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CONJUGACY SEPARABILITY OF CERTAIN GENERALIZED
FREE PRODUCTS OF NILPOTENT GROUPS

GoANsU Kim AND C. Y. TANG

ABSTRACT. It is known that generalized free products of finitely gen-
erated nilpotent groups are conjugacy separable when the amalgamated
subgroups are cyclic or central in both factor groups. However, those gen-
eralized free products may not be conjugacy separable when the amalga-
mated subgroup is a direct product of two infinite cycles. In this paper we
show that generalized free products of finitely generated nilpotent groups
are conjugacy separable when the amalgamated subgroup is (h) X D,
where D is in the center of both factors.

1. Introduction

Let S be a subset of a group G. Then G is said to be S-separable if for
each € G\S, there exists a normal subgroup N, of finite index in G such
that € N,S. Equivalently, S is a closed subset of G in the profinite topology
of G. If S = {1}, then G is residually finite (RF). If for each z € G, G is
{x}%-separable, where {z}€ is the conjugacy class of x in G, then G is called
conjugacy separable (c.s.). Residual and separability properties are of interest
to both group theorists and topologists. They are related to the solvability of
the word problem, the conjugacy problem and the generalized word problem
(Mal’cev [11] and Mostowski [12]). Topologically, they are related to problems
on the embeddability of equivariant subspaces in their regular covering spaces
(Scott [18], Niblo [13]).

Blackburn [2] first proved that finitely generated nilpotent groups are conju-
gacy separable. Stebe showed that free products of conjugacy separable groups
are conjugacy separable [19], hence free groups are conjugacy separable. For-
manek [6] (also Remeslennikov [14]) showed that polycyclic-by-finite groups
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are also conjugacy separable. Dyer [3] showed that free-by-finite groups are
conjugacy separable. There are a number of other results on conjugacy separa-
bility. In particular, Fine and Rosenberger [5] proved that Fuchsian groups are
conjugacy separable. Wilson and Zalesskii [21] showed that the Bianchi groups
PSLy(0y), where Q4 is the ring of integers of Q(v/—d) for d = 1,2,7,11, are
conjugacy separable.

In general, the generalized free product of two conjugacy separable groups
is not conjugacy separable. Baumslag [1] constructed an example of a gener-
alized free product of two finitely generated nilpotent groups amalgamating a
direct product of two cycles (see Example 2.1 below) which is not even Hop-
fian, whence not conjugacy separable. However, Dyer [4] showed that the free
product of two free groups —or two finitely generated nilpotent groups— amal-
gamating a cyclic subgroup is conjugacy separable. Tang [20] showed that
generalized free products of surface groups amalgamating a cyclic subgroup
are conjugacy separable. Ribes, Segal and Zalesskii [16] showed that gener-
alized free products of polycyclic groups amalgamating cyclic subgroups are
conjugacy separable.

As mentioned above, generalized free products of finitely generated nilpo-
tent groups amalgamating a cyclic subgroup are conjugacy separable. But
those generalized free products amalgamating a direct product of two cyclic
subgroups may not be conjugacy separable. However, those generalized free
products amalgamating a central subgroup are conjugacy separable [8]. In this
paper, we find some conditions to derive that generalized free products of con-
jugacy separable groups amalgamating (h) x D, where D is in the center of
both factors, are conjugacy separable. Using this, we show that generalized free
products of finitely generated nilpotent groups amalgamating (h) x D, where
D is in the center of both factors, are conjugacy separable.

2. Preliminaries

Throughout this paper we use standard notation and terminology.

If A, B are groups, G = A xy B denotes the generalized free product of A
and B amalgamating the subgroup H. If x € G = A g B, then ||z| denotes
the free product length of x in G.

T ~¢ y means that x and y are conjugate in G.

Z(Q) is the center of G.

Cy(u) = {h € H | hu = uh} denotes the centralizer of u in H.

RF is an abbreviation for “residually finite”.

The following example shows that the generalized free product of two finitely
generated free nilpotent groups amalgamating a subgroup isomorphic to Z x Z
may not be residually finite.

Example 2.1 ([1]). Let A = (a,b;[a,b,b] = [a,b,a] = 1) and B = (¢, d; ¢, d, d]

= le,d,c] = 1). Let H = {(a,[a?b]) and K = ([c,d],c). Clearly, A, B are
free-nilpotent groups of class 2, [a?,b] € Z(A), and [c,d] € Z(B). Let G be
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the generalized free product of A and B amalgamating H and K by letting
a = [¢,d] and [a?,b] = c¢. Then G is non-Hopfian, whence G is not conjugacy
separable.

Theorem 2.2 ([10, Theorem 4.6]). Let G = Ay B and let x € G be of
minimal length in its conjugacy class. Suppose that y € G is cyclically reduced
and that © ~q y.

(1) If ||z|| = 0, then |ly|| < 1 and if y € A, then there is a sequence
hi,ho, ..., h, of elements in H such that y ~a h1 ~g ho ~4 -~ ~ A(B) h, =x.

(2) If ||z|]| = 1, then ||y|| = 1 and either x,y € A and x ~ y or z,y € B
and x ~py.

(3) If ||z]| > 2, then ||z|| = ||ly|| and y ~ug x*, where x* is a cyclic permuta-
tion of x.

3. Double coset separability
In this section we prove some results on double coset separability.

Definition 3.1. Let G be a group and H, K be subgroups of G. Then G is
said to be H K-double coset separable if for each x € G, G is HxK-separable.
In particular, we say that G is H-double coset separable if G is HxH-separable
for all x € G.

