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In this study we consider a flow line CONWIP system in which two types of product are produced. The
processing times of each product type at each station follow an independent exponential distribution and the
demands for the finished products of each type arrive according to a Poisson process. The demands that are not
satisfied instantaneously are either backordered or lost according to the number of unsatisfied demands that exist
at their arrival instants. For this system we develop an approximation method to obtain the performance mea-
sures such as steady state probabilities of the number of parts of each product type at each station, mean waiting
times of backordered demands and the proportion of backordered demands. For the analysis of the proposed
CONWIP system, we model the CONWIP system as a two class closed queueing network with a synchroni-
zation station and analyze the closed queueing network using a product-form approximation method for multiple
classes developed by Baynat and Dallery. In the approximation method, each subsystem is analyzed using a
matrix geometric method. Comparisons with simulation show that the approximation method provides fairly
good results for all performance measures.

Keywords: CONWIP System, Multi-Class Closed Queueing Network, Product-Form Approximation Method,
Matrix Geometric Method, Performance Evaluation

714 AR A B4 A

© 2013 KIIE

ST e QA7 A

Z$(CONstant Work In Process, CONWIP)% -2 H o) 7] 4]
Ao} A (push control policy)Z EB7]7]4 A oA A (pull
control policy)& 2 g ¢ A 1A 2 (hybrid control policy)L-
EA AE 209 d S B A S ol gk 24 A5t
Ae a7t BAste 4AF Art ASHE SA AA
FUAA7} o] FolA B g A 28 ) o A FF(HAF E

A A FAHE v x—}?jﬂ‘)ﬂ"i/l TAL R &
UAFOE 1ol ByE w7t SET Ao glo] Wojuf7]
2ol oJsf 7hao] o] Fojzith E}E]rﬁ ole|g SHOA B
H ZYAA L Do)z 4 Ao A A o EA LS A YL Ut
9 e 15 B L:rL7} TYEH s
Spearman(1992)2 stochastic coupling ¥2]-& AF&-38le] ZHA
A} pA A s viwstAnh. 1 A 1A HEEA

ghel 7 A FAEY. S st AAAA 1172 5 HJuREo g fr] 2 uAY ALt F) S
7} o] FAAEE o] g SR B YA L EBojFT]  Hox ZYA Ao AR o Hle S5 FHE YT 1
T AGAA L wL 437.757 AV)E YA AEUERR 176 FFHEIEATY, Tel : 031-460-5545, Fax : 031-460-5579,

E-mail : cwpark@krri.re.kr
2012 12€ 6 A 20139 1€ 259 FAE A 20139 1€ 289 AA 4.



Poisson S8 AA S == F

H2lo] golatal, 7t
A2 A= 482 5 9
A5 FFAA AHol e AR A5 A THSpearman
and Zazanis, 1992). 2983 & thF3t A 54 AYakA| oA A 3
Hlwsly] 93 A5 SdetA TP Ao LY Oq‘_rL
Ao A YA AT AU A ARG Hleto] £
g 7102 B3 9 tHBonvik et el., 1993; Buzacott and Shan-
tikumar, 1993).

ZYAA & N 28" Yol EAske AFFY 77F A
FAHEZ HHE 7Y ES F(closed queueing network) 2
zdgste] £4% gtk Teu 2R A S HAF i)
EQ IR RdEstd $HE t7H E9 I(product-form queue-
ing network) 2] 270] FZF 2] EolEZ U EA S
A3l A= A 7] (approximation method)S -8 4Tl
Stk HAE 7 ES 29 2AA7IH o & Tg 7] o]
ATE Ao}, YubA © 2 Marie(1979)00 o8 it sHE
A o] 71 $-4¢k 71 0.2 37} th(Baynat and Dallery,
1993). Marie2] A O] AIQHE o] & o] & o] &3} TYA 2~
d8 243517 A% gokst A7 AT Mascolo et
el(1996)= A Fol thgk 4271 Poisson 34 of) whet A3}
T YN 2H Y As A WS AT ol Oq:rloﬂ/ﬂ]_
7+ AR ol A 9] 7hFAIZke] 2T A C0x1an BErXE gags

