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ON THE SOLUTIONS OF EQUATIONS OVER NILPOTENT

GROUPS OF CLASS 2

Seong Kun Kim

Abstract. In this paper, we study equations over nilpotent groups of

class 2. We show that there are some overgroups which contains solutions

of equations with exponent sum 1 over nilpotent groups of class 2. As
known, equations over a field has a solution in an extension field which

contains a copy of the given field. But it is not easy to find that a solution
of equations over groups. In many cases, even if equations over groups

has a solution, the overgroup is not concrete but very abstract. Here we

find the concrete overgroups in case of nilpotent groups.

1. Introduction

For a given group H and the variable x, the equation over the group H is
given by as follow.

w(x) = xn1h1x
n2h2 · · ·xnkhk = 1,

where n1, n2, · · · , nk are non-zero integer, k is a positive integer and h1, h2, · · ·hk

are taken from the group H. H is called the coefficient group. We say that the

sum
∑k

i=1 hi is called the exponent sum of the equation, denoted expx(w(x)).
One can find that every equation over a group does not have a solution in H
itself. So one can ask whether there are some groups which contains an isomor-
phic copy of a given group and a solution of the equation. For example, if the
orders of g and h are distinct in a group H then there isn’t an overgroup which
contains a solution of the equation xgx−1h = 1. In this case, the exponent sum
of the given equation is zero so that one should restrict the equations or the
coefficient groups.

There are two big problems on the equations over groups. One is to find the
solutions of the equations with the non-zero exponent sum over any groups, the
other is to find the solutions of any equations over any torsion free groups. Now
we scan the several known results. First of all, the equation has a solution if all
exponents are positive. Secondly, if the coefficient groups are locally residually
finite or locally indicable then the equation with the non-zero exponent sum is
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solvable. The equation with the exponent sum 1 over any torsion-free group is
solvable and there are a lot of solvable specific equations. To find the solutions
of equations over torsion-free groups, it is also known that one can consider the
equations with the exponent sum zero.

In this paper, we consider the equation with exponent sum 1 over the nilpo-
tent groups of class 2. In fact, the nilpotent group of class 2 should be locally
residually finite. So the equation is solvable but we give another solution group
using Levin methods.

2. Some preliminaries

In this section, we review some basic facts for equations over groups. Let H
be a nilpotent group of class 2, i.e., [H,H] ⊆ Z(H), where Z(H) is the center
of the group H. As we know that H/Z(H) is abelian. Let w(x) ∈ H∗ < x >
be an equation such that expx(w(x)) 6= 0.

In this section, we will discuss more precisely the first question in the pre-
vious section. Let H be a group and x be an unknown variable. An equation
over H is of the form

w(x) = xε1h1x
ε2h2 · · ·xεnhn

where w(x) is a cyclically reduced word in H ∗F (x), F (x) is the infinite cyclic
group generated by x, each coefficient is in H and εi = ±1 for each i, n is a
positive integer. The sum

∑
i εi is called the exponent sum.

Therefore, we have a relative presentation < H, x : w(x) > with adding one
more generator and one more relator. We will consider the relative presentation

< H,x : w(x) > as the group H∗F (x)
N(w(x)) presented by < H, x : w(x) > in this

section.
The equation w(x) = 1 is said to have a solution in some overgroup of H or

to be solvable in an overgroup of H if there is a group H∗ containing an exact
copy of the given group H as a subgroup and an element h∗ ∈ H∗ such that
w(h∗) is the identity in H∗. This is equivalent to saying that the natural map

H −→< H, x : w(x) >

is injective.
This problem was originally announced by B. H. Neumann who considered

the equation w(x) = xnh−1 for a given group H and an element h ∈ H and
asked whether every element of H has an n-th root in some overgroup. The
solution is in the free product with amalgamation, H ∗

<cn=h>
< c >, where

< c > is a cyclic group of order n times the order of h. Of course, < c > is the
infinite cyclic group if the order of h ∈ H is infinite. More generally, F. Levin
showed the following theorem, see [10].

Theorem 2.1. Let H be an arbitrary group and w(x) = xh1xh2 · · ·xhn be an
equation where hi ∈ H for all i. Then w(x) has a solution in some overgroup.
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Sketch of proof. Consider the following diagram