Clearly, if G is H-double coset separable, then G is H-separable. In partic-
ular, free groups [17] and finitely generated nilpotent groups [9] are H-double
coset separable for each finitely generated subgroup H.

Lemma 3.2. Let A be a group and h € A with |h| = co. Suppose a € A
and a # hiah? for all integers i,7 excepti=4j =0. If A is (h">-dqubl¢ coset
separable, then there exists M <1y A such that in A=A/M, ifa= Elaﬁj, then
nli,j.

Proof. We note that for 0 < iy,j; < n — 1, if h=%ah™7t € (h™)a(h™), then
iy = j1 = 0. Hence h=ah™ ¢ (h™)a(h™) for all 0 < iy,j; < n — 1 except
i1 = j1 = 0. Since A is (h™)-double coset separable, there exists M <A such
that h=ah™Jt ¢ M(h™)a(h™) for all 0 < i1,51 < n —1 except i1 = j1 = 0.
Then in A = A/M, ifa:ﬁzaﬁj,thennﬁ,j. O

Definition 3.3. Let G be a group and h € G. Then G is called (h)-self-
conjugate if h* ~g h? implies i = j.

For example, free groups and finitely generated nilpotent groups are (h)-self-
conjugate for each element h of infinite order (see [4]).

Definition 3.4. Let G be a group and h € G with |h| = co. Then we say
that G satisfies (C) for (h) if there exists an integer 6 > 0 such that for each
n > 0, there exists M <;G depending on n such that M N (k) = (k™) and if
Mhi ~gyp MBJ, then Mhi = MhJ.
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Theorem 3.5. Let G = Ax,) B, where |h| = co. Let A, B be (h)-self-conjugate
and (h™)-double coset separable for each integer n > 0. Suppose A, B satisfy
the condition (C") for (h). Then G is (h)-double coset separable.

Proof. Let z,y € G and y & (h)z(h).

Case 1. ||z|| # |lyll. Suppose © = a1b1---anb, and y = c1dy - - - mdm,
where a;,¢; € A\(h) and b;,d; € B\(h). Since A, B are (h)-double coset
separable, A, B are (h)-separable. Hence there exist M;<yA and N1<1yB such
that a;,¢; € My(h) and b;,d; & N1(h) for all ¢,5. Let M; N (h) = (h°') and
NN ({h) = (h*2) for some integers s1, s2. By (C’), there exists an integer §; > 0
such that for each n > 0, there exists M’<i; A such that M’N(h) = (h"°1) and if
M'h* ~ 40 MBI, then M'h* = M'h?. Similarly, there exists an integer d; > 0
such that for each n > 0, there exists N'<i; B such that N’ N (k) = (h"%2) and
if N'h* ~p/n/ N'h7, then N'hi = N'h7. Hence considering n = s1s202, there
exists M<yA such that My N (h) = (k51529192 and if Mah® ~ 4 0, Mah?, then
Myh' = Msh?. Similarly, there exists No<IyB such that Ny N (h) = (h*152%192)
and if Noh! ~B/N, Nsh?, then Noh? = Noh?. Let M = M; N M, and N =
Ni N Ny. Clearly, M N (h) = (h*1520192) = N N (h). Then in G = A *q B
where A = A/M and B = B/N, we have ||Z|| = |z|| and |[7]| = ||y]- Smce
llz|l # llyll, I|Z|| # ||g||- This implies that 5 & (h)Z(h). Since G is free-by-finite,
it is residually finite. We can find P<i;G such that § ¢ P(h)Z(h). Let P be
the preimage of P in G. Then P<i;G and y ¢ P(h)z(h).

The case when ||z|| = 0 and |ly]| # 0 (or ||z]| # 0 and |y|| = 0) also can be
similarly considered.

Case 2. |jz|| = |ly|| £ 1. If z € A\(h) and y € B\(h), then the above
method can be applied. So we suppose x,y € A. Since A is (h)-double coset
separable, there exists M1<yA such that y & Mi(h)z(h). Let My N (h) =
(h*t) for some integer s1. By (C'), there exist My<1yA and No<iyB such that
My 0 (h) = (h****®) = Nan (h). Let M = M; N My and N = Np. Then
in G = AIM =gy B/N, Y ¢ (h)Z(h). Hence, as before, we can find P<i;G

(h)
such that § ¢ P(h)Z(h). Let P be the preimage of P in G. Then P<i;G and
y & P{h)aih).

Case 3. ||z|| = |ly|| > 2. Suppose z = a1by - - anb, and y = dycq - - - dpcp,
where a;,¢; € A\(h) and b;,d; € B\(h). This case can be similarly handled as
in Case 1.

Suppose © = a1by - - anb, and y = c1dy - - - ¢pdy, where a;,¢; € A\(h) and
b;,d; € B\(h).

(1) Suppose there exists ¢ such that ¢; ¢ (h)a;(h) (or d; & (h)b;(h)). As in
Case 1 above, we can find M <1y A and N<;B such that in G = A/M * ) B/N,
¢ & (hyai(h), |7]| = [|l=(l and [[7ll = [ly|l. Then7 & (h)T(h). For,if 7 € ()T (h),
then there exist integers «;, u; such that

— Tl M1
C1 = h alh
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T TG

Ei =h aih

@y =R
Hence ¢; € (h)a;(h), a contradiction. Therefore, 7 & (h)T(h). As before, we
can find P<1yG such that y & P(hyz(h).

