) become
(6) VxY = VxY +h(X,Y) +h*(X,Y), VxU=—-AyX + DYU + D%U,
where h'(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), DU = L(VLU),
D5 U = S(VxU).

As h! and h* are T'(ltr(T'M))-valued and T'(S(TM+))-valued respectively,
therefore they are called the lightlike second fundamental form and the screen
second fundamental form on M. In particular

VxN = -AxX + Vi N + D*(X, N),

VxW = —Aw X + V5 W + DY(X, W),
where X € I(TM),N € T(Itr(TM)) and W € I'(S(TM~)). Using (6) and (7)
we obtain
(8) g(h*(X,Y), W) + g(Y, D' (X, W)) = g(Aw X, Y)
for any W € T'(S(TM+1)). Let P be the projection morphism of TM on
S(T'M) then using (1), we can induce some new geometric objects on the
screen distribution S(T'M) on M as
9) VxPY =VXPY + h*(X,PY), Vx{=-A;X+V¥

for any X,V € I'(T'M) and £ € I'(RadT'M ), where {V} PY, Af X'} and {h* (X,
Y), Viié} belong to I'(S(T'M)) and T'(RadT' M) respectively. V* and V*!
are linear connections on complementary distributions S(T'M) and RadT M

(7)
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respectively. h* and A* are I'(RadT M)-valued and I'(S(T'M))-valued bilinear
forms and are called as second fundamental forms of distributions S(T'M) and
RadT M respectively.

Using (6) and (9), we obtain
(10)  g(h'(X, PY),6) = g(A¢X, PY),  g(h*(X,PY),N) = g(An X, PY)
for any X,Y e T(TM), £ € T(Rad(TM)) and N € I'(ltr(T'M)).
_ In general, the induced connection V on M is not a metric connection. Since
V is a metric connection, by using (6) we get
(11) (Vx9)(Y,2) = g(h'(X,Y), Z) + g(h'(X, 2),Y).
However, it is important to note that V* is a metric connection on S(T'M).

Denote by R and R the curvature tensors of V and V respectively then by
straightforward calculations ([11]), we have

R(X, Y)Z - R(X, Y)Z + Ahl(X,Z)Y - Ahl(Y,Z)X + AhS(X,Z)Y
— Apsvy X + (VxB)(Y, Z) = (Vyh)(X, Z)
D'(X, h*(Y, Z)) = D'(Y, h*(X, Z)) + (Vxh*)(Y, Z)

(12) - (Vyhs)(X, Z) + DS(Xa hl(Y7 Z)) - DS(Ya hl(Xa Z))
Gray [15], defined nearly Kaehler manifolds as:
Definition 2.2. Let (M, J, ) be an indefinite almost Hermitian manifold and
V be the Levi-Civita connection on M with respect to g. Then M is called an
indefinite nearly Kaehler manifold if
(13) (Vx )Y +(Vy )X =0, V X,Y €cI(TM).

It is well known that every Kaehler manifold is a nearly Kaehler manifold
but converse is not true. S% with its canonical almost complex structure is a
nearly Kaehler manifold but not a Kaehler manifold. Due to rich geometric and
topological properties, the study of nearly Kaehler manifolds is as important
as that of Kaehler manifolds. Therefore we study the geometry of CR, SCR
and GC R-lightlike submanifolds of an indefinite nearly Kaehler manifold.

Nearly Kaehler manifold of constant holomorphic curvature ¢ is denoted by
M (c) and its curvature tensor field R is given by, [21]

(14)
R(X,Y,Z,W) = {g(X,W)g(Y, Z) - g(X, Z)g(Y, W) + (X, JW)g(Y, ] Z)

—9(X,JZ)g(Y,JW) —2g(X,JY)g(Z, JW)}

AV D), (Vv I)(2))

((VXJ)( ), (Vy )W) = 25((Vx I)(Y), (Vz2T)(W))}
and the sectional curvature is given by

R(X,Y,X,)Y) —{g(X V)2 - g(X, X)g(Y,Y) — 35(X, JY)?}

=10
>—‘QI
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(15) RIS

A nearly Kaehler manifold is said to be of constant type a [15], if there
exists a real valued C*° function o on M such that

(16) IV DHA)* = {1 X[P[Y]* - 9(X,Y)* - g(X, JY)?}.

3. Cauchy Riemann lightlike submanifolds

Definition 3.1. A submanifold (M, g, S(T'M)) of an indefinite nearly Kaehler
manifold (M, g, J) is said to be a Cauchy-Riemann (C'R)-lightlike submanifold
if and only if following conditions are satisfied
(A) J(Rad(T'M)) is a distribution on M such that Rad(T'M) N JRad(T M)
= {0}.
(B) There exist vector bundles S(T'M), S(TM™), ltr(T M), Dy and D’ over
M such that

S(TM) = {J(Rad(TM))® D'} LDy, J(Do) =Dy, J(D')=LilLs,
where Dy is a non degenerate distribution on M, L; and Lo are vector bundles

of Itr(TM) and S(T'M)* respectively. Then the tangent bundle M of M is
decomposed as TM = D1D’, D = Rad(TM) & Dy @ JRad(T'M).

