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Yongho Jeon!¢

“Department of Applied Statistics, Yonsei University

Abstract

The linear support vector machine(SVM) is motivated by the maximal margin separating hyperplane and is
a popular tool for binary classification tasks. Many studies exist on the consistency properties of SVM; however,
it is unknown whether the linear SVM is consistent for estimating the optimal classification boundary even in
the simple case of two Gaussian classes with a common covariance, where the optimal classification boundary
is linear. In this paper we show that the linear SVM can be inconsistent in the univariate Gaussian classification
problem with a common variance, even when the best tuning parameter is used.

Keywords: Consistency for classification, Fisher consistency, Gaussian linear discriminant analy-
sis, support vector machines.

1. Introduction

We consider the binary classification problem commonly studied in statistics and pattern recognition.
Let X € R be the random input vector, and Y € {—1, 1} be the class label. Let the prior probabilities
of the two classes be m; = pr(Y = 1) and mp = pr(Y = —1), and the nondegenerate class densities be
denoted by g(x) and go(x). Then the density function of X is

Jf(x) = mig1(x) + mogo(x),
and the conditional probability of the positive class is

m181(x)

P = pr(Y = 11X =) = ——E e

For a classification rule n: RY — {-1,1}, the generalization error is the expected misclassification
rate R(n) = pr{n(X) # Y}. If the conditional class probability p(x) = pr(Y = 1|X = x) is available,
it is well known that the optimal classification rule that minimizes the generalization error is 775(x) =
sign{p(x) — 1/2}. This optimal rule is usually called the Bayes (optimal) rule. The corresponding
generalization error Rg = R(1p) is called the Bayes (optimal) risk. This is a lower bound of the
generalization error of any classification rule.

In practice we do not know the underlying probability distribution of (X, Y), and need to learn a
classification rule from a training sample. Denote the training sample by D,, = {(x;,y:),i = 1,...,n},
where (x;,y;) are independent realizations of (X, Y). A sequence of classifiers ¢, based on the sample
D, is consistent if its generalization error R(¢,) converges to the Bayes optimal risk Rp as n — oo.
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The support vector machine(SVM) is a classification method developed in the machine learning
literature. It has been shown to give excellent performance in a number of practical studies. The hard
margin linear SVM (Boser et al., 1992) is motivated by the geometric consideration of maximizing
the classification margin when the two classes of points in the training set can be separated by a linear
hyperplane. This amounts to a quadratic programming problem: find w € R, b € R, to minimize
Iw]?/2, subject to

wx;+b>+1, for y;=+1,; (1.1)
wx;+b< -1, for y, =-1. (1.2)

That is, to maximize the distance between the two hyperplanes w’x + b = +1 and w’x + b = —1 under
the condition that these two planes completely separate the positive and negative classes. Once such
w and b are found, the SVM classification rule is sign(w’x + b). Most often the two classes in the
training set are not linearly separable, then constraints (1.1) and (1.2) cannot be satisfied simultane-
ously. The commonly used soft margin SVM (Cortes and Vspnik, 1995) deals with a nonseparable
case by incorporating nonnegative slack variables into the hard margin SVM, resulting in a quadratic
programming problem: Find w € R b e R, and &, i=1,...,n,to minimize

1
A + = i
Wi+ - Ei &

under the constraints

wxi+b>+1-§&, fory =+1; (1.3)
wxi+b<-1+¢&, fory =-1; (1.4)
& >0, for all i,

where A > 0 is a control parameter to be chosen by the user. Often only a small fraction of the training
points enter the final solution. Such sparsity enables fast implementation of the SVM.

The constraints (1.3) and (1.4) can be combined as & > 1 —y;(W'x;+b),i = 1,...,n, and the linear
SVM is equivalent to

1 < ,
- Z‘ (1= yiw'x; + B}, + Al

where the function (-), is defined as

] >0,
710, <o,

which is called the hinge loss function. Therefore it is easy to see that in the population space the
linear SVM is to minimize