(2) Suppose ¢, € (h)ar(h) and di € (h)bi(h) for all k. Then there exists
7 such that Cldl sy € <h>a1b1 s a1<h> and Cldl s Cidi ¢ <h>a1b1 s a1b1<h>
(OI‘7 similarly, Cldl ce dz € <h>a1b1 s bz<h> and Cldl s dici+1 g <h>a1b1 cee
biai+1<h>). Let Cldl e Gy = h)‘lalbl < ~aih>‘2 and dz = hﬁlbih’ﬁZ for some
integers A1, A2, 81, B2. Hence ayby ---a;h*2TP1b; & (h)aiby - - - a;b;(h). For con-
venience, let w = aby ---a;. Then wh*2TP1b; & (h)wb;(h). Hence h 2*+Fr ¢
C<h>(w) . C(h) (b;). Let C(h) (w) = (h®) and C(h) (b;) = <ht> Then hA2th o4
() ().

(a) s=0and t # 0 (or s # 0 and t = 0). Clearly, h***%1 & (h'). Since
A is (h)-self-conjugate and C(py(b;) = (h*), we have by 'hitb; ¢ (h) for all
0 < j1 <t Since Cpy(w) = 1, there exists r such that C,y(a,) = 1 for
some 1 < 7 < (or similarly, Cpy(b.) = 1 for some 1 < r < 4). This implies
that a, # hia.h?" for all j, j" except j = j' = 0. Since A is (h™)-double coset
separable for each n > 0, A is (h™)-separable for each n > 0. Hence there
exists M;<iyA such that A2 tBr g My (ht), ar & My(h) for all 1 < k < n and
if Mya, = Myhia,h7', then t | j,j’ (Lemma 3.2). Since B is (h)-self-conjugate
and Cypy (b;) = (h'), we have by 'hib; ¢ (h) for all 0 < j; < t. Hence there
exists N1<0yB such that by & Ni(h) for all 1 < k <n and b;lhjlbi ¢ Ny(h) for
all 0 < j3 < t. Let My Nn{h) = (h*) and Ny N (h) = (h*2) for some integers
s1,82. By (C'), there exists Ma<iyA such that My N (h) = (h%1%29192) and if
Mahi ~ 401, Mah?'| then Moh? = Mohi'. Similarly, there exists No<iyB such
that No 0 (k) = (h*1%201%2) and if Noh? ~p,/n, Noh?', then Nah? = Nyh''.
Let M = M; N My and N = N; N Ny. Then in G = A/M * Ty B/N, we have

17|l = ||z|| and @R*T75; ¢ (RYwbi(R). For, if wh'*T"'b; € ®Ywhi(R), then

there exist integers a;, p; such that

— Tl TH1
ay = h alh

by=n ""bh™

(3.1) a,=h “Ta.hn""
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a=h ah"
B = R R

From the first equation in (3.1), we have B ~7 . By the choice of My,
Myh®t = Msh#t. Hence h**~#t € My N (h) C My N (h). Thus h*17H €
11

My 0 My = M, whence h”' = A"". Similarly, A" = 1™, ..., B™ = "
Hence, R =R = =R By the choice of r, we have ¢ | «;, u,-. Hence
THi T -t . T 1A +Br+pig

h™" =h" € (h’). From the last equation of (3.1), we have b, h b; =
. By the choice of Ny, ¢ | Ao + 81 + pi. Hence E/\ﬁﬁlﬂ” =" e <Et>.

Thus 127 = B ¢ (Et), a contradiction by the choice of M;. Thus

wh > ""'%; & (RYwhi(R), and hence ¢1d; - - - &id; & (R)@rby - - @;bi(h). Therefore,
7 & (h)Z(h). Since G = A/M *qy B/N is residually finite, we can find P<yG
such that y & P(h)x(h).

(b) s = 0 and t = 0. Clearly, h*>™#1 £ 1. Since Cy(w) = 1, there
exists 7 such that Cy(a,) = 1 for some 1 < 7 <4 (or Oy (by) = 1 for some
1 < r < i). Clearly, h*»tF g p2Q2t60)  Ag in (a) above, a, # hia.h?
for all j,j" except j = j° = 0. Since A is (h™)-double coset separable, A
is (h2(A2+51))_separable and (h)-separable. Hence there exists M;<i;A such
that hr2 45 & My(h2(2+B0)) qp & My(h) for all 1 < k < n and if Mya, =
Miha,h7", then 2(A2+ B1) | j,j" (Lemma 3.2). Now, since t = 0, ) (b;) = 1.
Hence b; # hib.h?' for all j,j except j = j/ = 0. As before, there exists
N1<¢B such that by & Ny(h) for all 1 < k < n and N1b; = N1hib;h4". Then
2(A2 4+ B1) | 4,7’ Let My N (k) = (h°*) and Ny N (h) = (h®?) for some integers
s1,82. By (C'), there exists Ma<iyA such that My N (h) = (h%1%29192) and if
Mah ~ 01, Mah?', then Moh? = Mohi'. Similarly, there exists No<i;B such
that No 0 (k) = (h*1*291%2) and if Noh? ~p,n, Noh?', then Naoh? = Nyh''.
Let M = My N My and N = N; N Na. Then in G = A/M * g, B/N, we have

IZll = |lz]| and @h*T"8; ¢ (Rywhi(R). For, it wh > "'b; € (Rywhi(h), then

there exist integers ay, p; such that

— Tl TH1
ay = h alh

b=h "o R™
(3.2) a.-=h a.h""

