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FUNCTIONS AND DIFFERENTIAL OPERATORS IN THE
DUAL REDUCED QUATERNION FIELD

HyuN Sook JUNG AND KwANG HO SHON*

ABSTRACT. We research properties of ternary numbers and hyperholo-
morphic functions with values in C(2). We represent reduced quaternion
numbers and obtain some propertries in dual reduced quaternion systems
in view of Clifford analysis. Moreover, we obtain Cauchy theorems with
respect to dual reduced quaternions.

1. Introduction

The skew field 7 of quaternions
3
p= Zejxj (z; €R;5=0,1,2,3)
j=0
is a four dimensional non-commutative R-field generated by four base elements
eg =id., e = V-1, €2, €3
with the following non-commutative multiplication rule:

€1€2 = —€2€1 = €3, €2€3 = —€3€2 = €1, €3€] = —€1€3 = €3.

Let €1 = —ey, é3 = —eq, €3 = —e3. The absolute value ||p|| = ijo |xj|2
coincides with the usual norm of p € 7. Every quaternion p has an unique
representation: p = p; + poes, where p; = g + ez and ps = x5 + ejx3 are
complex numbers. Then we can identify 7 with C2. A 7- valued function
f = Z?:O €jlU; = f1 +f262 (f1 = Ug +€1U1, f2 = U2 +61U3) defined in a subset
Q of C? and valued in 7 :

f=fi+ faea:p=(p1,p2) € QL — f(p) = fi(p1,p2) + fa(p1,p2)ea € T.

Deavours [1] researched some properties of the quaternion calculus. Naser
[10] obtained some theorems with respect to hyperholomorphic functions. We
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[6] regenerated quaternions and Clifford analysis. Néno [11-13] obtained sev-
eral results for hyperholomorphic functions and domains of hyperholomorphy.
Giirsey and Tze [3] researched complex and quaternionic analyticity in Chiral
and Gauge theories. Recently, Kula and Yayli [7] researched dual split quater-
nions and screw motion in Minkowski three space. Giirlebeck and Morais [2]
calculated monogenic primitives. And Hengartner and Leutwiler [4] researched
hyperholomorphic functions in the three dimensional real space. We [8, 9]
obtained properties of hyperholomorphic functions in Clifford analysis and hy-
perholomorphic functions and hyper-conjugate harmonic functions of octonion
variables. Also, we [5] researched some properties of hyperholomorphic func-
tions on dual ternary numbers. In this paper, we investigate properties of
ternary numbers and hyperholomorphic functions with values in C(2), and
represent reduced quaternion numbers. We research some properties in dual
reduced quaternions.

2. Notations on reduced quaternions and dual numbers

The skew field T =2 R3 of ternary numbers a = 2]2-:0 e;x; is a three dimen-

sional non-commutative real field generated by bases eg = id., e; = V/—1, eq,
which satisfy the following identity:

el =e5=—1.

Every element a = (z¢, 21, 22) € R3 can be identified with the reduced quater-
nion number. The conjugate number a* of @ € T is a* = xg — e;x1 — eax2 and

the corresponding norm is |a| = vaa* = 1/2?:0 z;2. The algebra

2
C@2)={a=) em;|z;€R;j=0,1,2tCT

Jj=0

is a non-commutative subalgebra of R3. We let

2 2
a= E ejx;, b= E €5Y;-
J=0 Jj=0

A dual reduced quaternion number z € C? has the form a + b and the dual
identity ¢ is the dual symbol subjected to the rules

£#0,0e=0, le=cl=¢, e2=0.
We use the altered Fueter variables:

1 1 1 1
z1 = —561550 + 21, 22 1= —5621’0 + o, wy 1= —§€1y0 + Y1, wg = —5623/0 + Y2,

_ 1 1 B 1 B 1
21 = 561330 + 21, 22 = 562»’50 + X2, Wy = §€1y0 + Y1, w2 = 562:00 + Y2.
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Then, we have the following:

2 2
a= E ejzj, b= E ejwWj.
j=1 j=1

Therefore, the dual reduced quaternion z and the conjugate number z* are
written as

z = 20+ e1ws + eaty + (Yo + e1y1 + eay2)
= e121 + €229 + e(erwy + eqws)
= a+eb,
Z¥ = a*+eb,

where a = e121 + €222, b = eqwy + esws, a* = €127 + €323, b* = é1wy + Exws.
Let 91,9 C R3 be bounded domains. Consider functions

F:OxQ oRIXR3=T T

for F(z) = F(a,b) = F(z1,22,wi,w2) = F(xo,21,%2,%0,Y1,%2) = U + €V,
where U = Z?:o eju; and V = Z?:o ejv;. We let

1 1
fi= —561%60 +uy, fo= —5621&0 + ug,

1 1
g1 = —5617)0 +v1, g2 = —5621}0 + v,

where u; and v; (j = 0,1,2) are real valued functions for a = (zg,z1,x2) and
b= (y07y17y2) on R3. Then,

F(a,b) = wu(xo,x1,22) + erui(wo, 1, x2) + eaus(xo, 1, T2)
+e(vo(yo, y1,y2) + e1v1(yo, y1,y2) + e2v2(yo, Y1, y2))
= e1fi(wo, 21, 22) + eafa(wo, 71, 22) + €(€191(Yo, Y1, Y2) + €292(Yo, Y1, Y2))
= f(a) +eg(b).

