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CONVERGENCE THEOREMS FOR GENERALIZED
EQUILIBRIUM PROBLEMS AND ASYMPTOTICALLY

k−STRICT PSEUDO-CONTRACTIONS IN HILBERT SPACES

YING LIU

Abstract. In this paper, we introduce an iterative scheme for finding

a common element of the set of solutions of a generalized equilibrium
problem and the set of common fixed points of a finite family of asymp-

totically k-strict pseudo-contractions in Hilbert spaces. Weak and strong

convergence theorems are established for the iterative scheme.

1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and induced norm ‖·‖.
Let C be a nonempty closed convex subset of H. Assume that a bifunction
F : C × C → R satisfies the following conditions:

(A1) F (x, x) = 0,∀x ∈ C;
(A2)F is monotone, i.e., F (x, y) + F (y, x) ≤ 0,∀x, y ∈ C;
(A3)limt↓0 F (tz + (1− t)x, y) ≤ F (x, y),∀x, y, z ∈ C;
(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

Let A : C → H be a nonlinear mapping. Then, we consider the following
generalized equilibrium problem(GEP) which is to find z ∈ C such that

GEP:F (z, y) + 〈Az, y − z〉 ≥ 0,∀y ∈ C. (1.1)

In the case ofA ≡ 0, this problem (1.1) reduces to the equilibrium problem(EP),
which is to find z ∈ C such that

EP: F (z, y) ≥ 0,∀y ∈ C. (1.2)

In the case of F ≡ 0, this problem (1.1) reduces to the variational inequality
problem(VIP), which is to find z ∈ C such that

VIP: 〈Az, y − z〉 ≥ 0,∀y ∈ C. (1.3)
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Denote the set of solutions of GEP by Ω, the set of solutions of EP by EP (F )
and the set of solutions of VIP by V I(C,A). The problem (1.1) is very general
in the sense that it includes, as special cases, optimization problems, variational
inequalities, minimax problems, the Nash equilibrium problem in noncoopera-
tive games and others; see, for instance, [1]. Recall that a mapping T : C → C
is said to be asymptotically k-strictly pseudo-contractive (The class of asymp-
totically k-strictly pseudo-contractive mappings was first introduced in Hilbert
spaces by [7].) if there exists a sequence {kn} ⊂ [1,+∞) with lim

n→∞
kn = 1 such

that there exists k ∈ [0, 1) such that

‖Tnx− Tny‖2 ≤ k2
n‖x− y‖2 + k‖(I − Tn)x− (I − Tn)y‖2, (1.4)

for all x, y ∈ C and n ∈ Z+.
Note that the class of asymptotically k-strict pseudo-contractions strictly

includes the class of asymptotically nonexpansive mappings [4] which are map-
pings T on C such that

‖Tnx− Tny‖ ≤ kn‖x− y‖, ∀x, y ∈ C,
where the sequence {kn} in [1,+∞) satisfies lim

n→∞
kn = 1. That is, T is asymp-

totically nonexpansive if and only if T is asymptotically 0-strictly pseudo-
contractive.

Recall that a mapping T : C → C is said to be a k−strict pseudo-contraction
if there exists a constant 0 ≤ k < 1 such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, ∀x, y ∈ C. (1.5)

Note that the class of k-strict pseudo-contractions strictly includes the class
of nonexpansive mappings which are mappings T on C such that

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C.
That is, T is nonexpansive if and only if T is 0-strict pseudo-contractive.

The set of fixed points of T is denoted by F (T ). Many iterative methods for
finding a common element of the set of solutions of the equilibrium problem(EP)
or the variational inequality problem(VIP) and the set of fixed points of a non-
expansive mapping have been extensively investigated by many authors(see,
e.g.,[2],[5],[9],[11],[12]). However iterative methods for finding a common ele-
ment of the set of solutions of the generalized equilibrium problem(GEP) and
the set of common fixed points of a finite family of asymptotically k-strict
pseudo-contractions are rarely studied.

Recently, Takahashi and Takahashi [10] introduced an iterative method for
finding a common element of the set of solutions of the generalized equilibrium
problem(GEP) and the set of fixed points of a nonexpansive mapping. More
precisely, they proved the following theorem.