7Hgskoll A A 28l o] PN E ES T} -ﬂ?l’ A 7]

o] A A E A Lee and Lee(1998)t Maneal 71 & o] &3t
of Al Fol 3 +a7t B ZopdHA | wet dAsh=
ZYAN 28L& B39 1, Park and Lee(2006)= ©] 4+Z &
et Al Fo 3 87t B EopdAA s BEL 74
A9 7hE Ao Coxian-2 £EXEE e 799 ZHA~
HE ZAH 0 g BAs] 913 7R < skt

{e

oM Aue ATe BF & T7Y AFo] Bt &
YA 2H S EAZ AFolth 28y HZol= EFAA0] 7}
SIS AN S AA S s FA O BE gEE A4to] 7}
S8 ZUA 2E O i A7 ) T a8k gE S Aol
7ted THA2E L OASF HAE t7U E Y Z(multi-class

closed queueing network) 2 EIHE 4 Qo B g O F 5 9
AN2"E E‘@‘ gt7] falMe tAS A48 d7UEH 2
TAA 7S Z&elloF I dAS HA Y d W EL 2
TAAZIH O 2= Maried] 71 & OAIS H4E ti7 U ES
32 8743k Baynat and Dallery(1996)2] %1 3 A (product-
form approximation method), Whitt(1994)2] 7] & =¥ o]
WEYIZ 43 Satyam and Krishnamurthy(2008)8] Z4-2
3| ¥ (parametric decomposition method), lﬂ A B A R
(mean value analysis)oll 7|23 SAHA 7| & F AT
AT FAAE Baynat»]— Dallery®] < 303% Aol et
AolM Mg & AFE ATl FE $7E /MR Bt
. 22y Baynat3} Dallery9| 7 ‘?j% SHEU E 4 F(sub-net-
work) 9] £ o] E74s A7 B E3) AZY 71 Al AN

oY Afole EAHA o] AA ERAA L 59 A=

(r

la RO EaL R0 e b 173

HolA = Zlo] #AE tfFHTt

H o Fo) A= Baynat3} Dallery?] 7% & o] &3] & &
9] ;q] o] Ag/\LQb i.d/\]/\E114 /Hl:xh:e :[L—s} ] _Az:ﬂ.
AHR7I & etz gt SHE ES a9 BAS 9184
33 & 7] 5} ¥ (matrix geometrlc method)S &85t om A7t
EAEA e v EFste o deA e T e E dE
Ao e o*r7} BT 18E 5 UEE VS ot

hstoi .

2. B AR
2 dFdME F 7Y AFAF 1, AF 2)0l AdEE 2
A2 S BT B A4 BA A sk YA 2
e 54 Azl Alzd oz pl o) 2t Al F A
1A1E FAHEY 24 A= 1HY 1AV EA DT &
AR iAo AF 19 7hEAL HE 1/p,, A AFEEE
a3 AE 29 7hEAEE B 1/, AFEZE GE
o Hﬂ%‘ﬂ TN ol 7
A

o A9% oA 7tEE 71t
e AFY FTFY BAU ]
o 7hgEe] AR Al LHOHE NS 13 N,
e 2k 27F EASH, A 2E Yol EAdte BE AlF(
AE 2 A F) o] RAE A= o) F, th7], 7HE, 1
T A HABE 715<]7] “H-‘?‘Oﬂ A 28 Yol E2A8tE A F 19
Ry © 4 MW7 ES A FE 1o O
o -’F‘Pﬂg A iO}%ﬂr@ of whe} LAY} A F 20]
TRE T8E N9 XopERA o upe} HAY sk, F A
TRAA L AR ot}