We consider that the numbers yy,y; and yo are related numbers with respect
to the numbers x¢, 21 and x4, respectively. And also, we consider the functions
v, v1 and vy are related functions with respect to the functions ug,u; and us,
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respectively. We consider the following differential operators:
0 1 0 0 0 1 0 0
92, " 2% 0n, om0, 270w, Oy
0 1 0 0 0 1 0 0
oWy 2%y, Oy oW 2%ay oy’

o0 _ 19,0 0 _ 1 9 9
07, 2 Y9z | Oz 0Zy 2 *0z¢  Oxo’
B 1 9 o 0 1 9 )

o 2%y o oW, 270w ow

Then, we have

R R R B N
0z O0x; O Yo 0y dys”’

_ 0 _ 0 _ 0 _ 0 0 0

= 618721+€287Z2+6(€137m+6257%)::37X+537Y’

i_t'_e i—i—a(e 9
L 255 18W1

Py 07,

For product algebras of reduced quaternions and the corresponding differential
operators, we add a notation:

€1€2 — —eg€q
in the reduced quaternion field. The followings
2
0 F 0
0X* ' 0X0X*
are differential operators for F(a,b) = f(a) + eg(b) on R3 x R? with values in
TxT.

F, D*F, DD*F

Definition 1. Let Q1 be an open subset of R?. A function f(a) = Z?:o eju;(a)
is said to be hyperholomorphic in € if
(a) uj(a) (j =0,1,2) are continuously differentiable in €2,

(b) a;9(*]”((1) =0in Q.

Equation (b) of Definition 1 operate on f(a) with values in 7 as follows:

0 0 0

8X*f = (618721+e28722)(61f1+62f2)
of L 0f | Oh Of
Gz Yoz ey~ oz
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Thus, the above equation (b) of Definition 1 for f(a) is equivalent to the fol-
lowing system of equations:

Oh _ 0k 0f _Oh (1)
821 6Z2 821 822

Definition 2. The function f = ey f; + es fo is harmonic on §2; if each compo-
nent f; and f5 is harmonic on 2.

Definition 3. The function f is harmonic on 2; with respect to Z; and Zs if

2
the Laplacian Az, z, = azale + &W 0 on Q4.

Theorem 2.1. If the function f is hyperholomorphic on 0, then f is har-
monic on ).

Proof. Under the assumption a‘y* = 0, we have
>’f of of of of
axoxs ~ gz teggn) g tegs)
o%f 0% f
= = = = A = 0.
07207, " 0z307, ~ Sozed
Therefore, f is harmonic with respect to Z; and Z3 on 2. [l

Theorem 2.2. Let f(a) be a hyperholomorphic function in a domain Q1 of
R? and let

R1 = (eleQ A le AN ng)eg - (le A dZQ A le)
Then for any domain G C Q1 with smooth boundary bG, we have

/b rafla) =

where k1 f(a) is the product of ternary numbers of the form k1 and the function
f(a) with values in T .

Proof. By the rule of the multiplication of ternary numbers, we have
I<61f = ((eleQ A le A dZQ)GQ — (le A dZ2 A le))(elfl -+ €2f2)

(61dZ2 N le A d22)€261f1 + (eleQ A le A\ d22)62€2f2
—(le NdZy A dZ_l)elfl — (le AN dZy N\ dz_l)egfg.
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Therefore, we have
0 0 0 - o -
d = (—=dZ —dZy + —dZ1 + —dZ
(k1f) (le 1+ iZ 2+ iz, 1+ iz 2)(K1f)
of1 - = a2 - -
= ey—=dZy NdZy NdZ1 NdZy — e1—=—dZ1 NdZy N\ dZ1 N\ dZs
A iz
+61%d21 N dZsy N\ le A dZQ + 62%d21 AdZs N\ le N dZQ
dZs dZy

By Equation (1), we have d(x1f(a)) = 0. By Stoke’s theorem, we have
[ wtt@ = [ dvasia) <o,
bG G

Definition 4. Let 2 be an open subset of C3. A function F(z) = f(a)+eg(b) =
Z?:o eju;(a) + 5(2?;0 e;v;(b)) is said to be hyperholomorphic in € if

(a) uj(a) and v;(b)(j = 0,1, 2) are continuously differentiable in €,

(b) D*F(z) =0 in Q.

