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NORMAL FUZZY PROBABILITY FOR TRAPEZOIDAL
FUZZY SETS

CHANGIL KIM AND YONG SIK YUN™*

ABSTRACT. A fuzzy set A defined on a probability space (€2, §, P) is called
a fuzzy event. Zadeh defines the probability of the fuzzy event A using
the probability P. We define the normal fuzzy probability on R using
the normal distribution. We calculate the normal fuzzy probability for
generalized trapezoidal fuzzy sets and give some examples.

1. Introduction

Four operations are based on the Zadeh’s extension principle([6]). Zadeh
defines the probability of fuzzy event as follows.

Let (2,5, P) be a probability space, where @ denotes the sample space, §
the o—algebra on 2, and P a probability measure. A fuzzy set A on 2 is called
a fuzzy event. Let pua(-) be the membership function of the fuzzy event A.
Then the probability of the fuzzy event A is defined by Zadeh([7]) as

PA) = [ naw) dP@). pa@): 2 0.1]

We defined the normal fuzzy probability using the normal distribution and
calculated the normal fuzzy probability for quadratic fuzzy number([1]). Then
we had the explicit formula for the normal fuzzy probability for trigonometric
fuzzy number. Furthermore we calculated the normal fuzzy probability for
trigonometric fuzzy numbers driven by the above four operations([2]). We
define the generalized trapezoidal fuzzy set and calculate four operations of
two generalized trapezoidal fuzzy sets([3]).

In section 3, we correct the errors in the results for the normal fuzzy prob-
ability for generalized triangular fuzzy sets([4]). In section 4, we calculate the
normal fuzzy probability for generalized trapezoidal fuzzy sets and give some
examples.
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2. Preliminaries

Let X be a random variable defined on a probability space (£2,F, P) and g
be a real-valued Borel-measurable function on R. Then g(X) is also a random
variable.

Definition 2.1. We say that the mathematical expectation of g(X) exists if

Elo(x)) = [

Q

9(X(w)) dP(w) = /Q g(X) dP
is finite.

We note that a random variable X defined on (2, §, P) induces a measure Px
on a Borel set B € B defined by the relation Py(B) = P{X~!(B)}. Then Px
becomes a probability measure on 8 and is called the probability distribution
of X. If E[g(X)] exists, then ¢ is also integrable over R with respect to Px.

Moreover, the relation
/ X)dP = / £)dPy (¢

holds. If g is continuous on R and E[g(X)] exists, we have

[ atxrp = [ garc = [ ngdm),

where F is the distribution function corresponding to Px, and the last integral
is a Riemann-Stieltjes integral.

Let F' be absolutely continuous on R with probability density function
f(z) = F'(z). Then E[g(X)] exists if and only if the integral [~ _|[g(z)|f(z)dz
is finite and in that case we have

Elg(X)] = / 9(x)dF ().

— 00

Example 2.2. Let the random variable X have the normal distribution given
by the probability density function

1 —(z—m)?
r)=—e 202 |, zx€R,
f(@) e

where 02 > 0 and m € R. Then E[|X|"] < oo for every v > 0, and we have

E[X]=m and E[(X —m)? =%
The induced measure Px is called the normal distribution.
A fuzzy set A on Q is called a fuzzy event. Let pa(-) be the membership

function of the fuzzy event A. Then the probability of the fuzzy event A is
defined by Zadeh([7]) as



SHORT TITLE 271

P(A) = /Q,uA(w) dP(w), pa(w):Q—10,1].

Definition 2.3. The normal fuzzy probability P(A) of a fuzzy set A on R is
defined by

P(A) = [ nala) dPy,
R
where Px is the normal distribution.

Definition 2.4. The addition, subtraction, multiplication, and division of two
fuzzy numbers are defined as

1. Addition A(+)B :

ta)B(2) = s min{pa(z), up(y)}, « € Ay € B.
2. Subtraction A(—)B :
pa-yp(z) = Ziggymin{m(x),us(y)}, z€Ay€B.
3. Multiplication A(-)B :
() = sup min{pa(o). up(n)}. € Ay € B.
4. Division A(/)B :
pa)B(2) = zszlil;y min{pa(2), up(y)}, = € A,y € B.

Definition 2.5. A fuzzy set A having membership function

0, r<a, a4 <
c(x—aq)
— a1 <z <as
pra(z) = q 270’
c, ax <z <as
clag—x)

as—as ag S T < ay

where a; € R,2 = 1,2,3,4 and 0 < ¢ < 1, is called a generalized trapezoidal
fuzzy set and will be denoted by A = (a1, as, ¢, as, aq).

Theorem 2.6. (/3]) Let A = (a1,a2,m1,a3,a4) and B = (by,ba, ma, b3, by),
where a;,b; € R = 1,2,3,4,0 < my < mg < 1 and pg(z) > my in [p,r].
Then we have the following.