Example 1. Let M be a submanifold of (RS, g) given by the equations r3 = xg
and z5 = /1 — 2%, where g is of signature (+, +, —, +, +, —, +, +) with respect
to a basis (0x1,0xq, Oxs, x4, Oxs, Oxg, 0x7,0xs). Then the tangent bundle of
M 1is spanned by

Z1 = 0x1, JZy=0xs, Z3z=0x3-+ Ovs,
Zy = 0x4, Zs5=—x60x5+ 5018, L5 = O07.

Clearly M is a 1- lightlike submanifold with Rad(TM) = Span{Z3} and JZ3 =
Zy — Zg € T(S(TM)). Moreover, JZ, = Zy and JZy = —Z; and therefore
Doy = Span{Zy, Z;}. By direct calculations, we get S(T M=) = Span{W =
25015 + x6026}. Thus, JW = Z5 and hence Ly = S(T'M*). On the other
hand, the lightlike transversal bundle is spanned by N = %(—83@3 + Ows).
Then JN = —2(0z4 + Ox7) = —3(Zs + Zg), hence Ly = Span{N} and D' =
{JN,JW}. Thus M is a proper C R-lightlike submanifold of R.

Theorem 3.2 (Existence Theorem). A lightlike submanifold M of an indefi-
nite nearly Kaehler manifold M (c) of constant type o and of constant holomor-

phic sectional curvature ¢ such that ¢ = —3a, where o # 0 is a CR-lightlike
submanifold with Dy # 0, if and only if

(1) The mazimal complex subspaces of T,M,p € M define a distribution
D =Rad(TM) & J(Rad(TM)) & Dy,

where Dqy is a non-degenerate complex distribution.
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(ii) There exists a lightlike transversal vector bundle ltr(T' M) such that
G(R(E,N)E,N) =0, V¢eT(Rad(TM)),N € T(1tr(TM)).

(iii) There exists a vector subbundle Ma on M such that

GRW,WHYW,W')=0 YW, W' eT'(M),
where Ma is orthogonal to D and R be curvature tensor of M(c).

Proof. Suppose M is a CR-lightlike submanifold of M(c) such that ¢ # 0.
Then D = Rad(TM) @ J(Rad(TM)) @ Dy is a maximal subspace. Thus (i)
is satisfied. Using (14) and (16), we have g(R(¢, N)¢, N) = 3ag(¢, JN)? for
¢ € T'(Rad(TM)), N € T'(Itr(TM)). Since by the definition of C'R-lightlike
submanifolds g(¢, JN) = 0, hence (ii) holds. Similarly (14) and (16) imply
GRW,WW,W') = 3ag(W, JW')? for W,W' € I'(M,), by definition of CR-
lightlike submanifolds g(W, JW’) = 0, hence (iii) holds.

Conversely from (i), we see that Rad(T'M) is a distribution on M such
that J(Rad(TM)) NRad(T'M) = {0}. Thus condition (A) of the definition of
C R-lightlike submanifold is satisfied. Therefore we can choose a screen dis-
tribution containing JRad(T M) and Dy (since Dy is non-degenerate). Since
ltr(T'M) is orthogonal to S(TM) therefore g(¢, JN) = —g(J¢,N) = 0 for
¢ € I'(Rad(TM)). Hence we conclude that some part of ltr(T'M) defines a dis-
tribution on M, say M;. On the other hand, from (ii), we derive 3ag(¢, JN) = 0
for ¢ € T(Rad(TM)), N € T(tr(T'M)). Since o # 0 therefore we have
g(&, JN) = 0, that is, Jltr(TM)NRad(T M) = {0}. Moreover, since g(N, ¢) = 1
for € € I'(Rad(T'M)) and N € I'(JM;) therefore we have g(JN, J¢) = 1. This
shows that M is not orthogonal to JRad(T'M) and hence not orthogonal to D.
Now, consider a distribution My which is orthogonal to D such that MoNM; =
{0} and orthogonal to M;. Then from (iii), we have 3ag(W, JW') = 0 for all
W, W' € T'(Ms). Since a # 0, we have g(W, JW') = 0, which implies My L J M.
On the other hand, since M, is orthogonal to D, we obtain g(JW,X) =
—g(W,JX) = 0 for all X € I'(D) and W € T'(Mz). Hence JMs1D. Thus
JMs1 D, JMy LM, and JMy 1 M, imply that JMy C S(TM™), hence the
proof. (I

Remark 1. Let M be a complex lightlike submanifold, that is, J(TM) = TM.
Then easily we can show that J(Rad(T'M)) = Rad(TM). Hence M is not a
C R-lightlike submanifold. If M is totally real lightlike submanifold, that is,
J(TM) C TM+, then from the condition that J(Rad(T'M)) is a distribution
on M we can derive J(Rad(TM)) = Rad(TM). Thus M is not a CR-lightlike
submanifold. Thus to include complex and totally real submanifolds, we intro-
duce a new class, called Screen Cauchy Riemann (SCR)-lightlike submanifolds
of indefinite nearly Kaehler manifolds as below.
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4. Screen Cauchy Riemann lightlike submanifolds

Definition 4.1. Let (M, g, S(T'M)) be a real lightlike submanifold of an in-
definite nearly Kaehler manifold (M, g, J) then M is called a Screen Cauchy-
Riemann (SCR)-lightlike submanifold if the following conditions are satisfied

(A) There exists a real non-null distribution D C S(T'M) such that
S(TM)=D&D*+, JD*+cS(TM*‘), DnD*=/{0},

where D+ is orthogonal complementary to D in S(T'M).
(B) RadT' M is invariant with respect to J.

