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) ® Abstract
1 S Intervals can be used in the representation of uncertainty. In this regard, we consider monotone
interval-valued set functions and the Choquet integral. This paper investigates characterizations

of monotone interval-valued set functions and provides applications of the Choquet integral
with respect to monotone interval-valued set functions, on the space of measurable functions
with the Hausdorff metric.
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1. Introduction

Axiomatic characterizations of the Choquet integral have been introduced by Choquet [[1]],
Murofushi et al [2}[3]], Wang [4] and Campos-Bolanos [5] as an interesting extension of the
Lebesgue integral. Other researchers have studied various convergence problems on monotone
set functions and, on sequences of measurable functions, as well as applications. For example,
the convergence in the (C) mean [6]], on decision-making problems [/7,(8]], on the Choquet weak
convergence [9]], on the monotone expectation [[10], and on the aggregation approach [[11].
In the past decade, it has been suggested to use intervals in order to represent uncertainty,
for example, for economic uncertainty [12f], for fuzzy random variables [[13]], in interval-
probability [[14], for martingales of multi-valued functions [[15], in the integrals of set-valued
functions [|16]], in the Choquet integrals of interval-valued (or closed set-valued) functions

[17H22], and for interval-valued capacity functions [23]. Couso-Montes-Gil [24] studied
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function of measurable functions. Based on the results of Couso-Motes-Gil [[24]], we shall
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their properties. We also investigate various convergences in the
Hausdorff metric on the space of intervals as well as the charac-
terizations of the Choquet integral with respect to a monotone
interval-valued set function of measurable functions.

In Section 4, we give a brief summary of our results and

conclusions.

2. Preliminaries and Definitions

In this section, we consider monotone set functions, also called
fuzzy measures, and the Choquet integral defined by Cho-
quet [1]. The Choquet integral [1] generalizes the Lebesgue
integral to the case of monotone set functions. Let X be a
non-empty set, and let .4 denote a o-algebra of subsets of
X. Let R = (—00,00), R = [~00,0], Rt = [0,00) and
®T
Choquet integral, the different types of convergences, and the

= [0, 0]. First we define, monotone set functions, the

uniform integrability of measurable functions as follows:

Definition 2..1. [2,3}|5,24] (1) A mapping ¢ : A — R is
said to be a set function if 1(()) = 0.

(2) A set function y is said to be monotone if

pu(A) < p(B) whenever A,B€ A and A C B. (1)

(3) A set function p is said to be continuous from below (or
lower semi-continuous) if for any sequence {A,} C A and
A € A such that

A, T A, then ILm w(Ay) = u(A). 2)

(4) A set function  is said to be continuous from above (or
upper semi-continuous) if for any sequence {A,} C A and
A € A such that

(A1) < oo and A, | A, then le w(Ay) = u(A). (3)

(5) A set function y is said to be continuous if it is continuous
from above and continuous from below.

(6) A set function p is said to be subadditive if A, B € A
and AN B = 0, then

u(AUB) < p(A) + p(B). )
(7) A set function p is said to be submodular if A, B € A,
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then

(AN B) + u(AUB) < u(A) + p(B). )

(8) A set function p is said to be null-additive if

wW(EUF) = u(FE) forany E € A whenever u(F)=0. (6)

Definition 2..2. [2,35,24] Let ix be a monotone set function
on A. () If f : X — RT is a non-negative measurable
function, then the Choquet integral of f with respect to u is
defined by

© [ 1= " () da @

where

pila) = p({z € X[f(z) > a}) (8)

for all @ € R and the integral on the right-hand side is the
Lebesgue integral of jif.

) If f : X — R is a real-valued measurable function,
then the Choquet integral of f with respect to y is defined by

© [ran=©) [rran-© [rar  ©

where f* = max{f,0}, f~ = max{—f,0}, A€ is the com-
plementary set of A, and p* is the conjugate of y, that is,
w(A) = p(X) — pu(A°) forall A€ A (10)

(3) A measurable function f is said to be p-integrable if the
Choquet integral of f on X exists.