R ZRE HAF rol het Fart D o A FH T
of AF ro Azt EASE FoE SA FEHY AF 1Y
ANp 28R o FoE s AY FAHT(r = |,
2). &, AE r 871 233 A - U] T AE - F
87t B, vHo|d M2 E2% R vFETAE Yol o
718HAl EH, B, oldold A E 233 Fo+ fAHE 2L
Z 7HR%. mekA B o] Fathold F3dE 9| 7-(bac-
kordered)Z AZEHM, B o] 00]H 87} FAHE o-r(lost
sales) E AZRET, $AFI F87F AgE F87 F
H A FL FoE SA A2E S A Yot %Zﬂﬁoﬂ 5
2o} QI 2t Woj A 27 1 kel thr] F2 AlE 9
AAA o B2 ko] FAE AAA & S Akl
A 2o] Aateiele] £ AAA = vhA 1ol
A5 5o A FH AgE wj7pA] Yol 7] A o= 7}
0] o] FofZt}, o] &oE B AT A= g A 7}

EO
74

g o] AAA T 2o Sl
&3] ABE &3} (blocking) 7}



174 Chan-Woo Park * Su-min Kim -+ Woo-hyung Bang - Hyo-Seong Lee

ol %:‘ Y 1A °]
NE dAsEg 2 /\]—u—* 2-7
(two-class closed queueing network) 2 E2 &2 4= it} A F
oM e Al FH 87t AFE o ofgt hA|Fo] A~
S o2 FolonE SAFRILE F715 2H ool &
T Utk Mu|2AZE] AFEEE WEATE 14 A Fol
E}E]r AB| 2 go] Aolstal Al 28l Yjol| 57]3}F 2~H o] o] &
Aste g B A] 2~H2 Basket et e.(1975)0l] 23} #] o+E BCMP-
HES 29 87 (Buzacott and Shantikumar, 1993)& 5 %3}
Q=TH(o] 7] A “BCMP?2HE W4 & Basket ef el.(1975)9] A7+
£9 o] 59 FEAAA HEH AY). whebA FER ot
e #7h 58 AL AE Adstie AL s E ot
7] A AEHEE 7ot HellA e ZAAZIE e AlE
glojHol oS whtel gltk. 18y Al g g o] & o] &5t
STHEAGEY A E o] Al B AT w8 s
FAsor stng A w0 g A djo] 4T s AT
HLO] Fasit 2 AFdgr=

3171 913 Baynat and
‘3H7]LﬂE A9 ZAEE Tt

(product-form approximation me-

T = 2447199 )
T oEE EYA2EY AFEE
Dallery(1996)7} THAI = o 4 3
7] 918ke] e S LA
thod) & o] &3t 17} gt

ot

u:i

S| =
Ll
HE
>
Ld

= T — T

— |-G

Class Dependent Exponential Service Times

N=N,+N,

SIS o188 2
3 sHEZAEY AL
Baynat3} Dallery2] 7]®H-& Marie(1979)¢] 7|H < OA S
A8 g7 EYIRE A /Ho g £MF QA0 22T
A e gAF HAE Y ERIE ZAH L E B3]
SR 7]”401"4' Baynat} Dallery2] 7|l A= Z A%
o P& AT EE AH 2 AL FEF A‘]HZ: = %e

GAASF 5 émd EH7M] EQA® 2*}5}’\]73]
r 1A P E thustes GEAT $HE fﬁﬂl—ﬂé-ﬂ

AZ-r 5553 YWEYI(class-r equivalent product-form
network)2} F-20}. wekA AFo]l rAE RN 555HE
HESZ7E HEodth 553 YEY Y Fe& B
AZ tal TLete Mo FHFE AH 2 AT 2ol
7} @t} Baynat¥ Dallery®] 7|2 2@ AE 74 184
9 UEHAE Y SRUEHAR 33 & rAY &
R L'ﬂE-"rJﬂE e E A ]_1_ 25}74] AU EHA
43a :rL”H ot A

oo d

.
() sssHIWEND +5
TeeHI MENIE Y] Yl Ae 1A T2 7]
HEYE B ) HRUEN IR BT ASr 555
HEY WEYIE 449 R EHYIE Ml AlZke] A5
BEE G22I AH 280 TS Y AHE X350
4 vzt et A M EYAE K7 S ES A
Class 1
Backordered Demands
Customer
Demands
P.P.(2,)
Kanban
—) ele