It follows that D and ltr(7'M) are invariant with respect to J, that is,
JD = D, Jts(TM) = 1e(TM), TM = D' ® D+ and D' = DLRad(TM).
Denote the orthogonal complement to JD=+ in S(T'M~) by p. Then tr(TM) =
ler(T'M YLJD* L. We say that M is a proper SCR-lightlike submanifold of
M if D # {0} and D* # {0}.
Example 2. Let M be a submanifold of RS given by the equations
T1 =Up —U2, T2=1u1+ U, T3 =1U4, T4 = Us,
Ts = —U2 —U3, Te =7 =1U1, Tg=U2—U3,
where g is of signature (—, —, +, +, +, +, +, +) with respect to a basis (9z1, Oxa,
Oxs, Oxy, Oxs, Oxg, Ox7, Oxg). Then TM is spanned by {Z1, Zs, Z3, Z4, Z5}
where
Z1 = 0x1 + 0xo + Oxg + Ox7, Zo = —0x1 + Oxg — Ox5 + Oy,
Z3 = 78565 - 8568, Z4 = 8563, Z5 = 8564.
Thus M is a 2-lightlike submanifold with RadT'M = Span{_Zl, Zs} such that
JZy = Zs, therefore Rad(T M) is invariant with respect to J. Since JZy = Z5
therefore D = Span{Z,, Zs} is also invariant with respect to J. Moreover,

S(TM™) is spanned by W = —dx¢ + 0z7 = JZ3. Hence a lightlike transversal
vector bundle 1tr(T'M) is spanned by

1 1
Ni = 5 (=0w1 = 0wy + Owe + 0w7),  Na = (01 — 0wy — Ows + Oxs),

which is invariant with respect to J. Thus M is a proper SCR-lightlike sub-
manifold of R, with D’ = Span{Z, Z2, Z4, Zs} and D+ = Span{Z3}.

Theorem 4.2 (Existence Theorem). Let M be a lightlike submanifold of an
indefinite nearly Kaehler manifold M(c) of constant type o and of constant
holomorphic sectional curvature ¢ such that ¢ = —3a, where o # 0. Then M
is a SCR-lightlike submanifold with D # 0, if and only if
(i) The mazimal complex subspaces of TyM,p € M define a distribution
D’ =Rad(TM)LD, where D is an almost complex distribution.
(i) g(RW,W"W,W') =0 for all W,W' € T(D%), where D+ is an orthog-
onal complementary distribution to D in S(TM) and R be curvature
tensor of M(c).
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Proof. Let M be a SC R-lightlike submanifold of an indefinite nearly Kaehler
manifold such that ¢ = —3«. Then D’ = RadTM 1D is a maximal sub-
space. Using (14) and (16), we have g(R(W, W)W, W') = 3ag(W, JW')? for
W, W' € T'(D4), since JD+ C S(TM+), therefore g(W, JW') = 0 and hence
GRW,WHW,W') = 0.

Conversely, since D is an almost complex distribution, therefore RadT' M N
D = {0} and D' is invariant implies RadTM is invariant with respect to J.
Using (14) and (16) with (ii), we obtain g(W, JW') = 0, for all W, W’ € T'(D+),
that is, D+ _1LJD* . On the other hand, since D is orthogonal to D', we obtain
g(JW,X) = —g(W,JX) = 0 for all X € T'(D) and W € I'(D%}), this implies
JD+1D'. Moreover, since ltr(T'M) is invariant with respect to .J, we obtain
JD+ e T(S(TM™Y)). O

Remark 2. From the definition of SCR-lightlike submanifolds, it is clear that
SC R-lightlike submanifolds include complex and totally real submanifolds as
subcases. But there does not exist any inclusion relation between SC R-lightlike
submanifolds and C R-lightlike submanifolds. Thus we need new class of sub-
manifolds which acts as an umbrella over the CR and SC R-lightlike submani-
folds.

5. Generalized Cauchy-Riemann lightlike submanifolds

Definition 5.1. Let (M, g, S(T'M)) be a real lightlike submanifold of an indef-
inite nearly Kaehler manifold (M, g, J) then M is called a generalized Cauchy-
Riemann (GCR)-lightlike submanifold if the following conditions are satisfied

(A) There exist two subbundles D; and D of Rad(T'M) such that

Rad(TM) = Dy ® Dy, J(Dy) =Dy, J(D3)C S(TM).
(B) There exist two subbundles Dy and D’ of S(T'M) such that

S(TM)={JDy® D'} LDy, J(Dg)= Dy, J(D')=LiLLs,
where Dy is a non degenerate distribution on M, L; and Ly are vector sub-
bundles of Itr(TM) and S(T M)+ respectively.

Then the tangent bundle TM of M is decomposed as TM = D1D" and
D =Rad(TM)® Dy® JDy. M is called a proper GC R-lightlike submanifold if
Dy # {0}, Dy # {0}, Dy # {0} and Ly # {0}, which has the following features

1. The condition (A) implies that dim(Rad(TM)) > 3.
2. The condition (B) implies that dim (D) = 2s > 6, dim (D) > 2 and

dim (Ds) = dim (L;). Thus dim (M) > 8 and dim (M) > 12.
3. Any proper 8-dimensional GC R-lightlike submanifold is 3-lightlike.