B = R R
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As in (a) above, from the equations in (3.2), we have A = &' = ... = B,
By the choice of 7, 2(A2 + 1) | o, . Hence B = 1" € <52(A2+ﬁ1)>
the last equation of (3.2), we have R % and 2(A2 + 51) | ;. Hence
we have B2 = 7 _# S <h_(A2+il)>,_a contradiction. Thus wh AZJrﬁlb ¢
(h)wb; <h> and hence ¢,d; - - - ¢;d; & (h)aiby - - - @;b;(h). Therefore, 7 & (R)ZT(h).
Since G = A/M *qy B/N is residually ﬁmte we can find P<yG such that
y & P(h)x(h). _ _

(c) s # 0and t # 0. Clearly, w™'hitw ¢ (h) forall 1 < i; < sand b; 'h/1b; ¢
(h) for all 1 < j; < t. Let m = ged{s,t}. Then h*2F5 & (h*)(ht) = (h™). As
before, we can find M<i;A and N<;B such that in G = A/M * g, B/N,

—Aa+f3 —m —s, ~—t

(1) 7] = 1ol and ¥ ¢ (B™) = (1) (B)

(2) for each 1 < k < i, a, 'h"“@ & (h) for all 1 < i), < ny, where Ciny(ar) =
(n7%), _

(3) for each 1 < k <4, by, "By, & () for all 1 < ji, < my, where Cyy (by) =
(h™*k) and

o7l 7 74 _ 77

(4)if h ~a b, then b =h".

Then we have Wh 2Jrﬂlb ¢ (h)wb;(h). For, if Wh b; € (h)wb;(h), then
there exist integers «;, p; such that the equations in (3.2) hold. As before,

. From

Ao+B1+

we have B = B/ e Cy(@). Similarly, P =10" e Cmy (by), ..., B =
" e Cy(@i). Hence =" = =" e C@(Ell_)yuai) = (h®).
From the last equation of (3.2), [ A Cmy (b;) = (ht). Hence
BT RNTR ¢ (RPV(RY), a contradiction. Thus wh 2 T'b; ¢ (R)ywh; (R,

and hence ¢;d; ---¢;d; & (h)@iby---a@;b;(h). Therefore, 7 & ( h)@(h). Since
G = A/M *qy B/N is residually finite, we can find P<yG such that y ¢
P(h)x(h). O

Lemma 3.6. Let G be a group and N be a finite normal subgroup of G. Let
S be a subset of G. Suppose that G is S-separable. Then the group G/N is
S/N -separable, where S/N = {sN | s € S}.

Proof. Let «N ¢ S/N. Then zn ¢ S for every n € N. Therefore, since G is
S-separable, there exists M, <\¢G such that zn € M, S. Let M = NpenM,.
Then M<;G and zn ¢ MS for all n € N. Thus aN ¢ (MN/N)(S/N) and
MN/N<;G/N. O

Definition 3.7. Let G be a group and (h) x D be a subgroup of G with
|h| = oco. Then we say that G satisfies (C') for (h) x D if there exists an integer
0 > 0 such that for each n > 0, there exists M <G depending on n such that
D C M, M (h)=(h"°) and if Mh' ~g/n; MR?, then Mh' = MhJ.

It is easy to see that if G satisfies (C) for (h) x D, then G satisfies (C") for
(R).



820 GOANSU KIM AND C. Y. TANG

Corollary 3.8. Let G = A xyg B with H = (h) x D, where |h| = oo and
D c Z(A) N Z(B) is finite. Suppose A, B are (h)-self-conjugate, (h™)-double
coset separable for each n > 0. Let A, B satisfy the condition (C) for (h) x D
Then G is H-double coset separable.

Proof. Let y,x € G and y ¢ HxH. Let G = G/D. Then G = A *<h> B, where
A = A/D and B = B/D. Since D C H, 5 ¢ HzH = (h)Z(h) in G. By
Lemma 3.6, A, B are <En>—double coset separable for each n > 0. To show that
A is (h)-self-conjugate, suppose h' ~T 1’. Then h' ~4 hid for some d € D.
Let |d| = a. Then h'® ~ 4 h7%d® = h7®. Since A is (h)-self-conjugate, we have
ia = ja, that is, i = j. Hence A is (h)- self—conjugate. Similarly, B is also
(h)-self-conjugate. By Theorem 3.5, G = A X5 B is (h)T(h)-separable for all
7 € G. There exists P<;G such that § ¢ P( ) (h) = PHTH. Let P be the
preimage of P. Then P<;G and y ¢ PHxH. Hence G is HxH-separable for
all x € G, that is, G is H-double coset separable. (I

4. Criterion

Theorem 4.1. Let G = Axy B with H = (h) X D, where |h|] = co and D
is a finite normal subgroup of both A and B. Suppose there exists an integer
01 > 0 such that for each n > 0, there exists M<1yA such that D C M,
M N (h) = (h™). Similarly, suppose there exists an integer 5o > 0 such that
for each n > 0, there exists N<iyB such that D C N, N N (h) = (h™%2). If
A, B and G = G/D are residually finite, then G is residually finite.

Proof. Let 1 # x € G. We shall find P<yG such that « ¢ P.

(1) Let z ¢ D. Then 1 # & € G = G/D. Since G is residually finite, there
exists P<fG such that Z ¢ P. Let P be the preimage of P. Then P<yG and
x & P.