1. Addition : The membership function pisyp(2) is

0, z<ay+bi,a4+bys <z
m1m2(zialibl) aq —+ b1 S z < ao + b1 + (bg — bl) : %

ma(az—a1)+mi(ba—b1)’
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mi, as + by + (by — by) - m; <z
<ag+by— (bs—b3) T2
mama(as+ba—z) az+bg — (bg —b3) - 7 <z <as+by

ma(as—az)+mi(ba—b3)’

i.e. A(4+)B is a generalized trapezoidal fuzzy set.

2. Subtraction : The membership function ps—yp(z) is

0, z<ay —bg,ag — by <z
pma(eth i) gy — by < 2 < ag — (bs — (bs — bs) - ZL)
my, az — (by — (by — b3) - 2) <z
<as— (b1+(b2—b1)-M)
ng’;ing;L;;ﬁl(g221bl), as — (b + (bo —b1) - ™) <z <ag— by

i.e. A(—)B is a generalized trapezoidal fuzzy set.

3. Multiplication : The membership function payp(2) is

0, z < aipby,aqsby < z
—Di++/D?2+4mima(ba—b1)(az—a1)z m
Y 2(b27bll)(2a2ia1; 22 arby < 2 < ag(by 4 (ba — by) - m;)
mi, ag(bl+(b2*b1)~%) <z
< a3(b4 — (b4 — bg) . %)

D1—+/D2+4mimz(ba—bs)(as— as)z (L3(b4 — (by — b3) - %) < 2 < aghy

2y (ba—b3)
where
D = bima(az —a1) —aymq(ba — by)
Dy = bima(az —a1) + army(be — b1)
D = agmy(by — b3) — byma(ag — ag)
51 = agmq(by — b3) + byma(ay — as)

i.e. A()B is a fuzzy set on (albl,a4b4), but need mot to be a generalized
trapezoidal fuzzy set.

4. Division : The membership function payp(2) is

a; agq
0, 2< g =%
mlmz(b4zfa1) aj <Z<
( ) my(bsa—bz)z+ma(az—ay)’ ba— (b4 b )- ;:;
ta()B(z) = S S o G -
ml’ b4—(b4—b3)‘% - < < b1+(b2_b1)‘%

mims(as—byz) as < ay
ml(b27b1)2+m2(a47a3)’ b1+(b27b1)-% >z < b
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i.e. A(/)B is a fuzzy set on (Z—i, Z—f), but need not to be a generalized trapezoidal
fuzzy set.

3. Normal fuzzy probability for generalized triangular fuzzy sets
In [4], we proved the following theorem.

Theorem 3.1. ([//, Theorem 4.1) Let X ~ N(m,0?) and A = ((a1,¢,az))
be generalized triangular fuzzy set. Then the normal fuzzy probability of a
generalized triangular fuzzy set A is

~ 2me a1+ as —2m a—m as —m

P(A) = 2N - N - N(——

) = e —a (V) - N5 - N2 5)
2¢(a1 + o) ay +az — 2m

_ \/ﬂ(cm_al) (N( % )_N(algm))

s (v - w AL

where N(«) is the standard normal distribution, that is,

a 2
N(a):\/%[ exp(f%)dt.

However, we made a mistake and the correct result is

~ 2me a1 +as —2m ai—m as —m
P(a) = 5 (213 ) - N - ()
as — ap 20 o o
2caq a1 +as —2m air—m
- (~( ) - N(PT)
as — a1 20 o
2cas as —m a; +as —2m
N - N(——— )
+ as — a1 ( ( o ) ( 20 )
2co (ag —m)? (a1 —m)?

+ m (GXP(_T) - eXP(_T)

(a1 + ag —2m)?
—2exp(——m——r )
p( 802 )
Proof. Since
0, r<a, a <uw,
2¢(x—
pale) = Zmm, e < w < e
—26(2?—(12) ai1ta
as—a; 12 2 S$<U,2,

we have
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:/a ’ Mf(m)dm—f—/laz Mf(x)dx,