Proposition 5.2. A GCR-lightlike submanifold M of an indefinite nearly
Kaehler manifold M, is a CR-(respectively SCR-) lightlike submanifold if and
only if D1 = {0} (respectively, Dy = {0}).
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Proof. Let M be a C R-lightlike submanifold of M. Then JRad(T M) is a distri-
bution on M such that JRad(T'M)NRad(TM) = {0}. Hence Dy = Rad(T M)
and D; = {0}. Conversely, assume that M is a GC R-lightlike submanifold such
that D; = {0}. Then Dy = Rad(T'M) and hence JRad(TM) N Rad(TM) =
{0}, that is, JRad(T'M) is a vector subbundle of S(T'M). Thus M is a CR-
lightlike submanifold. Similarly, we can prove the other assertion. (I

Remark 3. Since any lightlike real hypersurface of an indefinite Hermitian man-
ifold is a C'R-lightlike submanifold, [11]. Also invariant and screen real lightlike
submanifolds of M are sub cases of SCR-lightlike submanifolds, [13]. Thus us-
ing above proposition, we conclude that class of GC R-lightlike submanifolds
is an umbrella of real hypersurfaces, invariant, screen real, CR and SCR-
lightlike submanifolds.

Example 3. Let M be a submanifold of R}* given by the equations

_ _ _ _ 2
Tl = T4, X2 = —X13, T3 =12, w7 =1/1—ag.

Then T'M is spanned by Zl, ZQ, Zg, Z4, Z57 ZG; Z77 Zg, Zg, ZlO; where
Zy = 0x1 + 014, Zp =0x2 —O0x13, Z3 = 03+ 0112,
Z4 = 8954, Z5 = 8955, Z6 = al'g, Z7 = *1‘88567 + 567(9568,
Zg = 0wy, Zg=0x19, Z10= 0r11.
Clearly M is 3-lightlike with Rad(T'M) = Span{Zl,Zg,_Z3} and JZ; = Zs.
Therefore D1y = Span{Z;,Z>}. On the other hand, JZ3 = Z4 — Z1o €
T'(S(TM)) implies that Dy = Span{Zs}. Since JZ5 = Zs and JZg = Zg there-
fore Do = Span{Zs, Zs, Zs, Z9 }. By direct calculations, S(TM+) = Span{W =
2707 + 28078}, Thus JZ7 = —W. Hence Ly = S(TM*). On the other hand,
the lightlike transversal bundle ltr(TM) is spanned by
1
N1 = 5
therefore Span{ Ny, Ny} is invariant with respect to J and J N3 = 75Z47 %Zw-
Hence L; = Span{N3} and D’ = Span{.JN3, JW}. Thus M is a proper GCR-
lightlike submanifold of R}*.

1 1
*81’1 + 85014),]\72 = 5(781‘2 — 81'13),]\73 = 5(*8503 + 81'12)},

Let Q, Py and P, be the projections on D, j(Ll) = M, and j(LQ) = Ms,
respectively. Then for any X € I'(T'M) we have

(17) X=QX + P X+ PX,
applying J to (17), we obtain

(18) JX =TX +wP X + wPX,
and we can write the equation (18) as

(19) JX =TX +wX,
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where TX and wX are the tangential and transversal components of JX re-
spectively. Similarly

(20) JV =BV +CV

for any V' € T'(tr(T'M)), where BV and CV are the sections of T'M and

tr(T'M) respectively. Applying J to (19) and (20), we get 7% = —I — Bw

and C? = —I — wB. Differentiating (18) and using (6), (7) and (20), we have
(VxT)Y +(VyT)X = Awp, xY + Auwp,xY + Aup vy X

21
(21) + Appy X + 2Bh(X,Y).

D*(X,wP,Y) + D*(Y,wP,X) = — ViwPY — ViwP,X
+wP, VXY +wP,VyX
— (X, TY) — h*(TX,Y)
+2CR5(X,Y).

DYX,wPY) + D'(Y,wP,X) = — VxwP,Y — Vi, wP, X
+wP,VxY +wPVy X
—h{(X,TY) - h{TX,Y)
+2CHY(X,Y).

(23)

Using nearly Kaehlerian property of V with (7), we have the following lemma.

Lemma 5.3. Let M be a GCR-lightlike submanifold of an indefinite nearly
Kaehler manifold M. Then we have

(24) (VxT)Y + (VyT)X = Ayy X + AuxY +2Bh(X,Y),
and
(25) (Viw)Y + (Vhw)X =2Ch(X,Y) — (X, TY) — h(TX,Y)
for any XY € (T M), where

(VxT)Y =VxTY —TVxY, (Viw)Y =ViwY —wVxY.