(2) Let © € D. Since A, B are residually finite, there exist M;<iyA and
N1<1¢B such that My N D =1 = Ny ND. Let My N (h) = (h*) and N1 N
(h) = (h®*) for some s1,s2. By assumption, there exists My<i;A such that
My N (h) = (h*1529192) " Similarly, there exists No<i;B such that Na N (h) =
(h#1#20192) Let M = My N Mp and N = N1y N Ny. Clearly, M<iyA, N<i;B and
MNH = (h*1%291%2) = NN H. Let G = A/M %7 B/N, where H = (h) x D.
Then G is residually finite. Since 1 # 7 € D, there exists P<i;G such that
T & P. Let P be the preimage of P. Then P<i;G and x & P. (]

In the above result, we note that the same conclusion can be drawn by
assuming that A, B are H-separable instead of the residual finiteness of G =
G/D.

Lemma 4.2. Let A be a group and D be a finite subgroup of Z(A). Suppose
A is (h)-self-conjugate. Let a € A and a=*h~*ah® & D for all i # 0. Then for
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each positive integer m, h="ah/*d & (h™)a(h™) for all 0 <iy,j1 < m and for
allde D exceptiys =751 =0 and d=1.

Proof. Let 0 < i1,j1 < m and d € D such that h="ah/*d = h*¥1™ah*>™ for
some kq,ky. Then a=thithimg = pir=k2mq Tet |d| = a. Then

a~Lplitkim)a, _ p(i—kem)ago _ p(i—kem)a

Since A is (h)-self-conjugate, (i1 + kym)a = (j1 — kam)a, and hence i; +
kim = j1 — kom. Thus a='hirtkimg = pir—kemg — pirtkimg By assumption,
i1 + k1m = 0. This implies that :1 = 51 =0 and d = 1. O

Lemma 4.3. Let G = Axy B with H = (h) x D, where |h| = 0o and D C
Z(A) N Z(B) is finite. Let A, B be (h)-self-conjugate and (h™)-double coset
separable for each n > 0 and let A, B satisfy (C) above. Let x = a1by - - - anby,
where a; € A\H, b; € B\H. If x o*g xu, where uw € D, then there exist M<1;A
and N<i;B such that MNH =NNH and in G = A/M sz B/N, |Z|| = ||z||
and T 4 0.

Proof. Case 1. Suppose there is a positive integer s such that z~'h=*zh® € D.
We can assume that s is the least among such integers and z~'h~*zh® = c € D.
Then h=Fszhks = xc* for integer k. Since x £y xu, we have u & (c). By the
minimality of s, we have x ™ 'h~%zh™ & D for all 1 < 4; < s — 1. Note
that G is residually finite (Theorem 4.1). Hence there exists P<1;G such that
x~th=hzhtt ¢ PD for all 1 < i3 < s—1and u & P(c) (D is finite, so (c)
is finite). Let M = PN Aand N = PNB. Then MNH = NNH. In
G = A/M %7 B/N, we shall prove that T 7 Tu.

Suppose T ~7 Tu. Then 7u = h‘Zh' for some i. Let i = ks + iy, where
0 <4 < s. Then Tu = h'zh' = E_“E_ksfﬁksﬁh = h "zé*h". Hence
z'h "zh' =uc* e D. By the choice of P, iy = 0. Then @ = ¢ € (@), a
contradiction. Therefore, we have T 4 Zu.

Case 2. Suppose there is no positive integer s such that z='h=*zh® € D.

In this case, there exists either a, such that a,'h~%a,.h’ ¢ D for all i # 0
or b, such that b, 'h=%,.h* ¢ D for all i # 0. Note that z ~y zu if and
only if * ~g x*u for any cyclic permutation z* of x. Hence, without loss of
generality, we may assume aj *h~*a;h* & D for all i # 0.

Suppose ae_lh_saghs € D for some integer s # 0, say h™*a¢h® = apw, for
some wy € D. Since D is finite, h=**a,h** = agwéf = ay for some k. Thus if
a;lh_saghs € D for some s # 0, then there exists smallest positive integer s,
such that h™%¢agh’* = ay. Similarly, if b;lh_sbeh‘s € D for some integer s # 0,
then there exists smallest positive integer ¢, such that h=t¢b,ht¢ = b,. Let

(4.1) I = {l]|ag=h"%aeh® for some minimal s, > 0} and
(4.2) J = {l]by=h""bh" for some minimal t, > 0}.
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Of course, I,J can be empty. But 1 ¢ I by the assumption in the beginning
of Case 2. Let s =[[,o;si and t =[], ti, where s=1if [ =@ and ¢t = 1 if
J =0. Let m = st.

Since A is (h)-separable and D is finite, A is H-separable. Similarly, B is
H-separable. There exists M;<IyA such that M;ND =1 and ay ¢ M; H for all
1 <X <n. Thus v ¢ M. Similarly, there exists N1 <1y B such that NyND =1
and by € N1H for all 1 < X <mn.

For those a, where r & I, a;*h~%a,h* ¢ D for all i # 0. Thus by Lemma 4.2,
h=%a.hird ¢ (h™)a,(h™) for all 0 < 41,51 < m and for all d € D except
i1 = j1 = 0and d = 1. Since A is (h™)-double coset separable, there exists
M><1¢A such that for all possible r & I, h~a,hi*d ¢ Ma(h™)a,(h™) for all
0 < 1,51 < m and for all d € D except iy = j; = 0 and d = 1. Note that
DN Ms=1. Then in A = A/Ms, if a, fharhjdfordED then m | i,7 and
d = 1. For those b, where r € J, we have h='bhib,. ¢ D for all i # 0. Then,
as before, there exists No<1¢B such that for all possible » ¢ J, if b, = lel;TIN”LJJ
where B = B/Ny and d € D, then m | i,j and d = 1.