Theorem 1.1. Let C be a nonempty closed convex subset of a real Hilbert space
H and let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A be an
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α-inverse-strongly monotone mapping of C into H and let S be a nonexpansive
mapping of C into itself such that F (S)

⋂
Ω 6= ∅. Let u ∈ C and x1 ∈ C and

let {zn} ⊂ C and {xn} ⊂ C be sequences generated by{
F (zn, y) + 〈Axn, y − zn〉+ 1

λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = βnxn + (1− βn)S[αnu+ (1− αn)zn], ∀n ∈ N,

where {αn} ⊂ [0, 1], {βn} ⊂ [0, 1] and {λn} ⊂ [0, 2α] satisfy

0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < 2α,

lim
n→∞

αn = 0 and
∞∑
n=1

αn =∞.

Then, {xn} converges strongly to z = PF (S)
⋂

Ωu, where PF (S)
⋂

Ω is the metric
projection from C onto F (S)

⋂
Ω.

Very recently, X.L.Qin et al.[8] introduced the following algorithm for asymp-
totically k−strict pseudo-contractions.

Let x0 ∈ C and {αn}∞n=0 be a sequence in (0, 1). The sequence {xn}∞n=1 is
generated by the following way:

x1 = α0x0 + (1− α0)T1x0,
x2 = α1x1 + (1− α1)T2x1,
...
xN = αN−1xN−1 + (1− αN−1)TNxN−1,

xN+1 = αNxN + (1− αN )T 2
1 xN ,

...
x2N = α2N−1 + (1− α2N−1)T 2

Nx2N−1,
x2N+1 = α2N + (1− α2N )T 3

1 x2N ,
...

Since, for each n ≥ 1, it can be written as n = (h− 1)N + i, where i = i(n) ∈
{1, 2, ...N}, h = h(n) ≥ 1 is a positive integer and h(n)→∞ as n→∞. Hence
the above table can be rewritten in the following compact form:

xn = αn−1xn−1 + (1− αn−1)Th(n)
i(n) xn−1, ∀n ≥ 0. (1.6)

They proved a weak convergence theorem for a finite family of asymptotically
k−strict pseudo-contractions by algorithm (1.6) in the framework of Hilbert
spaces.

Motivated and inspired by these facts, we introduce an iteration scheme for
finding a common element of the set of solutions of the generalized equilibrium
problem(GEP) and the set of common fixed points of a finite family of asymp-
totically k-strict pseudo-contractions in Hilbert spaces. We obtain weak and
strong convergence theorems.
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2. Preliminaries

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. We write xn ⇀ x to indicate that the sequence {xn} converges weakly
to x. xn → x implies that {xn} converges strongly to x. We denote by Z+ and
R the sets of positive integers and real numbers, respectively. For any x ∈ H,
there exists a unique nearest point in C, denoted by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ ∀y ∈ C.
Such a PC is called the metric projection of H onto C. It is known that PC is
nonexpansive and satisfies the following property:

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2, ∀x ∈ H, y ∈ C. (2.1)

Furthermore, for x ∈ H and u ∈ C,
u = PCx⇔ 〈x− u, u− y〉 ≥ 0,∀y ∈ C. (2.2)

A mapping A : C → H is called inverse-strongly monotone if there exists α > 0
such that

〈x− y,Ax−Ay〉 ≥ α‖Ax−Ay‖2,∀x, y ∈ C.
Such a mapping A is also called α-inverse-strongly monotone. If A is an α-
inverse-strongly monotone mapping of C to H, then it is obvious that A is
1
α -Lipschitz continuous. We also have that for all x, y ∈ C and λ > 0,

‖(I − λA)x− (I − λA)y‖2 = ‖(x− y)− λ(Ax−Ay)‖2
= ‖x− y‖2 − 2λ〈x− y,Ax−Ay〉+ λ2‖Ax−Ay‖2
≤ ‖x− y‖2 + λ(λ− 2α)‖Ax−Ay‖2.

(2.3)
So, if λ ≤ 2α, then I − λA is a nonexpansive mapping of C into H.
A mapping T : C → C is said to be semi-compact, if for any sequence {xn} in
C such that ‖xn − Txn‖ → 0 as n → ∞, there exists a subsequence {xnj

} of
{xn} such that {xnj} converges strongly to x∗ ∈ C. A mapping T : C → C is
said to be uniformly L−Lipschitzian, if there exists some L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖, ∀x, y ∈ C and ∀n ∈ Z+.