Theorem 5.4. Let M be a GCR-lightlike submanifold of an indefinite nearly
Kaehler manifold M .Then the induced connection is a metric connection if and
only if the following hold

A%y X =V X —VYJY €(JD3;1Dy), whenY € T'(Dy),
Vi X +Viy X +h*(X,JY) € I(JD2LDy), whenY € T(Dy),
ViyTX—AuxJYET(Rad(TM)), and Bh(X,JY)=0,when YET'(Rad(TM)).
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Proof. Since J is the almost complex structure of M therefore we have VxY =
—VxJ?Y for any Y € I'(Rad(TM)) and X € I'(TM). Then from (13), we
obtain VxY = —JVxJY + V3, JX — JV ;- X and using (6) and (19), we get
VxY +h(X,Y) = — J(VxJY + V3y X) + Vi TX + h(TX, JY)

— AwxJY + V5ywX —2Bh(X,JY) — 2Ch(X, JY).
Since Rad(T'M) = D1 ® D5 therefore using (9), (19) and (20) and then equating
the tangential part for any Y € I'(Dy), we obtain
(26) VxY = T(A% X —V3IY +V 5y X)+V 7y TX — Ay x JY —2Bh(X, JY),
and for any Y € I'(Dz), we obtain
(27) _ _ } _
VY = —T(ViJY + 05 (X, JY)+V jy X)+V jy TX — Ay x JY —2Bh(X, JY).

Thus from (26), VxY € T'(Rad(T'M)), if and only if
T(A% X — V3LJY — V3 X) € T(JDy L Dy),
(28) ViyTX — AuxJY € T(Rad(TM)), Bh(X,JY) = 0.
From (27), VxY € I'(Rad(T'M)), if and only if
T(VXJY + h*(X,JY) + Vs, X) € I(JDy; LDy),
(29) ViyTX — AuxJY € T(Rad(TM)), Bh(X,JY) = 0.
Thus the assertion follows from (28) and (29). O

Theorem 5.5 (Existence Theorem). A lightlike submanifold M of an indefinite
nearly Kaehler manifold M (c) of constant type o and of constant holomorphic
sectional curvature ¢ such that ¢ = —3a, where a # 0 is a GCR-lightlike
submanifold with Dy # 0, if and only if
(i) The maximal complex subspaces of T,M,p € M define a distribution
D = Dy 1Dy1JDy1 Dy where Rad(TM) = Dy @ Do, Dg is a non
degenerate complex distribution.
(ii) There exists a lightlike transversal vector bundle ltr(TM) such that
G(R(E,N)¢,N) =0 for any ¢ € T(Rad(TM)) and N € T'(Ly).
(iii) There exists a vector subbundle Mo on M such that g(R(W, W)W, W’)
=0 for any W,W' € T'(Ms), where My is orthogonal to D and R be
curvature tensor of M(c).

Proof. Suppose that M is a GCR-lightlike submanifold of M (c) such that ¢ =
—3a and ¢ # 0. Then by the definition of GCR-lightlike submanifolds, D =
D11 Dy 1 JDs 1 Dy is a maximal subspace. Next from (14) and (16), we have

(30) g(R(E,N)E, N) = 3ag(¢, JN)?

for any ¢ € T'(Rad(TM)) and N € T'(Ly). Since g(&,JN) = 0, by the def-
inition of GC R-lightlike submanifolds therefore we have g( R(E,N)E,N) = 0.
Similarly, from (14) and (16) we have g(R(W, W)W, W') = 3ag(W, JW')2 = 0
for W, W’ € T'(Mz), which proves (iii).
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Conversely, from (i) it is clear that a part Dy of Rad(T M) is a distribution on
M such that JDyNRad(TM) = {0}, this implies that other part of Rad(7 M) is
invariant. Thus (A) of the definition of GC R-lightlike submanifold is satisfied.
Therefore we can choose a screen distribution containing J D, and Dy. Since
ltr(T'M) is orthogonal to S(TM) this implies that g(&, JN) = —g(JE, N) =0
for ¢ € T'(D2). Hence we conclude that some part of Jltr(TM) defines a
distribution on M, say M;. Also from (ii) and (30), we have 3ag(¢, JN)? =
0 for ¢ € T'(Rad(TM)),N € T(ltr(TM)). Since o # 0 we conclude that
g(&,JN) = 0 that is Jltr(TM) N Rad(TM) = {0}. Moreover, g(N,&) = 1
for ¢ € T(Ds) C T'(Rad(TM)) and N € T'(JM;) C T(ltr(TM)) implies that
g(JN,J¢) = 1, this shows that M; is not orthogonal to Dy and hence not
orthogonal to D. Now, consider a distribution Ms which is orthogonal to D
then My N M; = {0} and orthogonal to M;. From (iii) we have g(W, JW') = 0
for W, W’ € T'(Ms), this implies that My | JM,. Since My is orthogonal to
D, we obtain g(JW,X) = —g(W,JX) = 0 for X € I'(D) and W € I'(M>),
hence jMQJ_D Thus jMQJ_D, jMQJ_Ml and jMQJ_MQ 1Inp1y that jMQ C
S(TM+), this completes the proof. O

Lemma 5.6 ([21]). If M is a nearly Kaehler manifold, then
(B1)  (Vx)Y +(VyxJ)JY =0, N(X,Y)=—-4J(VxJ)(Y))

for any X, Y € T(T(M)), where N(X,Y) is the Nijenhuis tensor and given by
(32) N(X,Y) = [JX, JY] - J[X,JY] - JJX,Y] - [X,Y].

Theorem 5.7. Let M be a GCR-lightlike submanifold of an indefinite nearly
Kaehler manifold M. If D is integrable, then h(X,JY) = h(JX,Y) for X, Y €
(D).