Class 1
Finished Parts

Class 2
Finished Parts

_— Ala
Customer
Demands
PP(2,) Class 2

Backordered Demands

Figure 1. Two-product CONWIP system with poisson demand processes
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Table 1. Transition Rate Matrix for V; =2, N, =2
0,0,0)](2,0,0)|(2,0,1)[(1,0,0) [ (1,0,1) | (1,0,2) | (2,1,0) | (2, 1, )| (1,1,0) | (1,1,1) | (1,1,2) [(2,2,0) | (2,2, 1)
(0: 07 0) m(Ov 0, 0) )\271(0) )\u(o)
(2, 0’ 0) Mo, 775(27 0, 0) >‘2.i(1) )‘l.r‘(o)
(25 07 1) o, 771'(2’ 0, 1) /\1.1(0>
(1509 0) Ha,i :(1,0,0)] Ay, (0) A1)
(1,0, 1) [ (1,0, 1) A,,(1) Api(1)
(1501 2) Mo 77;‘(1707 2) )‘1,6(1)
(25 17 0) Ha,i ni(2» 1,0) /\2.1(1> )\1.1(1>
,1,1) S Tras (2, 1,1) A1)
(15 1! 0) i T/i(l, 1,0) Agt (0)
(1,1,1) S S (11,1 A, (1)
(1,1,2) T 2 s (1,1,2)
(25 29 0) Ha,i ni(Qv 2,0) )\2.71(1)
2.2.1) 2o, S m(22,1)
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=
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Figure 4. Transition rate matrix Q
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Table 2. Experimental data sets
Experiment set A Ay K M B B, ( f“ wl 1““ 9
1= 1, y 4V 1= 1,
A [0.65, 0.85] [0.39, 0.51] 7 5 10 10 2 2
B 0.75 0.45 5.9 | [5 9] 5 10 | 10 2 2
C 0.75 0.45 7 5 10 | 10 | [19, 27] (1.8, 2.6]
D 0.6 0.36 7 [8, 12] 10 10 2 2
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Table 3. Results of experiment set A
Algorithm Simulation
AL A (Relative Error %) (£95% Confidence Interval)
7 BI FR SL W X 7 BI FR SL W X
8.6950 0.2063 0.9210 0.9997 0.1985 1.0395 8.6884 | 0.1758 | 0.9227 | 0.9999 | 0.1689 1.0407
0631039 (0.0760%) [(17.3493%)] (0.1842%) | (0.0200%) |(17.5252%)| (0.1153%) | (0.0111) | (0.0030) | (0.0008) | (£0.0000) | (£0.0028) | (0.0009)
7.8610 0.4144 0.8727 0.9991 0.3705 1.1185 7.8636 | 0.3507 | 0.8760 | 0.9995 | 0.3133 1.1196
07 (042 (0.0331%) [(18.1637%)| (0.3767%) | (0.0400%) |(18.2573%)| (0.0982%) | (0.0099) | (0.0039) | (0.0007) | (£0.0000) | (£0.0033) | (x0.0006)
075 0.45 6.9422 0.7870 0.8055 0.9972 0.6583 1.1955 6.9234 | 0.6827 | 0.8084 | 0.9984 | 0.5696 | 1.1985
(0.2715%) [(15.2776%)| (0.3587%) | (0.1202%) |(15.5723%)| (0.2503%) | (0.0084) | (x0.0062) | (0.0009) | (£0.0000) | (£0.0050) | (x0.0006)
0s loas 5.9653 1.3993 0.7192 0.9928 1.1030 1.2686 59111 1.2603 | 0.7194 | 0.9952 | 0.9892 1.2740
(0.9169%) [(11.0291%)] (0.0278%) | (0.2412%) |(11.5042%)| (0.4239%) | (£0.0113) | (£0.0124) | (£0.0014) | (£0.0001) | (£0.0094) | (x0.0006)
4.9858 2.3000 0.6196 0.9840 1.7234 1.3346 48736 | 2.1668 | 0.6141 | 0.9877 1.6136 | 1.3428
083101 (2.3022%) | (6.1473%) | (0.8956%) | (0.3746%) | (6.8047%) | (0.6107%) | (£0.0105) | (x0.0119) | (£0.0013) | (£0.0002) | (£0.0085) | (x0.0004)
Table 4. Results of experiment set B
Algorithm Simulation