Lemma 2.1. ([1], [3]) Let C be a nonempty closed convex subset of H and let
F be a bifunction from C × C into R satisfying (A1), (A2), (A3) and (A4).
Then, for any r > 0 and x ∈ H, there exists z ∈ C such that

F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0,∀y ∈ C.

Further, if Trx = {z ∈ C : F (z, y) + 1
r 〈y − z, z − x〉 ≥ 0,∀y ∈ C}, then the

following hold:
(1) Tr is single-valued;
(2) Tr is firmly nonexpansive, i.e.,

‖Trx− Try‖2 ≤ 〈Trx− Try, x− y〉,∀x, y ∈ H;

(3) F (Tr) = EP (F ); (4) EP (F ) is closed and convex.
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Lemma 2.2. There holds the identity in a Hilbert space H:

‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2

for all x, y ∈ H and λ ∈ [0, 1].

Lemma 2.3. ([13])Let {an} and {bn} be two sequences of nonnegative real
numbers satisfying the inequality

an+1 ≤ an + bn for all n ≥ 1.

If
∞∑
n=1

bn <∞, then lim
n→∞

an exists.

Lemma 2.4. ([6]) Let H be a real Hilbert space, C a nonempty subset of H and
T : C → C be a k-strictly asymptotically pseudo-contractive mapping. Then T
is uniformly L-Lipschitzian.

Lemma 2.5. ([8])Let H be a real Hilbert space, C a nonempty closed convex
subset of H and T : C → C be a k-strictly asymptotically pseudo-contractive
mapping. Then the fixed point set F (T ) of T is closed and convex so that the
projection PF (T ) is well defined.

Lemma 2.6. ([8])Let N ≥ 1 be an integer. Let, for each 1 ≤ i ≤ N , Ti :
C → C be a si-strictly asymptotically pseudocontractive mapping for some
0 ≤ si < 1 with a sequence {kn,i} ⊂ [1,∞) such that lim

n→∞
kn,i = 1, then there

exist a constant s = max{si : 1 ≤ i ≤ N} and a sequence {kn} = max{kn,i :
1 ≤ i ≤ N} such that

‖Tni x− Tni y‖2 ≤ k2
n‖x− y‖2 + s‖(I − Tni )x− (I − Tni )y‖2

for all 1 ≤ i ≤ N, where lim
n→∞

kn = 1.

Lemma 2.7. ([6])Let H be a real Hilbert space. Let C be a nonempty closed
convex subset of H and T : C → C be a k-strictly asymptotically pseudo-
contractive mapping for some 0 ≤ k < 1 with a sequence {kn} such that
∞∑
n=1

(kn − 1) < ∞ and the fixed points set of T is nonempty. Then (I − T )

is demiclosed at zero.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H and let F : C × C → R be a bifunction satisfying (A1)-(A4). Let
A be an α-inverse-strongly monotone mapping of C into H and let N ≥ 1
be an integer. Let, for each 1 ≤ i ≤ N,Ti : C → C be an asymptotically
si-strictly pseudo-contractive mapping for some 0 ≤ si < 1 and a sequence

{kn,i} such that
∞∑
n=0

(kn,i − 1) < ∞. Let s = max{si : 1 ≤ i ≤ N} and
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{kn} = max{kn,i : 1 ≤ i ≤ N}. Assume that F =
N⋂
i=1

F (Ti)
⋂

Ω 6= ∅. For

any x0 ∈ C, define the following sequence {xn}:
yn−1 = αn−1xn−1 + (1− αn−1)Th(n)

i(n) xn−1,

xn ∈ C such that
F (xn, y) + 〈Ayn−1, y − xn〉+ 1

λn−1
〈y − xn, xn − yn−1〉 ≥ 0,∀y ∈ C, n ∈ Z+,

(3.1)
where {αn} and {λn} satisfy
B1 : k + ε ≤ αn ≤ 1− ε, for all n ≥ 0 and some ε ∈ (0, 1);
B2 : λn ∈ [a, b] for some 0 < a < b < 2α. Then {xn} converges weakly

to z ∈ F, where z = lim
n→∞

PFxn. Further, if one of T1, T2, ...TN is completely

continuous, then {xn} converges strongly to z ∈ F. Again, if one of T1, T2, ...TN
is semi-compact, then {xn} also converges strongly to z ∈ F.