Proof. Let X, Y € T'(D). Then using (5) and (31), we obtain
JN(X,Y) =2(VxJY — VyJX) + 2(h(X, JY) — h(JX,Y)) — 2J[X,Y].
Since D is integrable then using (32), it follows that JN(X,Y) € I'(D) and

J[X,Y] € T(D). Hence by equating the transversal components, the result
follows. O

Theorem 5.8. Let M be a GCR-lightlike submanifold of an indefinite nearly
Kaehler manifold M and D-defines a totally geodesic foliation in M. Then

(33) WX, JY)=h(JX,Y)=Jh(X,Y),VX,Y € [(D).

Proof. Assume D defines a totally geodesic foliation in M then clearly D is
integrable. Therefore the first equality of (33) follows from Theorem 5.7.
Let X,Y € T'(D). Then using the hypothesis that D defines totally geo-
desic foliation in M with (22) and (23), we have h(X,JY) = Ch(X,Y), using
Jh(X,Y) = Bh(X,Y)+ Ch(X,Y), we get h(JX,Y) = Jh(X,Y) — Bh(X,Y).
Since X,Y € T'(D) therefore from (21), we have (VxT)Y + (VyT)X =
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Bh(X,Y). Using D defines a totally geodesic foliation in M with (13), we
obtain Bh(X,Y) = 0 and hence h(JX,Y) = Jh(X,Y). O

Definition 5.9. A GCR-lightlike submanifold of an indefinite nearly Kaehler
manifold is called D geodesic (respectively, mixed geodesic) GC R-lightlike
submanifold if its second fundamental form h satisfies A(X,Y) = 0 for any
X,Y € T'(D) (respectively, X € T'(D) and Y € T'(D")).

Theorem 5.10. Let M be a GCR-lightlike submanifold of an indefinite nearly
Kaehler manifold M. If D defines a totally geodesic foliation in M, then M is
D geodesic.

Proof. Let D defines a totally geodesic foliation in M. Then VxY € T'(D)
for any X,Y € I'(D). Then using (6) for any ¢ € I'(Rad(T'M)) and W €
L(S(TM™)), we obtain

g(h'(X,Y),6) =g(VxY,€) =0, g(h*(X,Y),W)=g(VxY,W) =0,
Hence h!(X,Y) = h*(X,Y) = 0 and the assertion follows. O

Theorem 5.11. Let M be a mized geodesic proper GC R-lightlike submanifold
of an indefinite nearly Kaehler manifold M(c) of constant type o with con-
stant holomorphic sectional curvature c. If the distribution Dy defines a totally
geodesic foliation in M, then it is necessary that ¢ = a.

Proof. From (14) and Lemma 5.6 together with the fact that (Vx)(JZ) =
—J(VxJ)(Z), we obtain

5 = = c 1, < =
(34  §(R(X,JX)Z,JZ) = —59(X, X)g(Z, 2) + S |(Vx I)(2)|?
for any X € I'(Dg) and Z € I'(JL3). On the other hand, using M is mixed
geodesic and (12), we get
(35)  (R(X,JX)Z,JZ) =g(Vxh")(JX,Z) = (V ;xh*)(X, Z), ] Z)

for X € (Do) and Z € I'(JLs). Using the mixed geodesic property of M
along with the hypothesis, we obtain

(Vxh*)(JX,Z) = —h*(VxJX,Z) - h*(JX,VxZ),
and
(Vixh*) (X, Z) = =h*(V;x X, Z) = B*(X,V ;x Z).
Hence
(Vxh*)(JX,Z) = (Vxh*)(X, Z)
=h(JX,X),Z) - h*(JX,VxZ)+ h*(X,VixZ).

Let X,Y € I'(Dg) and Z € T'(M2) then using that Dg defines a totally geodesic
foliation in M, we obtain g(TVxZ,Y) = —g(VxZ,TY) = —g(VxZ,TY) =
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g(Z,VxTY) = 0. Hence from the non-degeneracy of Dy, we obtain VxZ €
I'(D’). Thus from above equation, we have

(Vxh®)(JX,Z) - (Vixh®)(X,Z) = 0.
Thus from (34) and (35), we have
(36) cg(X, X)9(2,2) = |(VxT)(2)|*.
Since M is of constant type a therefore from (16) and (36), we obtain
cg(X, X)9(Z,Z) = o{g(X, X)9(Z,Z) — 9(X, Z2)* — 9(X, T Z)*}.

Since X € I'(Dy) and Z € T'(J Ly) therefore we get (¢ —a)g(X, X)g(Z, Z) = 0,
then non-degeneracy of Dy and J Lo gives the result. (I

6. Totally umbilical GC R-lightlike submanifolds

Definition 6.1 ([12]). A lightlike submanifold (M, g) of a semi-Riemannian
manifold (M, g) is said to be a totally umbilical in M if there is a smooth
transversal vector field H € T'(tr(TM)) on M, called the transversal curvature
vector field of M, such that, for X, Y € T'(T'M)

(37) hMX,Y)=HgX,Y).

Using (7), it is clear that M is a totally umbilical, if and only if, on each
coordinate neighborhood u there exist smooth vector fields H' € T'(ltr(T'M))
and H*® € T(S(TM1)) such that

(38)  AYX,Y)=H'g(X,Y), h°(X,Y)=H%g(X,Y), DY(X,W)=0

for X, Y € I(TM)and W € T'(S(TM™)). M is called totally geodesic if H = 0,
that is, if A(X,Y) = 0.

Theorem 6.2. Let M be a totally umbilical proper GC R-lightlike submanifold
of an indefinite nearly Kaehler manifold M. If Dy defines a totally geodesic fo-
liation in M, then the induced connection V is a metric connection. Moreover,
h® = 0.

