Bull. Korean Math. Soc. 50 (2013), No. 4, pp. 1079-1086
http://dx.doi.org/10.4134/BKMS.2013.50.4.1079

BSDES ON FINITE AND INFINITE TIME HORIZON WITH
DISCONTINUOUS COEFFICIENTS

PENGJU DUAN AND YONG REN

ABSTRACT. This paper is devoted to solving one dimensional backward
stochastic differential equations (BSDEs). We prove the existence of the
solutions to BSDEs if the generator satisfies the general growth and dis-
continuous conditions.

1. Introduction

The backward stochastic differential equations (BSDEs for short), in the
nonlinear case, were firstly introduced by Pardoux and Peng [10], who estab-
lished the existence and uniqueness of solutions of BSDEs when the generator
is under Lipschitz conditions. Since then, BSDEs have been studied because
of the universal applications in stochastic games, partial differential equations
and mathematical financial, etc. Owe to the restriction of Lipschitz conditions,
many authors improved the results of Pardoux and Peng (see [2, 4, 6, 8, 9]).
Particularly, Gia [7] obtained the existence of solutions of one dimensional BS-
DEs with linear growth and discontinuous assumptions.

Chen and Wang [1] discussed a class of one dimensional BSDEs with infinite
time interval and obtained the unique result with suitable conditions. Further-
more, Fan and Jiang [3] studied the existence and uniqueness of solutions of
multidimensional BSDEs with non-Lipschitz coefficients, which generalized the
result of Chen and Wang [1]. Recently, Fan et al. [5] firstly obtained the exis-
tence of minimal solution of one dimensional BSDEs on finite and infinite time
horizon with continuous conditions and general growth. Furthermore, they also
gave the unique result under non-Lipschitz assumptions.

Motivated by these works, especially by [7] and [5], we are devoted to solving
the one dimensional BSDEs on finite and infinite time horizon with discontin-
uous conditions and general growth of generator. In Section 2, we give some
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notations and technical lemmas. In Section 3, we put forward and prove our
main result.

2. Notations and lemmas

Let 0 < T < 400 be a fixed constant. Let (Q, F, P) be a probability space
carrying a standard d-dimensional Brownian motion (Wy)i>o0, (Ft)t>0 be the
natural o-algebra generated by (W;);>0 and assume Fp = F. |- | denotes the
Euclidean norm in R". Next, we propose some spaces as follows:

L?(2, F;, P) denotes the set of all Fi-measurable random variable ¢ such
that E|¢|? < oo.

£2(0,T; R) denotes the set of F;-progressively measurable R-valued process
{¢t,t € [0,T]} such that

2

T
lel? :=E (/0 gatdt> < 0.

M?(0,T; R"™) denotes the set of F-progressively measurable R™-valued pro-

cess {z,t € [0,T]} such that
T
/ |z¢|?dt | < oo.
0

5’2(0, T;R) denotes the set of real valued, adapted and continuous process
(Yt)tejo, 1) such that

I2l13 =E

Iyl =B

sup |yt|2] < o0.
te[0,T)

In this paper, we mainly discuss the following one dimensional backward
stochastic differential equations

T T
(21) Yy =& +/ g(s,ys,zs)ds - / zsdWs, t € [O,T],
t t

where ¢ € L2(Q, F, P), the generator g(w,t,,2): Q2 x [0,7] x R x R = R is
progressively measurable for each (y, z).
Definition 2.1. A pair of process (v, 2¢)¢cjo,7] is called a solution to BSDE
(2.1), if (y¢, 2¢)eejo,m) € S?(0,T5R) x M?(0,T; R?) which satisfies BSDE (2.1).
In the following, we introduce some assumptions with respect to the gener-
ator of one dimensional BSDE (2.1) with 0 < T < +o0:
(H1) g(t,-, 2) is left continuous and g(¢,y, -) is continuous;
(H2) There exist two deterministic functions u(-), v(:) : [0,7] — R with

fOT [u(t) + v2(t)]dt < 4oo and an Fi-progressively measurable, nonnegative
process { fi }tejo,r] with E [(fOT ftdt)Q} < 400 such that for all y € R, z € RY,

lg(t,y,2)| < fir +u(t)|y| + v(t)|z], AP x dt-a.s.;
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(H3) There exists a continuous function (-, -) : R x RY — R which satisfies
[k(y, 2)| < u(t)|y| + v(t)|z| for all y1 >y € R, 21, 22 € R?, such that

(2.2) gt y1,21) — gt y2, 22) > K(y1 — ya, 21 — 22).

For the sake of convenience, we introduce some technical lemmas. The
following Lemma 2.2 appears in Fan et al. [5].