Proof. Note that xn can be rewritten as xn = Tλn−1(yn−1 − λn−1Ayn−1) for
each n ∈ Z+. Let p ∈ F. Since p = Tλn−1(p − λn−1Ap), then, by Lemma 2.1
and (2.3), we have ‖xn− p‖ ≤ ‖yn−1− p‖. Using (3.1) and lemma 2.2, we have

‖yn−1 − p‖2 = ‖αn−1(xn−1 − p) + (1− αn−1)(Th(n)
i(n) xn−1 − p)‖2

= αn−1‖xn−1 − p‖2 + (1− αn−1)‖Th(n)
i(n) xn−1 − p‖2

− αn−1(1− αn−1)‖xn−1 − Th(n)
i(n) xn−1‖2

≤ αn−1‖xn−1 − p‖2 − αn−1(1− αn−1)‖xn−1 − Th(n)
i(n) xn−1‖2

+ (1− αn−1)(k2
h(n)‖xn−1 − p‖2 + s‖xn−1 − Th(n)

i(n) xn−1‖2)

≤ k2
h(n)‖xn−1 − p‖2 − (1− αn−1)(αn−1 − s)‖xn−1 − Th(n)

i(n) xn−1‖2

≤
(
1 + (k2

h(n) − 1)
)
‖xn−1 − p‖2,

(3.2)
and so,

‖xn − p‖2 ≤ ‖yn−1 − p‖2 ≤
(
1 + (k2

h(n) − 1)
)
‖xn−1 − p‖2

≤
n∏
i=1

(1 + (k2
h(i) − 1))‖x0 − p‖2

≤ e
n∑

i=1
(k2

h(i)−1)
‖x0 − p‖2.

(3.3)

Since
∞∑
n=0

(kn,i−1) <∞, we have
∞∑
n=0

(kn−1) <∞ and hence
∞∑
n=0

(k2
h(n)−1) <∞,

then {xn} is bounded. It implies that there exists a constant M > 0 such that
‖xn − p‖2 ≤M for all n ∈ Z+. So,

‖xn − p‖2 ≤ ‖xn−1 − p‖2 + (k2
h(n) − 1)M.
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It follows from lemma 2.3 that lim
n→∞

‖xn − p‖ exists. By (2.3) and (3.2), we
have
‖xn − p‖2 ≤ ‖yn−1 − p‖2 + λn−1(λn−1 − 2α)‖Ayn−1 −Ap‖2

≤ k2
h(n)‖xn−1 − p‖2 − (1− αn−1)(αn−1 − s)‖xn−1 − Th(n)

i(n) xn−1‖2

+ λn−1(λn−1 − 2α)‖Ayn−1 −Ap‖2.
Hence,

(1− αn−1)(αn−1 − s)‖xn−1 − Th(n)
i(n) xn−1‖2 ≤ k2

h(n)‖xn−1 − p‖2 − ‖xn − p‖2

and

−λn−1(λn−1 − 2α)‖Ayn−1 −Ap‖2 ≤ k2
h(n)‖xn−1 − p‖2 − ‖xn − p‖2.

It follows from B1 and B2 that

ε2‖xn−1 − Th(n)
i(n) xn−1‖2 ≤ k2

h(n)‖xn−1 − p‖2 − ‖xn − p‖2 (3.4)

and
a(2α− b)‖Ayn−1 −Ap‖2 ≤ k2

h(n)‖xn−1 − p‖2 − ‖xn − p‖2. (3.5)
Taking the limit as n→∞ yields that

lim
n→∞

‖xn−1 − Th(n)
i(n) xn−1‖ = 0 and lim

n→∞
‖Ayn−1 −Ap‖ = 0. (3.6)

Using (3.1), we have

‖yn−1 − xn−1‖ = (1− αn−1)‖Th(n)
i(n) xn−1 − xn−1‖ → 0, as n→∞. (3.7)

Using lemma 2.1 and (3.1), we have

‖xn − p‖2 = ‖Tλn−1(yn−1 − λn−1Ayn−1)− Tλn−1(p− λn−1Ap)‖2
≤ 〈(yn−1 − λn−1Ayn−1)− (p− λn−1Ap), xn − p〉
= 1

2 (‖(yn−1 − λn−1Ayn−1)− (p− λn−1Ap)‖2 + ‖xn − p‖2
− ‖(yn−1 − λn−1Ayn−1)− (p− λn−1Ap)− (xn − p)‖2)
≤ 1

2 (‖yn−1 − p‖2 + ‖xn − p‖2 − ‖(yn−1 − xn)− λn−1(Ayn−1 −Ap)‖2)
= 1

2 (‖yn−1 − p‖2 + ‖xn − p‖2 − ‖yn−1 − xn‖2
− λ2

n−1‖Ayn−1 −Ap‖2 + 2λn−1〈yn−1 − xn, Ayn−1 −Ap〉),
so, we have

‖xn−p‖2 ≤ ‖yn−1−p‖2−‖yn−1−xn‖2−λ2
n−1‖Ayn−1−Ap‖2+2λn−1〈yn−1−xn, Ayn−1−Ap〉.