O

Equation (b) of Definition 2 operate on F'(z) with values in 7 x T as follows:

e _ _9h 0f Ofs _Ofi
DF = =5z +az ) taelyy —az,)

891 892 8fl afz
=Gz Yoz Yo o,

092 0fa dg1 o0f1
) taelaz tom ~az, o))

The above equation (b) of Definition 2 for F(z) is equivalent to the following
system of equations:

on __0f 0f _ 0f

87, 07y 0Zy 0Zy

99 O Oh  Of o On  0f _On  Oh
821 822 8W1 8W2 ’ 8Z1 an 8Z2 8W2 '
We consider the following condition of integrability:
oh  O0f _ 9k _ Oh 3)
oWy OWo oWy OW'

Definition 5. The function F(z) = e f1(a) + e2fa(a) +e(e191(b) + eag2(D)) is
harmonic on 7 x 7 if each component f1, f2, g1 and g2 is harmonic on 7 x 7.

Definition 6. The function F(z) is harmonic on Q C C? ~ R? x R? with

respect to Zy, Zo, Wi and Wh if Ag = Z?zl 88?% = 0 on 2, where a%.j =
J

_0_ _9_ 90 _ 0 _0_
a7, T €aw, and 55 = 57 + g,
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Theorem 2.3. If the function F(z) is hyperholomorphic on Q C C3, then
F(z) is harmonic on Q.

Proof. Under the assumption D*F(z) = 0, we find

P P P P 9 P P P
DD*f = (6_187§1+6_267§2+6(6_18m{'1 +€_28Wf/2))(6167£+6287'Zf2+€(6178wf/1 +626V'§2))
oy o2 f 92 f 92 f o2 f o2 f
= 9207 T 92,07, oz.ow, T azow, T owioz T ooz,
2 62f
__Agf=0.
2+ 55,05;

It follows that F' is harmonic with respect to Z1, Z3, Wi and W5 on Q. O

Theorem 2.4. Under the condition of integrability (3), let F(z) be a hyper-
holomorphic function in a domain Q of C3 and

ko = (exdZy NdZy N dZy NdWy A dWa AdWy A dWsy)es
+dZy NdZy NdZy N AWy A dWo A dWi A dWs

+e((dZy NdZy N dZy N dZy N eydWa A dWy A dWy)es
+dZy NdZy N dZy N dZo N AWy A dWo A dWY).

Then for any domain G C Q with smooth boundary bG,

/b () =0,

where ko F(2) is the product of ternary numbers of the form ko and the function
F(z) with values in T x T.
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Proof. By the rule of the multiplication of ternary numbers, we have

KkoF

((exdZo NdZy NdZo N AWy A dWo A dWy A dW3)ea

+dZy N dZy NdZy N AWy A dWo A dWy A dWo

+e((dZy NdZy NdZy N dZy N\ erdWo A AWy A dWs)es
+dZy NdZy NdZy NdZy NdAWy A dWa AdWy)(eyfi + eafa +e(ergr + eaga))
(e1dZy N dZy N\ dZy N AWy A dWo A dWy A dWs)eser fi
+(erdZy NdZy N dZy NdWy A dWo A dWy A dWs)eaes fo
+(dZy NdZy N dZy N AWy A dWo A AWy A dWo)ey fi
+(dZy NdZy NdZy NdAWy A dWa A dWy A dWs)es fo
+e((exdZa NdZy N dZy N AWy A dWy A dWy A dWs)ezer g1
+(erdZy NdZy NdZy N AWy A dWo A AWy A dWs)eseagn
+(dZy NdZy N dZy N AWy A dWo A dWy A dWo)er gy
+(dZy NdZy NdZy N AWy A dWo A AWy A dWa)eago
+(dZy NdZy N dZy N dZy N eydWa A dWy A dWy)eger fi
+(dZy NdZy NdZy NdZy N erdWo A dWy A dWs)eses fo
+(dZy NdZy NdZy NdZy N AWy A dWo A dWH ey fi

+(dZy NdZy NdZy N\ dZy N AWy A dWo A dW)ea fa).
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Therefore,

d(liQF)

9 P o _ 9
= A 7 —dZ 7
(gz, 44 + 57,09+ 5700+ 57-dZ

0 - 0 -
———dWy + ——dW; + ———dW>))(k2F)

AW
LT oW, oW,y

pe(-2 0
oWy
= eggile ANdZy N\ le N dZQ ANdW1 A dWa A dW1 AN dW2

—€1 %le N ng A le A dZQ N dW1 AN dW2 A dWl A de
1

of1

075

+eo af2 dZy NdZy N le AN dZ2 ANdW1 N dWo A dWl A\ dW2
2

b
+5(628ﬂdz1 NdZy NdZy A dZy A AWy A dWa A dWL A dVs

+e1==-dZ1 NdZy N\ le A dZ2 A dW1 N dWo A dWl N dW2

(9
aZ dZ1 N dZy N\ le AN dZQ A dW1 A dWa A dWl A dW2
1

+eq ggl dZi NdZy N\ le A dZ2 A dWi A dWa A dWl A de
2

dgo
+eo—= EY7 le N dZsy N\ le A\ dZ2 A dWi A dWa A dWl AN dWQ)
2

By Equations (2) and (3), we have d(k2F(z)) = 0. By Stoke’s theorem, we have

/bG koF(2) = /Gd(/igF(z)) =0.
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