14;12 a2 — a1

where f(z) =

1 (x — m)2> e
exp( ————=>). Putting =™ = ¢, then
\2mo p( 202 & e

al+tag

~ 2 _ z—m)?
P(A) :/ Zlo—a) 1 et
a1 ag — ay 2mo

@2 2c(x — 1 (w=m)?
+/ o o) e 27 dr

1202 ag — ay 2mo

ajtas—2m

2 20 :2
= (m + ot)e™ T dt

 V2r(ag — a1) a-m

ajtas—2m

2 / . e‘édt
V2r(az —ay) Jazm
ag—m
2c 4 2
-« e~ T dt
V2m(az — aq) /W(m Totle

ag—m

4 2o / ’ ~dt
e B e
V2m(az — ay) Jartap—2m

2me a1 + as —2m a;—m
- (v ) - N(PT)
a2 — aq 20 g
2me as —m a1 +as —2m
B as — aj (N( o )= N( 20 ))
2caq a1 +as —2m a—m
_a27a1(N( 20 )= N( o ))
2cag as —m a1 +as —2m
+a2—a1<N( o )= N( 20 ))
2co (a1 + az — 2m)? (a1 —m)? )
- |exp(——————— ) —exp(——————
A 271'((12 — CL1) ( p( 802 ) p( 202 )
2co (ag —m)? (a1 + agz — 2m)?
b T (B2 (a2t
V2r(ag — aq) p( 202 ) p( 802 )
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_ 2me <2N(a1 +(;Z_ Qm)_N(al —m)_N(ag—m))

a2 — a1

2caq a1+ as —2m ar—m
(N( 20 )= N( o ))

as — aq
2cas as —m a1 +as —2m
(M=) = v ))
az — ap o 20
2co (ag —m)? (a1 —m)?
+ (ex ——) —exp(———
o (P ) e )
(a1 + ag — 2m)?
e )
exp( 32 )
Thus the proof is complete. (I

Although we made a mistake with Theorem 3.1, the following example is
correct.

Example 3.2. ([4], Ezample 4.2) 1. Let A = (2,1,8) be a generalized tri-
angular fuzzy number. Then the normal fuzzy probability of A with respect to
X ~ N(3,22) is 0.1777.

2. Let B = (1, %,5) be a generalized triangular fuzzy number. Then the
normal fuzzy probability of A with respect to X ~ N(3,32%) is 0.1924.

4. Normal fuzzy probability for generalized trapezoidal fuzzy sets

In this section, we derive the explicit formula for the normal fuzzy probability
for generalized trapezoidal fuzzy sets and give some examples.

Theorem 4.1. Let X ~ N(m,o?) and A = (a1,az,c,a3,a4) be generalized
trapezoidal fuzzy set. Then the normal fuzzy probability of a generalized trape-
zoidal fuzzy set A is

P(A) = C(CZL:SE) (MEE - (E)

- (e e )
+o(NE=T) - N(EET)
T (VT N )
=T (exp(— ) (L)
V27(ay — a3) 20 20

where N («) is the standard normal distribution, that is,
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Proof. Since

0, r<a, a4 <
c(r—aq)
pal) = § e ST
c, as < x < ag
Cij‘i;i% a3 <z < ay
we have
P(A) = / pa(z) dPx
R
as _ as aq _
= [ et [ ety do s [T O )
a; Q2 — 1 as as @4 — a3
1 _ 2
where f(z) = 5o exp(—%). Putting *-™ =t, then
N C (12;”77. t2
PA) = ———— t ——)dt
D= ot mar) o (oD eR)
ag—m az—m
caq 2 c / T t?
- exp(——)dt + — exp(——)dt
V2r(ag — aq) /ala ( 2) V2 Jazzm p( 2)
ag—m
c

o t2
R — t) exp(——)dt
T g [ mronent)
o

cay o t?
+— exp(——)dt
V2m(as — asz) /as;m p( 2 )

__cm (N(ag—m)_N(al —m))

co (az —m)? (a1 —m)?
- V21(as — ay) (exp( 202 ) —exp(= 202 )>
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T NET) = NET)
e WET - NETE)
i m (eXp(_ (a42;;n)2) el (a32_o—2 . ))
i e
- (o=t L) exp(- 4 _0))
+e(N(* —) - N(2— )
e (YT = NET)
i \/ﬂﬂzwa)GXP(_(ag;?)Q) ~ oxp( (a32;2 )2))

Thus the proof is complete.

Example 4.2. Let A = (2,4, 3,

4,2.6,7) be a generalized trapezoidal fuzzy set.

Then the normal fuzzy probability of A with respect to X ~ N (5,22) is 0.4017.

In fact, putting 52 = t, we have

4 6
~ T —2 1 (2=5)° 2 1 (2=5)°
P(A) = -76_Td{1}+/ S ——e s
4) /2 3 2427 4 3 2V2x
7
2(7—x) 1 _@-9?
+ _— e s dx
/6 3 2427
1/2 2 1/2 2
(5+2t)e 2dt — /
3\/27r/3/2 ) 3V2m J_3/2
1/2
3\/27r/1/2
(54 2)c 5 dt + L4
+2t)e” 2dt+ —— e 2dt
3\/277 / 12 3v2r
4
= N(=1/2) = N(=3/2) + 5 (N(1) - N(1/2))
2 1 1 9 2
— T8 —2e2—€ 8 —(N(1/2) — N(—-1/2
(37t 207t —eE) 4 2 (N(1/2) - N(-1/2)

= 0.4017.
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