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Mathematical Model for a Mode-sequence Reversed Two-degrees-of-freedom
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ABSTRACT

A cantilevered piezoelectric energy harvester(PEH) and an auxiliary mass-spring unit can be in-

tegrated into a novel two-degrees-of-freedom PEH where its lowest eigenmode is not an in-phase

modes but an out-of-phase mode. This typical behavior was shown to enhance output power consid-
erably compared with its stand-alone counterpart. The objective of this study is to newly develop a
continuum-based mathematical model suitable for efficient analysis of the mode-sequence reversed

PEH. Once such a mathematical model is available, various physical behaviors can be analytically

investigated for better designs. After a new mathematical model is developed, its validity is checked

by using ANSYS results, in terms of resonant frequency, open-circuit voltage, and output power with

a specified external resistance.
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(a) Typical two-degrees-of-freedom PEH

Clamped to a base

(b) Mode-sequence reversed PEH

Fig.1 Two configurations of two-degrees-of-freedom
PEHs
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Fig.2 Mode sequence characteristics for different
connection types between two beams
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Fig. 3 Geometric properties of the mode-sequence re-
versed PEH with a bimorph beam 2 whose
electrodes are connected in parallel

PZT 4 (polarization)

PZT 4 (polarization) | =

(b) Cross section
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Table 1 Geometrical and Material properties of the
mode-sequence reversed 2-dof PEH

Beam 2
Beam 1
PZT Substrate
Length(mm) 60 50 50
Width(mm) 10 10 10
Thickness(mm) 1.19 0.13 0.30
Mass depsity 2700 7800 2700
(kg/m’)
Elastic modulus
(GPa) 69 62 69
e31(C/m’) - -19.8 -
853 (nF/m) - 27.3 -
Tip mass(g) 12 2
Damping ratio, ¢ 0.015
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Table 2 Comparison of resonant frequencies from the
proposed mathematical model and ANSYS

Proposed ANSYS
Se(iz) | Joo(Hz) | Ju(tiz) | ootz
(oits_togg’}ize) 45.9 48.8 46.0 484
2nd mode 519 526 523 53.0
(in-phase)

Transactions of the KSNVE, 23(6) : 546~552, 2013 | 549



Sowon Lee et al; Mathematical Model for a Mode-sequence Reversed Two-degrees-of-freedom Piezoelectric ...

wpebd, 2 (13) 2 (16)e] ERA 2749 A7)-9E)
AN WAL AMZ Agste] the o] &9 A
Gl Ule Tk SH B4E 7R 4 Aok
S —ja)aF
v(t) = ; Za) _m‘" +12§;‘7aa7 e
E+jwcp+;a) St 2w

(18)

o

~
o =
01_'4 _)L
2 o

b
=2 ol
ot

1
4 11“r[
Lo
o
b
)
tlo ot

i,
o

ko
B>
glé
1x
B>
[
lm 4
E

A1 WE ey

=357 $E)
22 ANSYSE ©]
7184 A4+ B
£ Table 19 YeERRITE B U

7 4oy 9 FEo2 o Folgu

oo I y

_O|L
o 32
2o

oX, oy
of\

>~

>

oo

it}

2ul

i)

o,

Al
o mm
P
i

i)
ot
N
N

1 27T
Piezo SystemsA}9] PSI-SH4EE Al
o] Zro] gk A&A ko] 43 Zﬁ
2 483k Fig 39l UE nel w%
£ #3514, beam 19 7% 52.0 Hz, beam 2
S A 2(Se) B NINE( S ) el 7}
9Hz 9 52.1Hz® AFEAT #1352 A
® WAt ey 1714 e glol Aol
717 ey ®gke] gl AdEjolH, JH3E A
Wb Aol 7] F-gkt) A go] A4
S A7) AUAT G Bael Aol

- A ]

é:im-{ﬂ
O gt omd T
meFKOJ

offf pE ¥2 A

%

il

¥O ML opf o (N fo X fg Ok p0 R 2L oo ox )
ﬂl'm‘go}i

WA beam 1 % beam 22 A H Fig. 3
A =g Aol sl AtE A REs o
I

83fo]
ok Ak Tab1ezoﬂ u]m}giu} 2831, A (5)l
Hebd i REg A ()9 it A ol
k3 o1 ATE Fig 49 UERIITE o, 3o A
= Fig. 3(a)°] YER ZHEA xol thste] xS
25§y v gy, AFEE asEs

550 | Transactions of the KSNVE, 23(6) : 546~552, 2013

Beam 1 Beam 2

10 2nd mode

- \@r/lst mode ‘
-100

20 40 60 80 100110
Length (mm)

Fig. 4 Mass-normalized mode shapes of the mode-se-
quence reversed PEH
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Fig. 5 Open-circuit voltage response from the pro-
posed model, ANSYS, and a stand-alone PEH
only of beam 2
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external resistance of 100 k2
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