‘We note that

pug () n({z € X|f(z) > a})
= p({z e X|fT(x) > a})
= Nf*(a)a (11)
for all @ € RT and
() w(X) —p({z € X|f(z) > a})

= wX)—p{z e X|f(z) <a})

= u(X) = pu({z e X|f(x) < a})
i (a), (12)
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forall« € R~ = (—o00,0). Thus, we have
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We introduce almost everywhere convergence, convergence

in pg-mean, and uniform p-integrability as follows:

Definition 2..3. Let ;1 be a monotone set function on a measur-
able space (X,.A), {f»} a sequence of measurable functions
from X to R, and f a measurable function from X to R.

(1) A sequence {f,} almost everywhere converges to f if
there exists a measurable and null subset N € A, u(N) =0
such that

f(@)= lim f,(z), forallx € N°. (14)
n—oo
(2) A sequence { f, } converges in y-mean to f if
Jim (€) [ | £~ 1 | du=0. (15)

where | - | is the absolute value on R.

Definition 2..4. [24] Let 1» be a monotone set function on A
and I C N an index set. A class of real-valued measurable

functions { f,, } ner is said to be uniform y-integrable if

(i) sup (C) / Fuldu < oo, (16)

nel

(i) Ve > 0,3d(e) > 0 such that sup (C’)/ | frldu < e
nel A
if Ae Aand u(A) <é(e). 17)
Now, we recall from [24]] the subadditivity of the Choquet

integral, the equivalence between the convergence in mean and

the uniform integrability of a sequence of measurable functions.

Theorem 2..5. (Subadditivity for the Choquet integral) Let
(X, A) be a measurable space. If a monotone set function
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i : A — RT is submodular and f,g : X — R are real-
valued measurable functions, then we have

(©) / (171 +19l) du < (C) / fldu+ (C) / gl du. (18)

Theorem 2..6. Let (X, .A) be a measurable space. If a mono-
tone set function p : A — R7T is subadditive and f,g :
X — R are measurable functions with disjoint support, that
is,{zx € X | f(z) >0} n{z € X |g(x) >0} =0, then we
have

(C)/(f+g) dp < (C)/fdqu(C)/gdu- (19)

3. Main Results

In this section, we consider intervals, interval-valued functions,
and the Aumann integral of measurable interval-valued func-
tions. Let I(R) be the class of all bounded and closed intervals
(intervals, for short) in R as follows:

I(R) = {[a;,a,] | a;,a, € Rand a; < a,.}. (20)

For any a € R, we define a = [a,a]. Obviously, a € I(R)
[T8-21].

Recall that if (R, 9%, m) is the Lebesgue measure space and
C(R) is the set of all closed subsets of R, then the Aumann
integral of a closed set-valued function F' : R — C(R) is
defined by

) [ Fam=1{ [ gdmlg € () @)

where S(F) is the set of all integrable selections of F', that is,

S(F) = {g:R—R|

and g(o) € F(a) m — a.e.},

/|g|dm<oo
(22)

where m — a.e. means almost everywhere in the Lebesgue
measure m, and |g| is the absolute value of ¢ [[1516]. In [[13,23]],
we can see that (A) [ Fdm is a nonempty bounded and closed
interval in R whenever F' is an interval-valued function as in
the following theorem.

Theorem 3..1. If an interval-valued function F = [g;, g,] :
R — I(R) is measurable and integrably bounded, then g;, g, €
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S(F) and

(A)/de= [/gzdm,/grdm} ,

where the two integrals on the right-hand side are the Lebesgue

(23)

integral with respect to m.