Ef{1 = Yf(X)}e] + A (f),

where f(X) = w'X + b and J(f) = ||w|?, and A, is usually set to be zero.
For early references to theoretical results on the SVM, see Vapnik (1999), Cristianini and Shawe-
Taylor (2000), and Scholkopf and Smola (2001). Such results typically bound the generalization
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error of the SVM with empirical quantities related to the margins of the training sample points, or
the empirical misclassification error. In most practical situations the Bayes optimal risk Rp is not
zero, therefore any upper bound of the generalization error cannot go to zero. It is more appropriate
to study the difference between the generalization error and the Bayes optimal risk, rather than the
generalization error itself. The consistency properties of the SVM and its rate of convergence to the
Bayes optimal risk have been well studied in Lin (2000, 2004); Zhang (2004); Steinwart (2005);
Bartlett et al. (2006); Steinwart and Scovel (2007); Xu et al. (2009) and the risk function of the SVM
associated with the hinge loss is studied in Blanchard et al. (2008). Particularly, Lin (2004) showed
that, when the specification of the target function is flexible enough, the SVM procedure achieves the
same decision boundary as the Bayes optimal rule in the population space, thus the Bayes optimal
risk. This property is referred to as the Fisher consistency of a classification procedure. In a different
line of research, Koo et al. (2008) studied asymptotic properties of the coefficients of variables in the
linear SVM solution around the population minimizer.

However, the investigation of the consistency properties of the linear SVM is still limited. In
the simple case of two normal class densities with a common covariance where the Bayes optimal
decision boundary is linear, it has been unclear whether the linear SVM achieves the optimal boundary.
Answering to this question is of natural interest since the SVM is known to be Fisher consistent and
the linear SVM models the decision boundary as a linear function. In this paper, we explore this
problem and show that the linear SVM can be inconsistent even in standard Gaussian classification
problems. Section 2 considers a simple one-dimensional classification problem with two Gaussian
classes, and investigate the conditions under which the linear SVM can achieve the Bayes optimal
rule as well as the conditions it cannot. A discussion is given in Section 3.

2. Consistency of Linear SVM

In this section, we consider the linear SVM in one-dimensional Gaussian classification problem with
a common variance. We show that the linear SVM is consistent to estimate the optimal classification
boundary if the prior class probabilities are equal and we have the freedom to pick the best tuning
parameter A for 1.,. We also show that, surprisingly, the linear SVM is inconsistent under some
conditions even when the best possible tuning parameter is used.

Without loss of generality, suppose that the prior class probabilities my and 7y are positive and the
class densities are X|{Y = —1} ~ N(0, 1), X|{Y = +1} ~ N(6, 1), with 6 > 0. Denote the pdf and the
cdf of N(0, 1) by ¢(-) and @(-) respectively. The population version of the SVM is to minimize

R(@,B) = 1a* + E[{1 = Y(@X + f)}:] 2.1
=102 + mE[l — (@X + B)LIY = 1]+ moE[{1 + (@X + B)},|Y = 1]

00

=1 +m fm{l —(ax + B)}id(x — 0)dx + my f {1+ (ax + B)}rod(x)dx.

00 —00

Since convexity is preserved under expectations, R(a, §) is convex in (e, 8). The existence of a global
minimizer is established in the following proposition.

Proposition 1. There exists a global minimizer to the population version of the SVM (2.1) for any
A120.
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Proof: First consider the case @ > 0. Then,

ﬂ 00
R(a,pB) = AP + f ’ (1 =8—-ax)p(x —0)dx + ny flw(l + [+ ax)p(x)dx
1:@

1 148
— 12 +m f " (1= B — an)p(x — O)dx + mo f " (148 - ax)d(x)dx 2.2)

18 1B
=% + maf O(x — O)dx + ﬂoaf D(x)dx 2.3)
s o
=% + ma f O(x)dx + myr f O(x)dx. (2.4)

The third step to obtain (2.3) uses integration by parts. Similar calculation gives that for @ < 0,

_ 1By _ 148
o

R(a,B) = A - JTICZf D(x)dx — ﬂoaf B O(x)dx. 2.5)

Thus for any a # 0,

L 148
R(a,B) > milal f " d0dx + molal f " O(x)dx

B _g 148

Zlal{ f " Dodx + f : (D(x)dx}min(no,m)
> || {2 fm‘ (I)(x)dx} min(rg, 7).

The last step uses that the function f_’ o @(s)ds is strictly convex in 7, since ¢(7) > 0 for any 7. The last
expression involves only @ and goes to infinity as |@| — co. One can choose C; > 0 independent of 8
such that for any |a| > Cy, R(a, 8) > R(0,0). However, for any || < C;, we have

[SIES

R(@,B) = 1a* + mE[{l — (@X + B)}.Y = 1] + mE[{1 + (@X + ALY = —1]
> mE{l - (aX +B)IY = 1}
= mi{l — (b + B)}
> 111(=B - C16).