Let My N My N (h) = (h*') and N1 N Ny N (h) = (h*?). By (C), there exist
M3<14A and N3<1¢B such that Ms N H = (h#120192) 5 D = N3 N H. Let
M = MlﬂMgﬂMz; and N = N10N20N3 IDG A/M*HB/N where
H = (h) x D, we shall prove that T %7 Tu.

Suppose T ~z Tu. There exist oy, p; and ¢;,d; € D such that

icl icJ

ap = Eialgzlalﬁﬂlél
by =h " 0 dy
(4.3) G =h 4, @i

bai=h " bk dy.

From the first equation in (4.3), we have a; = h “an" d1 €. Since 1 ¢ I,
by the choice of My we have m | —aq, p1 and d1 c1 =1. If 1 ¢ J again, we can
easily see that cfldg = 1. So suppose 1 € J, that is, there exists a minimal pos-
itive integer ¢, such that by = h=*1byhtt. Thus h=**b A% = by for all integer
k. From the second equation of (4.3), we have b = " Emﬁ_”ﬁaz__lﬁg.
Since m | p1, let p1 = me = ([[;c; s:)(I1;c5 ti)e. Then by = bih H1+a2__1d2.
Hence E*‘”*‘”a;l&z = 1. Since (h)ND = 1, we have 7" = 1™ and @y 'dy = 1.

By a similar way, we can see that all E;léi =1 and E;lgi+1 = 1. From the
last equation in (4.3), we have b, = h ' "byh" ¢, 'diu'. As before, we can
prove that ¢, 'dyu~! = 1. Then

__ =—1_ __15 =—1_ __1= 15—
ul=d, ¢ -¢tdy-d, Ci G dit1---C, dya =1,
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a contradiction by the choice of M;. This proves that T 5 zu. (I

Definition 4.4. Let G be a group and let H be a subgroup of G. We say G is
H-conjugacy separable if for each x € G such that {x}¢ N H = 0, there exists

N<4G such that in G = G/N, {Z}° nH = 0.

Dyer [4] noted the importance of the above notion in the study of conjugacy
separability of generalized free products, that is, if G has a subgroup H and is
not H-conjugacy separable, then G g G is not conjugacy separable.

Now we are ready to prove our main result.

Theorem 4.5. Let G = A xy B with H = (h) x D, where |h| = oo and
D C Z(A) N Z(B) is finite, such that G = G/D is conjugacy separable. Let
A, B be conjugacy separable, (h)-self-conjugate, and (h™)-double coset separable
for each n > 0 and H-conjugacy separable. If A, B satisfy (C), then G is
conjugacy separable.

Proof. Let z,y € G be elements of minimal lengths in their conjugate classes
and = ¢ y. Since G = G/D = A * (R B is conjugacy separable, if & Fed,
then we can find ]3<1fé such that Pz 76@/15 Pj. Let P be the preimage of P.
Then P<iyG and Px #¢,p Py. Hence we assume that & ~ 7. Then y ~g 2u
for some u € D. Hence we can take y = 2u and = ¢ xu. We shall find M <A
and N<;B such that in G = A/M *7 B/N, T %5 Tu. Since G is conjugacy
separable, there exists P<] fé such that Pz Vel /P Pzu. Let P be the preimage
of P. Then P<yG and Pz #g/p Py. Hence G is conjugacy separable.

Case 1. x € H. Without loss of generality, we assume x = h®. Then
h® &4 h%u and h® % h®u. Since A is conjugacy separable and D is finite,
there exists M;<1yA such that My N D =1 and Mih* # Mih%d for all d € D
such that h® ¢t 4 h*d. Similarly, there exists N1 <y B such that NyND =1 and
N1h® o& N1 hed for all d € D such that h® g h*d. Let My N (h) = (h*1) and
Ny N (h) = (h*2) for some integers s1, s2. By (C), for n = s18202, there exists
Ms<i7A such that D C Ma, Ma N (h) = (h*1529192) and if Myh' ~A/Ms Myhd,
then Myh® = Myh/. Similarly, for n = s1s201, there exists No<iyB such that
D C Na, Na N (h) = (h*152°192) and if Noh' ~p,n, N2h?, then Naoh' = Nahi.
Let M = M; N My and N = N; N No. Clearly, M N H = (h*1529%2) = NN H.
In G = A/M %7 B/N, where H = (h) x D, we show that n” Vel n'a.

Suppose " ~a 1°%. Then by Theorem 2.2, there exist integers ¢; and
d; € D such that

(4.4) B g B dy o By g oy B~y DO

From the first conjugate relation I ~3 E“El, we have Myh® ~ Msh®. Hence,
by the choice of Ma, we have Mah® = Moh®'. Thus h*~ <t € Mon(h) = MN(h),
whence h° = h"". Tt follows that A" ~3 Eaal. Hence M1h* ~ Mih%dy. By
the choice of M7, we have h® ~4 h*d;. From the second conjugate relation
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C S C2

of (4.4), we have B* = " ~g ECQEggfl. Then, as before, i = 1™ and
h* ~p h®dydyt. Hence h®dy ~p h®dy. Similarly, from (4.4), we have B = B
and h%dp ~ () h*u. Thus we have

h* ~A hadl ~B T ™~B(A) hadn ~A(B) h%u.