Note that we write [ gdm = [~ g(a) do for all bounded
continuous function g. Let C(R) be the class of all closed
subsets of R. We recall that the Hausdorff metric dgy : C(R) x
C(R) — R™ is defined by

dp (A, B) = max {Sup inf |z — y|, sup inf |z — y|} , (24)
r€AYEB yeB €A
forall A, B € C(R). It is well-known that for all @ = [a;, a,],
b= [br,b,] € I(R),
dg(a,b) = max {|a; — b, |a, — b,|}. (25)
Next, we shall define monotone interval-valued set functions
and discuss their characterization.

Definition 3..2. (1) A mapping /i : A — I(R™) is said to be
an interval-valued set function if () = 0.

(2) An interval-valued set function f is said to be monotone
if

A(A) < i(B) whenever A/, Be A and ACB. (26)
(3) An interval-valued set function j is said to be continuous

from below if for any sequence {4,,} C A and A € A such
that A,, T A, then

dy — lim fi(A,) = i(A),

n— oo

27)
that is,

Tim_dg((A). fi(4)) = 0.

(4) An interval-valued set function j is said to be continuous
from above if for any sequence {A,} C Aand A € A such
that i( A1) is a bounded interval and A,, | A, then

dg — lim fi(An) = p(A).

n— oo

(28)

(5) An interval-valued set function j is said to be continuous

if it is both continuous from above and continuous from below.

(6) An interval-valued set function j is said to be subadditive
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if A, B € A, then

(AU B) < i(A) + i(B). (29)
(7) An interval-valued set function f is said to be submodular
if A, B € A, then
(AU B) + (AN B) < i(A) + iu(B). (30)
(8) An interval-valued set function j is said to be null-
additive if
p(EUF)=pa(E) forany E whenever a(F)=0. (31)
From Definition 3.2 and Eq. (25), we can directly derive the
following theorem [23}25]].

Theorem 3..3. (1) A mapping & = [, ] is an interval-
valued set function if only only if y; and p, are set functions,
and p; < .

(2) An interval-valued set function i = [y, t.,.] is monotone
if only only if the set functions y; and w,- are monotone.

(3) An interval-valued set function fi = [y, 11,-] is continuous
from below if only only if the set functions y; and p, are
continuous from below, and p; < p,..

(4) An interval-valued set function i = [y, p.| is continuous
from above if only only if the set functions y; and p, are
continuous from above, and p; < p,..

(5) An interval-valued set function jz is subadditive if and
only if the set functions p; and p,- are subadditive, and p; < p,-.

(6) An interval-valued set function z is submodular if and
only if the set functions y; and p, are submodular, and p; < p,..

(7) An interval-valued set function j is null-additive if and
only if the set functions y; and p,- are null-additive, and p; <
F-

By using Definition 2.2 and Theorem 3.3, we define the
Choquet integral of a non-negative measurable function with
respect to a continuous from below and monotone interval-
valued set function as follows:

Definition 3..4. (1) The Choquet integral of a non-negative
measurable function f : X — R™, with respect to a monotone
interval-valued set function f, is defined by

©) / Fdii = (A) / iy dm (32)
where m is the Lebesgue measure on R and the integral on the
right-hand side is the Aumann integral with respect to m of jiy.
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(2) The Choquet integral of a real-valued measurable function
f+ X — R, with respect to a monotone interval-valued set
function i, is defined by

© [tin=© [1tau-©) [ an.

where fT = max{f,0} and f~
conjugate of ji, that is,

(33)

= max{—f, 0}, and &* is the

7(A) = i(X) — il(A°) forall A€ A. (34)

(3) A measurable function f is said to be fi-integrable if

O) [ £dji € I(R)\{0}.

We note that Eq. (36) implies

@) [ nsam= [~ y(e) do

where fif(a) = o ({z € X|f(z) > a}) forall « € RT. By
the definition of ii*, we easily get the following theorem.

Theorem 3..5. (1) A monotone interval-valued set function f
is continuous from below (resp. from above) if and only if u*
is continuous from above (resp. from below).