(3.8)
Then, from (3.2) and (3.8), we have

‖xn−p‖2 ≤ k2
h(n)‖xn−1−p‖2−‖yn−1−xn‖2−λ2

n−1‖Ayn−1−Ap‖2+2λn−1〈yn−1−xn, Ayn−1−Ap〉.

So, we have

‖yn−1−xn‖2 ≤ ‖xn−1−p‖2−‖xn−p‖2+(k2
h(n)−1)‖xn−1−p‖2+2λn−1〈yn−1−xn, Ayn−1−Ap〉.

Since lim
n→∞

‖xn − p‖ exists, lim
n→∞

kn = 1 and lim
n→∞

‖Ayn−1 −Ap‖ = 0, we have

lim
n→∞

‖yn−1 − xn‖ = 0. (3.9)
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It follows from (3.7) and (3.9) that

‖xn − xn−1‖ ≤ ‖xn − yn−1‖+ ‖yn−1 − xn−1‖ → 0, as n→∞. (3.10)

Observe that

‖xn−1 − Th(n)
i(n) xn‖ ≤ ‖xn−1 − Th(n)

i(n) xn−1‖+ ‖Th(n)
i(n) xn−1 − Th(n)

i(n) xn‖
≤ ‖xn−1 − Th(n)

i(n) xn−1‖+ L‖xn−1 − xn‖.

Thus, combining (3.6) with (3.10) gives

lim
n→∞

‖xn−1 − Th(n)
i(n) xn‖ = 0. (3.11)

On the other hand, it follows from (3.10) that

lim
n→∞

‖xn − xn+j‖ = 0, ∀j = 1, 2, ...N. (3.12)

Since, for any positive integer n > N, it can be written as n = (h(n)−1)N+i(n),
where i(n) ∈ {1, 2, ...N}, observe that

‖xn−1 − Tnxn−1‖ ≤ ‖xn−1 − Th(n)
i(n) xn−1‖+ ‖Th(n)

i(n) xn−1 − Tnxn−1‖
≤ ‖xn−1 − Th(n)

i(n) xn−1‖+ ‖Th(n)
i(n) xn−1 − Ti(n)xn−1‖

≤ ‖xn−1 − Th(n)
i(n) xn−1‖+ L‖Th(n)−1

i(n) xn−1 − xn−1‖
≤ ‖xn−1 − Th(n)

i(n) xn−1‖+ L(‖Th(n)−1
i(n) xn−1 − Th(n)−1

i(n−N)xn−N‖
+ ‖Th(n)−1

i(n−N)xn−N − x(n−N)−1‖+ ‖x(n−N)−1 − xn−1‖).
(3.13)

Since, for each n > N, n = (h(n) − 1)N + i(n), we have n − N = (h(n) −
1 − 1)N + i(n) = (h(n − N) − 1)N + i(n − N), that is h(n − N) = h(n) − 1,
i(n−N) = i(n). Observe that

‖Th(n)−1
i(n) xn−1−Th(n)−1

i(n−N)xn−N‖ = ‖Th(n)−1
i(n) xn−1−Th(n)−1

i(n) xn−N‖ ≤ L‖xn−1−xn−N‖
(3.14)

and

‖Th(n)−1
i(n−N)xn−N − x(n−N)−1‖ ≤ ‖Th(n)−1

i(n−N)xn−N − T
h(n−N)
i(n−N) x(n−N)−1‖

+ ‖Th(n−N)
i(n−N) x(n−N)−1 − x(n−N)−1‖

≤ L‖xn−N − x(n−N)−1‖+ ‖Th(n−N)
i(n−N) x(n−N)−1 − x(n−N)−1‖.