Lemma 2.2. Assume that the generator g(t,y, z) of BSDE (2.1) is continuous
in (y,z) and (H2) holds, then, for each & € L?(Q, Fr, P), the BSDE (2.1) has
a minimal solution (yt, 2¢)eejo,1]-

Lemma 2.3. Assume (H3) holds, let k,(y, z) be defined as

i 2) = i (sl )+ nu(t)ly — ul +no(e)]z — o]}
(u,v)ERI T4

Then, the sequence of functions rn(y, z) is well defined for each n > 1, and it
satisfies

(i) General growth: |ky(y, 2)| < u(t)|y| + v(t)|z|;
(ii) Monotonicity: kn(y, z) increases in n;
(iii) Lipschitz condition:

| (Y1, 21) = Kn (Y2, 22)| < nu(t)lyr — yo| +nv(t)|z1 — 22|
(iv) Convergence: If (Yn,zn) = (Y, 2), kn(Yn, 2n) = £(y, 2).
The proof is similar to Lemma 1 in [8], we omit it.

Lemma 2.4. Let x(y, z) be defined in (H3), we consider the following BSDE

(2.3) Yy =€ +/t [6(ys, zs) + ¢(s)] ds —/t zsdWs, t € [0, T,

where £ € L?(Q, Fr, P), and ¢(s) € L2(0,T; R). Then,
(i) Eq.(2.3) admits a minimal solution (y,, z;) €S%(0,T; R)xM?(0,T; RY);
(ii) For any solution of BSDE (2.3), ¢(t) > 0 and £ > 0, then it implies
Y, = 0, P-a.s.

Proof. From Lemma 2.2, we can derive that BSDE (2.3) has at least one solu-
tion. In order to complete the proof, we consider the following three equations

T T
(24)  yl=t+ / ()| — v(s)|=}] ds — / 1AW, t € [0.7),

T T
(25) 4= / [—u(s) 2] — v(s)|22[] ds — / 22dW,, t € [0.7],

and

T T
(2.6) yr=¢ Jr/t [Fn(ys, 22) + &(s)] ds — /t z0dWs, t €[0,T], n > 3.
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By Theorem 1.2 of Chen and Wang [1], we know each of the above three
equations has a unique solution. Let (y},2}), (y2,22) and (y2, 2/*) be solution
of (2.4), (2.5) and (2.6), respectively. By the comparison theorem (see Fan et
al. [5]), it implies

(2.7) >y = yis t€0,7).

Because (2.5) has a unique solution, (0,0) is a solution, y? = 0. Moreover,
from Lemma 2.2, the solution {(y}", 27*)}52; of (2.6) converges to the minimal
solution (gt,gt). Thus, we have

y, >yl >y =0, te0,T].
So the proof is completed. O

In order to get the main result of this paper, we construct a sequence of
BSDEs as follows:

T T
(2.8) gg =¢ +/t {—u(s)|g2| — v(s)|g8| - fs] ds f/t ggdWS, t € [0,T],

T
g [ foton s atyl -y -]
(2.9) :
7/ 2LdWy, t€[0,7T], i =1,2,...,
t

and

T T
210) =+ [ [uog] + o+ A ds— [ B, ee 0.1,
t t

By the existence Theorem 1.2 in Chen and Wang [1], both the equations (2.8)
and (2.10) have unique solutions which are denoted by (y?,2) and (7¢,7}),
respectively. In addition, Lemma 2.4 guarantees that (2.9) admits a solution. In
the following, we only consider the minimal solution of (2.9), which is denoted

by (y}, 23)-

Lemma 2.5. Under the conditions of (H1)-(H3), the solutions of (2.8), (2.9)
and (2.10) have the properties, for any i € NT, t € [0,T],

0 i i+1 < =0
¥, <y, gg;"‘ <%, P-a.s.

Proof. From (2.8) and (2.9), we have

T T
Ql—Q?Z/t {fi(gi—yg,éi—ngAi} ds—/t (2} — 2D)dw,

where AL = g(s,y?, 20) +u(s)[y?|+v(s)[23]+ fs. From (H2) and (H3), it implies
Al >0and Al € £2(0,T;R). According to Lemma 2.4, we know QS < gi.
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Next, we assume gi’l < gi. By (2.9), we can deduce

T T
vy = / [y =yl 2 = )+ AL ds - / (24t = 28)aws,
t t

where ALt = g(s, y ,2h) — g(s,yiﬁl,zfs by — n(yi —y =tz — 271, From

(H2) and (H3), it unphes AL > (0 and ALt € £2(0 T;R),soy, < yi*'. By
mathematical induction, we have

QS < Qi < gi""l, P-a.s.

We use mathematical induction again to prove gi <79, i=0,1,2,.... From
(2.8) and (2.10), we have

T
B-a) = [ ) W)+ o + 1200+ 25} ds
/T(zozo)dWS.