K | K, (Relative Error %) (£ 95% Confidence Interval)
7 BI FR SL w X 7 BI FR SL w X
3.5735 2.3329 0.5784 0.9858 1.9779 1.1795 3.4785 2.1258 0.5703 0.9908 1.7871 1.1895
3 (2.7311%) | (9.7422%) | (1.4203%) | (0.5046%) |(10.6765%)|(0.8407%) | (0.0035) | (+0.0153) | (£0.0007) | (0.0002) | (+:0.0128) | (+0.0003)
5.1907 1.3510 0.7090 0.9938 1.1347 1.1906 | 5.1500 | 1.1813 | 0.7102 | 0.9964 | 0.9879 1.1958
616 (0.7903%) | (14.3655%) | (0.1690%) | (0.2609%) |(14.8598%)|(0.4349%) | (0.0085) | (+0.0058) | (+0.0008) | (+:0.0001) | (+:0.0045) | (0.0007)
6.9422 0.7870 0.8055 0.9972 0.6583 1.1955 6.9268 | 0.6843 | 0.8085 | 0.9984 | 0.5709 | 1.1985
T (0.2223%) | (15.0080%) | (0.3711%) | (0.1202%) |(15.3092%)|(0.2503%) | (0.0102) | (0.0066) | (+:0.0008) | (0.0001) | (0.0053) | (0.0007)
8.7808 0.4608 0.8729 0.9987 0.3847 1.1978 8.7853 | 0.3978 | 0.8764 | 0.9992 | 0.3318 1.1987
818 (0.0512%) | (15.8371%) | (0.3994%) | (0.0500%) |(15.9433%)|(0.0751%) | (0.0098) | (£0.0046) | (£0.0004) | (0.0000) | (£0.0039) | (0.0007)
10.6767 0.2705 0.9185 0.9994 0.2257 1.1989 | 10.6891 | 0.2358 | 0.9208 | 0.9996 | 0.1966 | 1.1991
o 1° (0.1160%) | (14.7159%) | (0.2498%) | (0.0200%) |(14.8016%)|(0.0167%) | (x0.0106) | (+0.2358) | (+0.0007) | (0.0000) | (+0.0030) | (0.0006)
Table 5. Results of experiment set C
Algorithm Simulation
P | Mo (Relative Error %) (£ 95% Confidence Interval)
I BI FR SL w X I BI FR SL w X
Lo | 13 5.8259 1.4779 0.7091 0.9922 1.2435 1.1885 57778 1.3535 0.7080 | 0.9945 | 1.1344 | 1.1932
(0.8325%) | (9.1910%) |(0.1554%)|(0.2313%) | (9.6174%) | (0.3939%) | (£0.0142) | (£0.0111) | (£0.0014) |(£0.0001)|(£0.0089)|(x0.0007)
7.3521 0.5862 0.8395 0.9983 0.4897 1.1972 7.3525 0.5057 0.8421 0.9991 0.4219 1.1988
220 (0.0054%) [(15.9185%)(0.3088%) | (0.0801%) |(16.0702%)| (0.1335%) | (£0.0091) | (£0.0059) | (£0.0009) |(£0.0001)|(£0.0047)|(x0.0007)
23 | 22 8.4775 0.2447 0.9110 0.9996 0.2041 1.1993 8.4869 0.2053 0.9134 | 0.9998 | 0.1711 | 1.1999
(0.1108%) |(19.1914%)] (0.2628%) | (0.0200%) | (19.2870%)| (0.0500%) | (+0.0124) | (£0.0036) | (£0.0008) |(£0.0000)| (+0.0029)|(+0.0011)
25 | 24 9.3032 0.1102 0.9492 0.9999 0.0919 1.1998 9.3117 0.0928 0.9506 | 1.0000 | 0.0773 | 1.1998
(0.0913%) [(18.7500%) | (0.1473%) | (0.0100%) | (18.8875%)| (0.0000%) | (£0.0064) | (£0.0014) | (£0.0004) |(£0.0000)|(£0.0012)|(x0.0007)
9.9242 0.0533 0.9700 1.0000 0.0445 1.1999 9.9306 0.0447 0.9709 1.0000 | 0.0372 1.1998
2T\ 28 (0.0644%) ((19.2394%)(0.0927%) | (0.0000%) |(19.6237%) | (0.0083%) | (£0.0061) | (£0.0007) | (£0.0003) |(£0.0000)|(£0.0006)(x0.0008)
T om, A BAA = 3t 47 S FE B dy] & A CE Sl AlFE Al ago] Sl Wt B A 5
& 5% o9 B Nzl Zade € Aok B, JF S, W t7] 8 9 s B grIAztel 7
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Table 6. Results of experiment set D