Proof. Let X,Y € I'(Dy). Then using (23), we obtain wP,VxY +wP,Vy X =
RY(X,JY)+h(JX,Y) —2Ch (X,Y). Using Dy defines a totally geodesic foli-
ation in M and Theorem 5.8, we obtain h!(X, JY) = Ch!(X,Y). Since M is a
totally umbilical GC R-lightlike submanifold therefore we have H'g(X,JY) =
CH'g(X,Y). For X = JY and using the non-degeneracy of Dy, we have
H' = 0. Thus from (38), we have h! = 0. Hence from (11), the induced
connection V is a metric connection. Similarly using (22), we can prove that
h® = 0. ]

Lemma 6.3. Let M be a totally umbilical GCR-lightlike submanifold of an
indefinite nearly Kaehler manifold M. Then Vx X € T'(D) for any X € T'(D).
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Proof. Since D" = J(L1LLy), therefore Vx X € I'(D), if and only if, g(Vx X,
J&) =0and g(VxX,JW) =0, for any £ € T'(D3) and W € T'(Ls), respectively.
Using M is a totally umbilical GC R-lightlike submanifold, we obtain

9(VxX,JE) = —g(VxJX,§)

Hence the result follows. O

Theorem 6.4. Let M be a totally umbilical proper GC R-lightlike submanifold
of an indefinite nearly Kaehler manifold M. Then one of the following holds

(a) M is totally geodesic, if Do defines a totally geodesic foliation in M.
(b) h* =0 ordim(Ls2) = 1, if Dy does not define a totally geodesic foliation
m M.
Proof. Let Dy defines a totally geodesic foliation in M. Then from Theorem
6.2, we obtain that h! = h* = 0, thus (a) follows. Now suppose Dy does not

define totally geodesic foliation in M then using (6), (7), (19), (20) and then
taking tangential part, we have

—AjwZ —Aj, W =TV W +TVwZ + 2Bh(Z,W)
for any Z, W € I'(JLs). Taking inner product with Z and hence using (8) and
(20), we get

gh*(Z,2), W) =g(h*(Z,W),JZ).
Since M is totally umbilical, therefore we have
(39) gH", JW)g(Z,Z) = g(H*, T Z)9(Z,W).
Interchanging the role of Z and W in above equation, we obtain
(40) g(H*, T Z)g(W, W) = g(H*, JW)g(Z, W).
Thus from (39) and (40), we obtain
9(Z,W)*

9(Z, Z)g(W, W)

Let X € TI'(Dy). Then using (22) with Lemma 6.3, we obtain h*(X,JX) =
Ch*(X,X). Since M is totally umbilical therefore we get g(X, X)CH® =

then non-degeneracy of Dy implies that CH*® = 0, that is, H* € I'(Lz). Since
J Lo is also non-degenerate, thus choosing non-null vector fields Z and W in
(41), we conclude that either H* = 0 or Z and W are linearly dependent, which

proves (b). O

(41) g(H®,JZ) = g(H®,JZ).
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Theorem 6.5. There exist no totally umbilical proper GCR-lightlike subman-
ifold of an indefinite nearly Kaehler manifold M(c) of constant type o with
constant holomorphic sectional curvature c, such that ¢ # «.

Proof. Let M be a totally umbilical GC R-lightlike submanifold of M (c) such
that ¢ # «. Then from (14), we obtain

= - - c 1, = -
(42)  G(R(X,JX)Z,JZ) = —59(X, X)g(Z, Z) + S| (Vx 1) (2)|?

for any X € I'(Dg) and Z € T'(JLz). On the other hand, from (12) and (38)
we have

43)  g(R(X,JX)Z,JZ) =g(Vxh*)(JX,Z) = (V ;xh*)(X, Z), ] Z)
for any X € I'(Dy) and Z € I'(JLz). Now from (42) and (43), we obtain
c 1, = -
- 59X, X)g(Z,2) + S |(VxT)(2)|”
= g(Vxh*)(J X, 2) = (Vxh")(X, 2), ] Z).
Since M is totally umbilical therefore using (38), we have
(Vxh®)(JX,Z) = —g(VxJX,Z)H®* — g(JX,VxZ)H".

Since g(JX,Z) = 0 for any X € I'(Dy) and Z € I'(JLy), differentiating this
with respect to X, we get g(VxJX,Z) = —g(JX,VxZ), therefore

(Vxh®)(JX,Z) =0.
Similarly (V7xh®)(X, Z) = 0. Hence (44) becomes

(44)

Co(X. X)0(2,2) = L|(Vx N2

Since M is of constant type «, therefore using (16), we obtain
cg(X,X)g(Z,2) = a{g(X,X)9(Z,2) — 9(X, Z)* - g(X, T Z)*}.

Since X € I'(Dy) and Z € I'(JLs) therefore we have (c — a)g(X, X)g(Z,Z) =
0, then using non-degeneracy of Dy and JL3, we obtain ¢ = «. Hence this
contradiction completes the proof. (I

7. Minimal GC R-lightlike submanifolds

Definition 7.1 ([1]). A lightlike submanifold (M, g, S(T'M)) isometrically im-
mersed in a semi-Riemannian manifold (M, g) is said to be minimal if
(i) h* =0 on Rad(T'M) and
(ii) trace h = 0, where trace is written with respect to g restricted to
S(TM).