Since u(s)[[79] + 0[] + v(s)[[Z0] + [22]] +2fs > 0, from Lemma 2.4, we get
yt > yt, P-a.s.
According to (2.9) and (2.10), we have
-y,

T
= [ {uEI+ o+ . g2 — (g~ Pzt - ) s
' T
- [ @ zaw.

T T
= [ {ru@mt - g - o - s [ - zhaw,
t t

where W, = u(s)[7] —yi|+v(s)[Z] — 23| +u(s)[T2] +v(s)[Z2] + fs — g (s, 2, 20) —
n(gifgg,gi—gg). From (H2) and (H3), Ul > g(s,gs,gs)—g(s,gs,_s)fn(gi—
an 2l — gg) > 0. By Lemma 2.4, we have gi < y?, P-a.s.

£s
Assume yi <79, by (2.9) and (2.10), we have
7 -y

T T
[ -t = - o) - 2w s [ - s,
t t

where Wit = u(s)|gy — yi™| + v(s)[2] — 207 + u(s) B8] + v(s)[Z] + fs —
9(s,yt,28) — Ry —yt P
7Y, P-as.

So, the proof is complete. O

2%). Similar proof as above, it follows y”l <
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3. Main result
Now, we give our main result.

Theorem 3.1. Under assumptions (H1)-(H3), the solutions (gi,gi)z"il of (2.9)
converge to (y,,z,), which is a solution of (2.1).

Proof. From Lemma 2.5, we know {g?} is increasing, and bounded in S%(0,T;
R). By dominated convergence theorem, we can imply {gz};’il converges in
S2(0,T;R) to a limit Y, and

supE{ sup |y’ |2} < E[ sup |g?|2] +E[ sup |y?|2] < 0.
i 0<t<T <t<T 0<t<T

Applying Itdé formula to |y“r1|2 we have

{|yz+1|2:|
= E ||y, | +E / {|zz+1|2 {g(t v 2)+rly =yl 2 -2

Let G(w) = sup sup |y‘S , A =2 f t)dt. From the assumption of
n sel0,T
(H2) and (H3), we get

T .
B[P
0
T
= E|§|2+2E/ Yt {g(t ylzy) + Ry -y 2t *gi)} dt
0
T
< BIEP+2B [ 10 [lott 2+ e - g2 - 2] e
0

T
EIEPH2E [ [Aebulol 4ol o)l o0l -zl
0
By using the inequalities 2ab < a® + b2, 2ab < Ba® + %bQ for 8 > 0, we have

[ ftdtr

T T
E/ |z 2dt < E[E]2 4 (1 + 24X + 4/ u(t)dt)EG? + E
0 0

1 T L
7 2 72
+ZE/0 (20 1? + [2p)°] dt
1 r )
0

T, ; . i+1 ;
Thus, SLZ}pEfO |2;|?dt < oo, which leads to Ay™ := g(s,y!, 28) + Ky —

yt, 2Tt — 21 be uniformly bounded in £2(0,7;R). Applying It6 formula to
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lyy — g;”|2, as the same proof of Theorem 1 in Fan et al. [5], we have
T T
Bl — P+ B [ [ 2P =28 [ (g - )AL - AT
t t

T
<28 [ 7 - A + A7 ds.
¢
From the conditions (H2) and (H3), we have

T
Bl ~ P+ B [ 12 - 2 s
t

2
T
< 4E + 8VEICT - || B / |gg—g;"|u(s)d31
t

T
/ ly" — g?|202(s)ds‘| .
t

Therefore, Lebesgue dominated convergence theorem yields {z¢}5°; is a Cauchy
sequence and converges in M?(0,7; R%), we denote it by 2
Now, we take limits as n — oo in (2.9), then

T
| i
t

+8/C1VE[G?]- | E

T T
Yy, = §+/ g(s,gs,gs)ds —/ z,dWs, t €10, T].
t t
Thus, {y,, z; }1e(0,7) satisfies (2.1). O

Remark. If 0 < T < +o0, let u(t), v(t) = A, the result of this paper includes
the result of Lepeltier and San Martin [8] and Theorem 3 in [7].

If (H1) is replaced by the following condition
(H1") g(¢,-, 2) is right continuous, and g(¢, y, -) is continuous,
we can get:

Theorem 3.2. Under the assumptions (H1"), (H2) and (H3), then the Eq.(2.1)
has a solution in S(0,T; R) x M?(0,T; RY).

In order to complete the proof, we consider (2.10) and the following equation
T
i i i i—1 i i—1
Y, = §+/ [g(s,gs,zs) —r(y, =y 2 — 2 )} ds
(2.11) tT
—/ ZdWs, t€[0,T),i=1,2,....
t
By similar procedures in Lemma 2.4, Lemma 2.5 and Theorem 3.1, we can get
it.
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