Su-min Kim + Woo-hyung Bang + Hyo-Seong Lee

Algorithm Simulation
M (Relative Error %) (£ 95% Confidence Interval)
1 BI FR SL W X 7 BI FR SL W X
6.8566 0.6718 0.8172 0.9980 0.7017 0.9573 6.8600 0.5229 0.8235 0.9993 0.5450 0.9595
8
(0.0496%) | (28.4758%) | (0.7650%) | (0.1301%) | (28.7523%) | (0.2293%) | (£0.0077) | (£0.0055) | (£0.0009) | (£0.0000) | (£0.0056) | (£0.0006)
6.0564 1.0888 0.7505 0.9955 1.1408 0.9544 6.0526 0.8574 0.7575 0.9982 0.8951 0.9578
9
(0.0628%) | (26.9886%) | (0.9241%) | (0.2705%) | (27.4494%) | (0.3550%) | (£0.0096) | (£0.0050) | (+0.0010) | (£0.0001)| (£0.0048) | (£0.0006)
5.3067 1.6509 0.6776 0.9909 1.7390 0.9493 5.2518 1.3673 0.6782 0.9959 1.4301 0.9561
10
(1.0454%) | (20.7416%) | (0.0885%) | (0.5021%) | (21.5999%) | (0.7112%) | (£0.0098) | (£0.0107) | (£0.0011) | (£0.0001)| (£0.0107) | (£0.0006)
4.6227 2.3507 0.6034 0.9837 2.4966 0.9416 4.5229 2.0634 0.5954 0.9914 2.1692 0.9512
11
(2.2065%) | (13.9236%) | (1.3436%) | (0.7767%) | (15.0931%) | (1.0093%) | (£0.0107) | (£0.0179) | (£0.0014) | (£0.0003) | (£0.0179) | (£0.0005)
4.0161 3.1569 0.5326 0.9734 3.3909 0.9310 4.0161 3.1569 0.5326 0.9734 3.3909 0.9310
12
(4.0063%) | (7.5385%) | (3.6994%) | (1.0471%) | (9.0041%) | (1.3458%) | (4.0063%) | (7.5385%) | (3.6994%) [(1.0471%)|(9.0041%)|(1.3458%)
a2%=E H T M. RV e od for General Closed Queueing Networks with Several Classes o
23S & 9t} oA DAME ZAAYA 71 Z7sho) whet thod for G 1 Closed g Networks with S 1Cl f
HF 7] 49 29} Q9 HF s A7) Z713S ol Customers, Performance Evaluation, 24(3), 165-188.
329 Bonvik, A.-M., Couch, C.-E., and Gershwin, S.-B. (1997), A Comparison
AT of Production-line Control Mechanism, International Journal of
Production Research, 25(3), 789-804.
Buzacott, J.-A. and Shantikumar, J.-G. (1993), Stochastic Models of
5. 7é = Manufacturing Systems, Prentice Hall, Englewood Claffs, N. J.
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