(2) If @ = [pu, prr] is @ monotone interval-valued set function
and p(X) = pr(X), then i* = [y, uj], where pi7(A) =
1 (X) = 1 (A) and i (A) = u(X) — ju(A°) forall A € A

In [21]], we can find the theorem below. This gives a useful
and interesting tool for the application of the Choquet integral
of a non-negative measurable function f, with respect to a

monotone interval-valued set function f.

Theorem 3..6. ([23, Lemma 2.5 (i) and (v)]) Let f be a non-
negative measurable function and i = [u;, pt] @ monotone
interval-valued function. If z is continuous from above and we
take F(a) = a({z € X|f(z) > a}) for all @ € R, then we
have

(1) F'is continuous from above, and

2

) [ Fam - [/Ommﬂa)da,/omurxa)da},

where m is the Lebesgue measure and p¢(o) = w({z €
XIf(x) > a}) and g (a) = po({z € X|f(2) > a}).

Note that Theorem 3.6(2) implies the following equation (36)

87 | Lee-Chae Jang

under the same condition of f and i;

© [ sin -

() [ F(@)dm(o)

S s@ydas [ s(a)da
|:/ 0 :|

(© [ ram©) [ fan].

By using Theorem 3.5 and Eq. (36), we can obtain the following

(36)

theorem, which is a useful formula for the Choquet integral of a
measurable function f : X — R, with respect to a continuous
monotone interval-valued set function.

[k, ]
a monotone interval-valued set function. If 1z is continuous and

wi(X) = p,-(X), then we have

© [ san=© [ ram©) [ 1an].

Proof. Let f™ = max{f,0} and f~ = max{—f,0}. Since
[t is continuous from above, by (40), we have

o) [17an=©) [ 1 w0 [ raw). c®

Since 7 is continuous from below and 1 (X) = p.(X), by
Theorem 3.5(2), i* =

by (36), we have
- [(0> [ [+ du?] 9)

o) [r

By Definition 3.4(2), Eq. (38), and Eq. (39), we have the result.

Next, we present the following theorems which give charac-

Theorem 3..7. Let f be a measurable function and 7 =

(37

[k, pf] is continuous from above. Thus,

terizations of the Choquet integral with respect to a monotone
interval-valued set function.

Theorem 3..8. Let iz =
set function and let A € A. If [z is continuous from above, then

(O)/Aaduz{

Proof. If (35§, then by Eq. (36), we have

/O Fq(c) dex
/A du, (C /Aadﬂr:|

[apu(A), apr(A)]

[11, 1] be a monotone interval-valued

we have

afi(A)
afi* (A)

ifa>0

40
ifa < 0. “0)

©) [ adn -
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a[pm(A),
ap(A).

pr(A)]

If a < 0, then by Eq. (36), we have

(©) [ adn -

- - [ Cad© [ om]
= —[~api(A), —au;(A)]

= (o (A), apit(A)

= alu(A),m(A)]

= ap'(A).

Theorem 3..9. Let a monotone interval-valued set function z =
[141, 1] be continuous from above and let f a non-negative fi-
integrable function. If [z is continuous from above and A, B €
A with A C B, then we have

C)/Afdﬁg(c)/deﬁ.

Proof. Since 1 =

(41)

[i41, ptrr] is @ monotone interval-valued set
function, by Theorem 3.3 (1) and (2), x; and p,- are monotone
interval-valued set functions. Thus,

C)/Afdqu(C)/deuz and

(
C)/Afdurﬁ(C)/deur-

By Eq. (36) and Eq. (42), we have the result.

We remark that if we take a fi-integrable function f which is
ST =0and f~ > 0, then (C') | f dp is not monotone, that is,
for each pair A, B € Awith A C B,

42)

o) [ 14 = ~(c) /f—dﬁ*
> () [ £ =© [ san @y
Theorem 3..10. Let & = [u;, 1] be a monotone interval-

valued set function which is continuous from above, and let
A € A.If f and g are non-negative fi-integrable functions with
f < g, then we have

C)/Afdﬁé(c)/Agdﬁ-

Proof. The proof is similar to the proof of Theorem 3.10.