It follows that h* ~g h®u, a contradiction. Therefore, % Vel .

Case 2. x € A\H (orz € B\H). Let 2 € A and 2 have the minimal length 1
in its conjugacy class in G. Let = % zu, where u € D. Since = has the minimal
length 1 in its conjugacy class, = o4 hid for all i and d € D. Hence, by H-
conjugacy separability, there exists My <1y A such that Myx % 4,/0;, My hid for all
i and all d € D. Since A is conjugacy separable, there exists M<15A such that
MsND =1 and Myx 7614/1\/[2 Moszd for all d € D such that x /44 xd. Similarly,
since B is conjugacy separable, there exists N1 <1y B such that NoND = 1. Let
MinMan{h) = (h*') and Ny N{h) = (h®2) for some s1, s2. By (C), there exist
M3<1;A and Na<iyB such that D C M3z, D C Ny and M3 N (h) = (h®15201%2) =
Ny (h).

Let M = MiNM>NMsz and N = NyNNy. Then MNH = (h*152%192) = NNH.
In G = A/M %5 B/N, where H = (h) x D, we shall prove that T £z Zu.

Suppose T ~ Tu. By the choice of M1, T is not conjugate to any element in
H. Hence 7 has the minimal length 1 in its conjugacy class in G. It follows from
Theorem 2.2 that T ~4 @u. Then by choice of Ms, x ~4 zu, a contradiction.
Therefore, T #& Tu.

Case 3. = = aiby---anb, (or x = biay---byay,), where a; € A\H and
b; € B\H. Let z ¢ xu, where u € D. Let x; = a;b; - - apbpaiby - a;—1bi—1
for 1 < ¢ < n. Clearly, = ;. By Theorem 2.2, x; £y xu for all 1 < i <
n. We shall find M;<1fA and N;<\fB such that M; " H = N; N H and in
G = A/M; x5 B/N;, ||Z;|| = 2n = ||z| and Z; £ 7u for each 1 < i < n.
The case of ¢ = 1 is done by Lemma 4.3. Thus let M;<yA and N1<yB such
that M1 N H = Ny N H and in G = A/M; x5 B/Ny, ||Z1] = 2n = ||z|| and
T1 747 Tu. We shall consider the case when ¢ > 1.

Suppose x; € HruH. Then z; ¢ HxH. By Corollary 3.8, there exists
Q<G such that x; ¢ QHzH, a; € QH and b; ¢ QH for all 1 <4 < n. Let
M;=QnNAand N; =QnN B. Then in G = A/M; x5 B/N;, |[Z;|| = 2n = ||z|
and T; ¢ HTH = HzuH. Hence T; + T as required.

Suppose x; € HxuH, say x; = hyxho for hi,he € H. Clearly, x; ~g xhoh;.
Hence xhohy oty xu. Let hohy = h%uq, where u; € D.

(a) s = 0. Then we have zuy g zu, or equivalently, g xuufl, where
uul_l € D. By Lemma 4.3, there exist M;<yA and N;</sB such that M;NH =
N;NH and in G = A/M; x5 B/N;, ||| = 2n = ||z|| and T £ Tuw; '. Then
T ~EH TUq ,7(,? ﬁ, as required.

(b) s # 0. By Theorem 4.1 and Corollary 3.8, there exists Q<1yG such that
h*€Q,a;  QH and b; ¢ QH for all 1 <i <n. Let PN (h) = (k). By (C),
there exists M <y A such that D C M, M N (k) = (h**1°1%2) and if Mh' ~4 )
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Mh, then Mh* = Mh’. Similarly, there exists N<iyB such that D C N,
NN (k) = (h*5191%2) and if Nh' ~p,n Nh7, then Nhi = NhJ. Let M; = QN M,
N; = QNN and G = A/M; xz B/N;. Clearly, M; N (h) = (h*51°192) = N; N (h)
and ||Z;|| = 2n = ||z||. We shall show that Z; 7 Tu. Suppose T; ~3 ZTu. Then
Tﬁsﬂl ~7 Zu. Hence there exist oy, u; and d;, ¢; € D such that

_ T—a1—5—1_ pi_
ay = h d1 alh C1

e

(4.5) Gy = “%d, Gk

boh T =h e b uh ™ dy .
From the first equation in (4.5), we have Ma; = Mh™* aih#*, that is, Mh*' ~
Mh#+. By the choice of M, we have Mh** = Mh#*. Thus h*~* € M N(h) C
P. Therefore, B =1"". Similarly, from the second equation of (4.3), we have
'Y = 1. Moreover, we have h™° = 1", B = 1™, ..., B = 1", and
p =100 Therefore, = Em_s, which implies = 1, a contradiction.
Hence 7; 745 Tu as required. O

5. Generalized free products of nilpotent groups

In this section we apply the main result to finitely generated nilpotent
groups.

Lemma 5.1. Let A be finitely generated nilpotent and h € A with |h| = oo.
Then there exists a positive integer & such that for each n > 0, there exists

M<yA such that M N (h) = (h"°) and if MRh' ~ /5 MK, then Mh* = Mh.