As in the semi-Riemannian case, any lightlike totally geodesic M is min-
imal. Therefore from Theorem 6.4, a totally umbilical proper GC R-lightlike
submanifold of an indefinite nearly Kaehler manifold M with Dy defines a
totally geodesic foliation in M is minimal.
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Theorem 7.2. Let M be a totally umbilical GCR-lightlike submanifold of an
indefinite nearly Kaehler manifold M. Then M is minimal if and only if M is
totally geodesic.

Proof. Suppose M is minimal then h*(X,Y) = 0 for any X,Y € T'(Rad(T'M)).
Since M is totally umbilical therefore h!(X,Y) = H!g(X,Y) = 0 for any X,Y €
I'(Rad(T'M)). Now, choose an orthonormal basis {e1, ez, ..., €m_r} of S(TM)
then from (38), we obtain

traceh(e;, e;) Z eg(es,ei) VH' + eg(ei,e))H® = (m— T)Hl + (m—r)H®.
=1

Since M is minimal and Itr(TM)NS(TM*) = {0}, we get H' = 0 and H® = 0.
Hence M is totally geodesic. Converse follows directly. (I

Theorem 7.3. A totally umbilical proper GCR-lightlike submanifold of an
indefinite nearly Kaehler manifold M is minimal if and only if

traceAw, =0 and traceA; =0 on Do LJLs
for W, € T(S(TM™), where k € {1,2,...,r} andp € {1,2,...,n—1r}.

Proof. Using (37), it is clear that h*(X,Y) = 0 on Rad(T'M). Using the
definition of a GC R-lightlike submanifold, we have

traceh|s(TM)
a b b c
=Y MZi, Zi)+ > h(JE&, TE) + > h(IN;, Ny) + Y (Wi, JW)),
i=1 j=1 j=1 =1
where a = dim(Dy), b = dim(D2) and ¢ = dim(Lz). Since M is totally
umbilical therefore from (37), we have h(J¢;, J¢;) = h(JN;, N;) = 0. Thus
above equation becomes
(45)
traceh|s(TM)

=Y h(Zi,Zi)+ > h(TWi, W)
1=1

=1

= Z % Zg(hl(zi, Zi), Ek)Nk + Z - i . Zg(hs(zu Zi), Wp)Wp

c

1 1
— hl JWy, JW, )N, (R (JWy, JW,), W, )W,
Z 1, W), &k) k+zn rzg 1 W), W)Wy,
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where {Wy, Wa, ..., W,_,} is an orthonormal basis of S(T'M~). Using (8) and
(10) in (45), we obtain
(46)

traceh|s(TM)

a

- g % ;g(AEkZZ-, Zi)Ni + g ﬁ g 9(Aw, Zi, Z)W,

(AL, JWy, JWy)Ny, +Z

Z (Aw, JWi, JTW)W,.

=1 k=1

Thus trace h|srar = 0 if and only if trace Aw, = 0 and trace Agz = 0 on
DoLJLy. Hence the result follows. [l

Definition 7.4. A lightlike submanifold M of a semi-Riemannian manifold is
said to be an irrotational submanifold if Vx¢ € T(TM) for any X € I'(TM)
and ¢ € TRad(TM). Thus M is an irrotational lightlike submanifold if and
only if A!(X,€&) =0 and h*(X, &) = 0.

Theorem 7.5. Let M be an irrotational lightlike submanifold of a semi-Rie-
mannian manifold M. Then M is minimal if and only if traceAzk|5(TM) =0

and traceAw, |s(rary = 0, where W; € D(S(TM™), where k € {1,2,...,r} and
je{l,2,...,n—r}.
Proof. M is irrotational implies h*(X, £)=0 for X €['(T' M) and £ eI'(Rad (T M))
therefore h® = 0 on Rad(T'M). Also

traceh|g(rar)

m-—-r

= > elht(ese) + 1 (e, e0)
i=1
(47) oy 1
= 7 iy €4 N, - h* 1y €4 aW' W
;6{ Zg (€iei); &) k+n—r;g( (ei,ei) J) J}
m—r 1 - . 1 n—r ~
= 61'{;29(14&61',61')1% +Ezg(z4wj€i,€i)wj}-
i=1 k=1 =1
Hence the theorem follows. O

Theorem 7.6. Let M be an irrotational GC R-lightlike submanifold of an in-
definite nearly Kaehler manifold M. If D is integrable, then M is minimal if
and only if traceA¢| 7p,qpr = 0 and traceAw | jp,qp = 0.

Proof. Since M is irrotational therefore we have h* = 0 on Rad(T'M). The inte-
grality of D implies that h(X, JY) = h(JX,Y) for X,Y € T'(D), which further
implies h(JX,JY) = —h(X,Y). Choose an orthonormal basis {e1, ez, ...,ep,
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Jei, Jes, ..., Jey} of Dy therefore

2p 2p
traceh|p, = Zeih(ei, e;) = Zei(h(ei, )+ h(Je;, Je;)) =0
i=1 i=1

Thus M is minimal if and only if

b b c
(48) D h(J&, TG) = > (TN, Ny) =Y h(JW, JW,) =0,

j=1 =1

where b = dim(D3) and ¢ = dim(Lz). Clearly using (8) and (10) in (48), the

assertion follows. O
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