(44)
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Theorem 3..11. Let 71, = [u1y, t1,] and Ty = [uar, por] be
monotone interval-valued set functions, f a non-negative i, -
integrable and fi,-integrable function, and A € A.

(1) If m; < 11y, then we have

o) [ ram <) [ sam, @s)
A A
(2) If 1; C [y, then we have
¢) [ ramc©) [ i (46)
A A

Proof. (1) Note that 7z; < i, if and only if p1; < po; and
wir < pop. Thus, we have

C)/Afd/m < (C)/AfdMQI and

(
0) [ fame <(C) [ fdar.

By (36) and (47), we have the result.
(2) Note that j1; C fiy ifand only if po; < pqg and pa, < pior.

/ fdua <

/ fdpny <

(47)

Thus, we have
)/ fdpy and
A

(©) /A f dpioy. 48)

By Eq. (36) and eq. (48), we have the result.

Finally, we investigate the subadditivity of the Choquet in-
tegral under some conditions for the monotone interval-valued
set functions.

Theorem 3..12. Let (X, .4) be a measurable space. If a con-
tinuous monotone interval-valued set function z = [py, ] :
A — I(RT), with 11;(X) = p,-(X), is submodular and f, g
X — R are measurable functions, then we have

<(©) [ Iflan+(©) [ loldn

Proof. Since [z is a submodular monotone interval-valued

©) / (171 + lgl)dm (49)

set function, by Theorem 3.3(6), p; and ., are submodular
monotone set functions.
By Theorem 2.5, we have

(©) / (1] + lgl)dpu < / fldu + (C / lglds, (50)
and

(©) /(lf\+|gldur_ / Fldur + (©) / lgldpy. (1)

Some Characterizations of the Choquet Integral with Respect to a Monotone Interval-Valued Set Function | 88



International Journal of Fuzzy Logic and Intelligent Systems, vol. 13, no. 1, March 2013

By Eq. (36), eq. (50), and eq. (51), we have the result.

Theorem 3..13. Let (X, .A) be a measurable space. If a con-
tinuous monotone interval-valued set function 7 = [u, pr] :
A= I(R"), with 1 (X) = pr(X), is subadditive, and f, g :
X — R are measurable functions with disjoint support, then

© [+9in<© [tau+© [gin 2
Proof. Since 7 is a subadditive monotone interval-valued

set function, by Theorem 3.3(5), y; and w, are subadditive
monotone set functions. By Theorem 2.6, we have

(©) / (f +9)du < (C) / Fdui +(C) / gdu,  (53)

and

(C)/(f+g)dur < (C)/fduTJr (C)/gdur. (54)

By Eq. (36), Eq. (53), and Eq. (54), we have the result.

4. Conclusions

In this paper, we introduced the concept of a monotone interval-
valued set function and, the Aumann integral of a measurable
function, with respect to the Lebesgue measure. By using the
two concepts, we define the Choquet integral with a monotone
interval-valued set function of measurable functions.

From Theorem 3.2, Definition 3.3(3), and the condition that
w1 (X) = p-(X) of a continuous monotone set function, we can
deal with the new concept of the Choquet integral of a mono-
tone interval-valued set function 7z = [py, itrr] of measurable
functions f : X — R. Theorems 3.3, 3.5, 3.6, 3.7, 3.8, 3.9,
and 3.10 are important characterizations of the Choquet integral
with respect to a monotone interval-valued set function on the
space of non-negative p-integrable functions. Theorem 3.12
and Theorem 3.13 are both, useful and interesting tools, in the
application of the Choquet integral with respect to a continuous
monotone interval- valued set function.

In the future, by using the results in this paper, we shall inves-
tigate various problems and models, for representing monotone
uncertain set functions, and for the application of the bi-Choquet

integral with respect to a monotone interval-valued set function.
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