(3.15)
Substituting (3.14) and (3.15) into (3.13), we can obtain

‖xn−1 − Tnxn−1‖ ≤ ‖xn−1 − Th(n)
i(n) xn−1‖+ L(L‖xn−1 − xn−N‖+ L‖xn−N − x(n−N)−1‖

+ ‖Th(n−N)
i(n−N) x(n−N)−1 − x(n−N)−1‖+ ‖x(n−N)−1 − xn−1‖).

It follows from (3.6) and (3.12) that

lim
n→∞

‖xn−1 − Tnxn−1‖ = 0. (3.16)
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Notice that
‖xn − Tnxn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Tnxn−1‖+ ‖Tnxn−1 − Tnxn‖

≤ (1 + L)‖xn − xn−1‖+ ‖xn−1 − Tnxn−1‖.

From (3.10) and (3.16), we can easily see that

lim
n→∞

‖xn − Tnxn‖ = 0. (3.17)

On the other hand, from (3.12) and (3.17), we obtain that

‖xn − Tn+jxn‖ ≤ ‖xn − xn+j‖+ ‖xn+j − Tn+jxn+j‖+ ‖Tn+jxn+j − Tn+jxn‖
≤ (1 + L)‖xn − xn+j‖+ ‖xn+j − Tn+jxn+j‖ → 0, as n→∞,

for any j ∈ {1, 2, ..., N}. This gives that

lim
n→∞

‖xn − Tlxn‖ = 0, ∀l ∈ {1, 2, ..., N}. (3.18)

Noticing that {xn} is bounded, we obtain that there exists a subsequence

{xnk
} of {xn} such that xnk

⇀ w ∈ C. By Lemma 2.7, we have w ∈
N⋂
l=1

F (Tl).

Let us show w ∈ Ω. Since xn = Tλn−1(yn−1 − λn−1Ayn−1), for any y ∈ C we
have

F (xn, y) + 〈y − xn, Ayn−1〉+
1

λn−1
〈y − xn, xn − yn−1〉 ≥ 0.

From (A2), we also have

〈y − xn, Ayn−1〉+
1

λn−1
〈y − xn, xn − yn−1〉 ≥ F (y, xn). (3.19)

Put zt = ty + (1 − t)w for all t ∈ (0, 1] and y ∈ C. Then, we have zt ∈ C. So,
from (3.19) we have

〈zt − xn, Azt〉 ≥ 〈zt − xn, Azt〉 − 〈zt − xn, Ayn−1〉
− 〈zt − xn,

xn − yn−1

λn−1
〉+ F (zt, xn)

= 〈zt − xn, Azt −Axn〉+ 〈zt − xn, Axn −Ayn−1〉
− 〈zt − xn,

xn − yn−1

λn−1
〉+ F (zt, xn).

Since ‖xn − yn−1‖ → 0, we have ‖Axn − Ayn−1‖ → 0. Further, from mono-
tonicity of A, we have 〈zt − xn, Azt − Axn〉 ≥ 0. So, replacing n by nk, from
(A4) we have

〈zt − w,Azt〉 ≥ F (zt, w), as k →∞. (3.20)
From (A1),(A4) and (3.20), we also have

0 = F (zt, zt) ≤ tF (zt, y) + (1− t)F (zt, w)
≤ tF (zt, y) + (1− t)〈zt − w,Azt〉
= tF (zt, y) + (1− t)t〈y − w,Azt〉,

and hence
0 ≤ F (zt, y) + (1− t)〈y − w,Azt〉.
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Letting t→ 0, we have, for each y ∈ C,

0 ≤ F (w, y) + 〈y − w,Aw〉.

This implies w ∈ Ω. Therefore, w ∈ F. Define un = PFxn for all n ∈ Z+. Since
w ∈ F , we have ‖un− xn‖ ≤ ‖w− xn‖, then, {un} is bounded. From (3.3), we
have

‖xn − un−1‖2 ≤ ‖xn−1 − un−1‖2 + (k2
h(n) − 1)‖xn−1 − un−1‖2. (3.21)

By un = PFxn and un−1 = PFxn−1 ∈ F , we have

‖un − xn‖2 ≤ ‖un−1 − xn‖2 ≤ ‖un−1 − xn−1‖2 + (k2
h(n) − 1)M∗,

where M∗ = sup{‖xn − un‖2, n ∈ Z+}. Since
∞∑
n=1

(k2
h(n) − 1) < ∞, it follows

from Lemma 2.3 that lim
n→∞

‖un−xn‖ exists. Again, using (3.21), for allm ∈ Z+,

we have

‖xn+m − un−1‖2 ≤
m∏
i=0

k2
h(n+i)‖xn−1 − un−1‖2.