H //

i ''OOOOOOOOOOOOO < H, x : xh1xh2 · · ·xhn >

f
��

n∏
i=1

H o Cn

where
n∏

i=1

H o Cn is the semidirect product of n-copies of H with Cn, a cyclic

group of order n generated by c and the action by c permutes the n-copies

of H in
n∏

i=1

H o Cn,i.e., c(g1, g2, · · · , gn) = (g2, g3, · · · , gn, g1) · c. The map f

and i send h ∈ H to the diagonal entry (h, h, · · · , h) · 1, and f sends x to
(h−11 , h−12 , · · · , h−1n ) · c−1. Then we can verify that f(w(x)) = 1 so that it is
a homomorphism and the diagram commutes. On the other hand, the map i

from H to
n∏

i=1

HoCn given by h 7→ (h, h, · · · , h) ·1 is certainly injective so that

the natural map from H to < H, x : xh1xh2 · · ·xhn > is injective, too. �
In the above theorem, the equation w(x) = xh1xh2 · · ·xhn has only positive

exponents. Any equation with negative exponents is solved by changing to the
variable t = x−1. Naturally, one can ask about an equation that has both
positive and negative exponents. Unfortunately, it is verified that not every
equation is solved over an arbitrary group.
Example 3.1 Let H be a group. Assume that the element a ∈ H has order 2
and b ∈ H has order 3. Then the equation w(x) = xax−1b−1 can not be solved
because of the following reason. If it can be solved then a and b with different
orders are conjugate in a group, this is impossible. However, if a and b have the
same order then the natural map H →< H, x : xax−1b−1 > is always injective
and the group < H, x : xax−1b−1 > is said to be an HNN-extension of H.

Thus, we should realize that some restrictions on groups or equations are
necessary. The best known restrictions are the Kervaire-Laundebach question
and Levin question.

(a) Kervaire-Laundebach question: If the exponent sum of a given
equation does not equal zero, then is the equation solvable in some
overgroup ?

(b) Levin question: Is any single equation over any torsion free group
solvable ?

It is known that Kervaire-Laundebach question has a positive answer if H is
locally residually finite [4] or locally indicable [6]. Also, Klyachko [9] has shown
that any equation with exponent sum ±1 over torsion free groups has a solu-
tion. Furthermore, many authors have given partial solutions with restrictions
on equations and used various technicques by using the geometric methods.
However, both questions remain open in full generality.



352 S. K. KIM

I would like to finish this section with some observations from Levin’s paper.

Theorem 2.2. Let H be a group and w(x) = xε1h1x
ε2h2 · · ·xεnhn be an equa-

tion where hi ∈ H and εi ∈ {±1} for all i. Suppose that the sum of exponents
is nonzero and the product h1h2 · · ·hn is in the center of the subgroup generated
by {h1, h2, · · · , hn},i.e., h1h2 · · ·hn commutes with hi for all i. Then w(x) = 1
has a solution in some overgroup.

Proof. Since the sum of exponents is nonzero, let the exponent sum
∑

i εi =
m > 0 without loss of generality. If the sum of exponents is negative, one can
use the change of variable t = x−1. Now, think of another equation associated
to the exponent sum of w(x) as follow

w′(x) = xmh1h2 · · ·hn.

By Levin’s paper, we can construct a commutative diagram

H //

''NNNNNNNNNNNNN < H, x : xmh1h2 · · ·hn >

f
��

m∏
i=1

H o Cm

such that f(w′(x)) = 1. Let c be a generator of Cm. The key observation is that
f(x)f(hi) = f(hi)f(x) for all hi ,because f(x) = (1, 1, · · · , 1, (h1h2 · · ·hn)−1) ·
c−1, h1h2 · · ·hn commutes with all hi and c commutes with f(h) for all h in
H. We therefore have f(w(x)) = f(w′(x)) = 1, and then the natural map

H −→< H, x : w(x) >

is an injective homomorphism and the group
m∏
i=1

HoCm is also a solution group

for the equation w(x). This proves the theorem. �

Corollary 2.3. Equations with nonzero exponent sum over abelian groups are
solvable.

This also follows from the Gerstenharber and Rothaus result because abelian
groups are locally residually finite, [4].

Lemma 2.4. Let H be a group and w(x) = xm1h1x
m2h2 · · ·xmkhk with the

non-zero exponent sum. If there is an element h ∈ H such that

hm1h1h
m2h2 · · ·hmkhk

is an element of the center of H then w(x) is solvable in some overgroup.

Proof. Consider an equation w(tg) obtained from w(x) by replacing x to tg
where g is such an element. Since expt(w(tg)) 6= 0 and the product of coeffi-
cients in w(tg) is in the center by assumption, w(tg) is really solvable. So we
can apply the lemma in my thesis. This completes the proof. �
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Theorem 2.5. Let H be a nilpotent group of class 2 and

w(x) = xm1h1x
m2h2 · · ·xmkhk

an equation with expx(w) = m 6= 0. If there is an element h ∈ H such that
g1g2 · · · gkgM is in the center, then the equation is w(x) is sovable.

Corollary 2.6. With the above assumption, the equation w(x) is solvable if
the exponent sum is 1.

There are many references and results of equations over groups [1, 3, 9] It
was suggested that the relation of C∗-algebra of foliation and a C∗-algebra
obtained from a deformation quantization of a torus can be regarded as a
mirror symmetry. From a physical point of view, it was argued that those
two C∗-algebras are related by the T-duality, which is equivalent to the mirror
symmetry on tori. Thus, our results and its Corollaries, may be considered as
a mathematical interpretation.
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