Proof. Since A is finitely generated nilpotent, there exists an integer i > 0 such
that Z;(A)N(h) = 1 and Z;41(A)N(h) = (h?) for some § > 0. In A = A/Z;(A),
|h| = oo and A’ € Z(/l) For a given integer n > 0, consider A = AJ(hm).
Clearly, [h| = né. If b’ ~T I, then hi = g=1high*™ = §=1hi+*nd4 for some
g € A and for some integer k. Since /1 is finitely generated nilpotent and
|h| = oo, we have j = i + knd. Thus i’ = h’. This shows that if b’ ~- 77,
then &' = 1’. Since 4 is finitely generated nilpotent, Ais conjugacy separable.
There exists M<1;A such that MK Vo avs MP for all b = I (there are

only finitely many). Considering 7 = 0, we have 1 # X ¢ M. Let M be the
preimage of M. Then M<iyA, M N (h) = (h"), and if Mh® ~ 4,5 Mh?, then
MRt = MM . (Il
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The above result proves that finitely nilpotent groups satisfy (C’) in The-
orem 3.5. The next shows that those nilpotent groups satisfy (C') in Defini-
tion 3.7.

Lemma 5.2. Let A be finitely generated nilpotent and D C Z(A). Let h € A
with |h] = 0o and DN (k) = 1. Then there exists a positive integer 6 such that
for each n > 0, there exists M<1; A such that D C M, M N (h) = (h"°), and if
Mh,’b ~A/M Mh,], then Mh,’b = Mh,]

Proof. Since A = A/D is finitely generated nilpotent and |h| = oo, by Lemma

5.1, there exists a positive integer ¢ such that for each n > 0, there exists
M <A such that 3 1 (R) = (B"") and if Mh' ~,5; MK, then MR = MR,
Let M be the preimage of M. Then M<;A, D C M, M N (h) = (h"°), and if
MR ~a/nr MB?, then Mh* = Mh?. O

Theorem 5.3. Let G = A xy B with H = (h) x D, where |h] = oo and
D c Z(A)NZ(B) is finite. If A, B are finitely generated nilpotent, then G is
conjugacy separable.

Proof. Finitely generated nilpotent groups are conjugacy separable [6, 15] and
cyclic conjugacy separable [4]. Hence A, B are conjugacy separable and A=
A/D,B = B/D are <i~z>—conjugacy separable. Thus A, B are H-conjugacy sep-
arable. Moreover, they are double coset separable [9], and hence A, B are (h™)-
double coset separable for each n > 0. Since G/D is a generalized free product
of finitely generated nilpotent groups amalgamating a cyclic subgroup, G/D
is conjugacy separable [4]. By Lemma 5.2, (C) holds for A, B. Since finitely
generated nilpotent groups are (h)-self-conjugate, G is conjugacy separable by
Theorem 4.5. O

Theorem 5.4. Let G = Axy B with H = (h) x D, where D C Z(A)NZ(B).
If A, B are finitely generated nilpotent, then G is conjugacy separable.

Proof. Let z,y € G be elements of minimal lengths in their conjugate classes
and z g y. Since G = G/D = A * iy B is conjugacy separable by [4], if
Z 75 ¥, then we can find ]5<lfé such that Pz 76@/15 Pﬂ. Let P be the preimage
of P. Then P<yG and Px #£g/p Py. Hence we assume that & ~5 §. Then
y ~¢ zu for some u € D. Hence we can take y = xu and = %¢ xu, where
u € D. Let D1 = {c € D | 2 ~¢ xzc}. Then D; is a subgroup of D. Clearly,
u & Dy. Since D is finitely generated abelian, there exists Dy<1¢D such that
u & DyDy. Let G = G/Dy. Then G = A *ﬁﬁ, where H = (h) x D. Tt is
easy to see that T ot Tu. Clearly, |h| = |h|. Since D is finite, if (h) is finite,
then H is finite and G is conjugacy separable by [4]. On the other hand, if (h)
is infinite, then G is conjugacy separable by Theorem 5.3. Thus there exists
P<;G such that PT 746/? P7u. Let P be the preimage of P. Then P<;G

and Pr #¢g/p Py. Hence G is conjugacy separable. O
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Note that free groups satisfy most of the conditions in Theorem 4.5 except
that they only have trivial centers. Thus we can apply Theorem 4.5 to show
conjugacy separability of the following example:

Example 5.5. Let G = Gy *g Ga2, where G; = F; x S; (i = 1,2), with F; free
and S; finitely generated nilpotent groups and H = (h) x D, where (h) = F1NF,
and D C Z(S1) N Z(Sz2). Then G is conjugacy separable.

Proof. Tt is well-known that free groups F; are conjugacy separable, (h)-self-
conjugate, and (h™)-double coset separable for each n > 0. Hence G; = F; X S;
are also conjugacy separable, (h)-self-conjugate, and (h™)-double coset sepa-
rable for each n > 0. It is also well-known that free groups F; satisfy (C’)
in Theorem 3.5. Hence G; satisfy (C). Note that G;/D = F; x S;, where
Si; = 8;/D is finitely generated nilpotent. Every finitely generated nilpotent
group is a finite extension of a finitely generated torsion-free nilpotent group.
Hence each S; is a finite extension of a finitely generated torsion-free nilpo-
tent group T;. Then G;/D is isomorphic to a finite extension of F; x T;. We
note that the group F; x T is a residually finitely generated torsion-free nilpo-
tent group. Hence G/D = G1/D * Ty G2/ D is conjugacy separable [7]. Since
free groups are cyclic conjugacy separable, G;/D = F; x S; are (h)-conjugacy
separable. Hence each G; is H-conjugacy separable. By Theorem 4.5, G is
conjugacy separable when D is finite. Then as in the proof of Theorem 5.4, we
can show that G is conjugacy separable when D is infinite. (Il
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