From un+m = PFxn+m and un−1 = PFxn−1 ∈ F, we have

‖un−1 − un+m‖2 ≤ ‖un−1 − xn+m‖2 − ‖un+m − xn+m‖2

≤
m∏
i=0

k2
h(n+i)‖xn−1 − un−1‖2 − ‖un+m − xn+m‖2

≤ e

m∑
i=0

(k2
h(n+i)−1)

‖xn−1 − un−1‖2 − ‖un+m − xn+m‖2.

Since
∞∑
n=1

(k2
h(n+i) − 1) <∞ and lim

n→∞
‖un − xn‖ exists, we obtain that {un} is

a Cauchy sequence. Since F is closed, we have that {un} converges strongly to
z ∈ F. On the other hand, noticing that w ∈ F and un = PFxn, we have

〈xnk
− unk

, unk
− w〉 ≥ 0.

Letting k →∞, we have
〈w − z, z − w〉 ≥ 0.

Hence, w = z. Therefore, {xn} converges weakly to z ∈ F, where z = lim
n→∞

PFxn.

If one of T1, T2, ..., TN is completely continuous, without loss of generality,
we may assume that Tlxn → z, l ∈ {1, 2, ..., N} as n→∞. By (3.18), we have
xn → z.

If one of T1, T2, ..., TN is semi-compact, then, by (3.18), there exists a subse-
quence {xnj

} of {xn} such that {xnj
} converges strongly to q ∈ C. By using the

same argument as the proof of w ∈ F , we can obtain q ∈ F. Since lim
n→∞

‖xn−q‖
exists, then {xn} converges strongly to q. Since {xn} converges weakly to z ∈ F,
then we have q = z, where z = lim

n→∞
PFxn. �
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Remark 1. Taking si = 0 in theorem 3.1 for each i ∈ {1, 2, ..., N}, we can
obtain weak and strong convergence theorems for the common element of the
set of solutions of the generalized equilibrium problem(GEP) and the set of
common fixed points of a finite family of asymptotically nonexpansive mappings
in Hilbert spaces.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H and let F : C × C → R be a bifunction satisfying (A1)-(A4). Let A
be an α-inverse-strongly monotone mapping of C into H and let N ≥ 1 be an
integer. Let, for each 1 ≤ i ≤ N,Ti : C → C be a si-strictly pseudo-contractive
mapping for some 0 ≤ si < 1. Let s = max{si : 1 ≤ i ≤ N}. Assume that

F =
N⋂
i=1

F (Ti)
⋂

Ω 6= ∅. For any x0 ∈ C, define the following sequence {xn}:
yn−1 = αn−1xn−1 + (1− αn−1)Ti(n)xn−1,
xn ∈ C such that
F (xn, y) + 〈Ayn−1, y − xn〉+ 1

λn−1
〈y − xn, xn − yn−1〉 ≥ 0,∀y ∈ C, n ∈ Z+,

where {αn} and {λn} satisfy
B1 : k + ε ≤ αn ≤ 1− ε, for all n ≥ 0 and some ε ∈ (0, 1);
B2 : λn ∈ [a, b] for some 0 < a < b < 2α. Then {xn} converges weakly

to z ∈ F, where z = lim
n→∞

PFxn. Further, if one of T1, T2, ...TN is completely

continuous, then {xn} converges strongly to z ∈ F. Again, if one of T1, T2, ...TN
is semi-compact, then {xn} also converges strongly to z ∈ F.

Proof. Taking kn,i ≡ 1 for each n ≥ 0 and i ∈ {1, 2, ..., N} in theorem 3.1, we
can easily obtain the desired result. �

Remark 2. Taking si = 0 in Corollary 3.3 for each i ∈ {1, 2, ..., N}, we can
obtain weak and strong convergence theorems for the common element of the
set of solutions of the generalized equilibrium problem(GEP) and the set of
common fixed points of a finite family of nonexpansive mappings in Hilbert
spaces. Corollary 3.3 generalize the result of Takahashi and Takahashi [10] from
a nonexpansive mapping to a finite family of si−strict pseudo-contractions.
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