Similarly we have R(a,B) = mo(1 + B), and there exists C, > 0, such that R(a,5) > R(0,0) for any
|8l > C, and |@| < Cy. Thus, any (a, 8) outside the set C = [-C}, C;] X [-C5, C;] cannot be a global
minimizer since (0, 0) attains a smaller value. Since R(a,f) is convex, if there is a minimizer (&, )
over C, this must be a global minimizer. The existence of (@, B) is ensured by that R(, 8) is continuous
and C is compact. Therefore, there exists a global minimizer of R(«,f) in C. O

In the following, Proposition 2 and Lemma 1 are used to show the main results in Proposition 3.

Proposition 2. For any 1 > 0, R(«, B) is strictly convex for a > 0.
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Proof: For a > 0, continuing with (2.2) and using the fact that ¢’(¢) = —é(¢), we have

15 145

R(a,ﬁ)z/laz+7r1fa {1 —B—aH—a(x—0)}¢(x—9)dx+ﬂ0f7(l + B — ax)p(x)dx

—00 —00

=22% +m(l —ﬁ—aH)CD(l;—ﬁ —9)

+nla¢(¥—6)+7T0(1+,8)d)(1+ﬂ)+7roa¢(1;ﬂ). (2.6)

a
A straightforward calculation with (2.6) gives A straightforward calculation with (2.6) gives

6_R = ZAa—ﬂlecb(li —6) +7r1¢(1;ﬁ —g) +ﬂ0¢(ﬂ)’
oa a a a

OR 1-8 1+
% ——71'1@(7-0)4‘71'0(1)(7).

A straightforward calculation with (2.6) gives

a—R =2/la—7r19(1)(% —6?)+7r1q§(ﬂ —9)+n0¢(%),

oa a
oR __ ofL=F_ 1+5
%— 7r1<I)( S 6)+7TOCD( > )
and
2 —
0_15 =21+m(l —,B)za_3¢(1—'8 - 0) + mo(1 +ﬁ)2a—3¢(1+—ﬁ),
O @ a
0’R 1-8

1
prie m( —,B)az¢(7 - 9) - mo(1 +ﬁ)a2¢(%ﬁ),

&R 1- 1
@ = 7T1(Y_1¢(7ﬂ - 9) + ﬂoa_IQS(%ﬁ) .

The determinant of the Hessian of R(«, ) is

227! {mqﬁ(l;ﬁ - 9) + noqﬁ(ﬂ)} + 4n07rla_4¢(1i - 9)(1)(%) > 0,
a a a

a
and 8*R/8a? > 0. Therefore, R(a, B) is strictly convex for @ > 0. O
Lemma 1. Forallte R

td() + d(t) > 1.
The function h(t) = t®(t) + ¢(t) is convex, and lim,_,_, h(t) = 0 and lim,—,., h(t) —t = 0.

Proof: —10(1) = [*_{~s¢(s)~@(s)}ds < [ —s¢(s)ds = ¢(r). Therefore 1®(t)+¢(z) > 0, for all 7. By
plugging —7 in the place of ¢, we get t®(¢) + ¢(¢) > ¢, for all ¢. The rest of the proof is straightforward
and omitted. (|
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Proposition 3.

(a) Any solution (@, ) to (2.1) should satisfy & > 0.

(b) Suppose wy #+ my. Any solution (&, ) should satisfy & = 0 if and only if n1, g and 8 satisfy that
forallt e R,

min {ﬂ, @} (t +6) < 1D(1) + $(2). 2.7)
Ty M

(c) If mi = my, the condition (2.7) does not hold and any solution (&, 8) should satisfy & > 0.

(d) The solution is unique.

Proof:

(a) From (2.4) and (2.5), for any @ > 0 and 8 € R, R(—a,8) > R(«,). Therefore, @ cannot be
negative.

(b) Consider R(0,8) = E{1-YB}, = m1(1-)+ +mo(1 +B), which is piecewise linear in 8. If 1; < 7,
R(0,p) is uniquely minimized at 8 = —1 with minimum 2m;. If 7 > my, R(0,5) is uniquely
minimized at 8 = +1 with minimum 2my. If 711 = mp, R(0,5) is minimized at any point in [—1, 1]
with minimum 1.

(<) In the case m; < @, for any @ > 0,8 € R,

N R EE RS
(2l )
(122 o2

>0+ (1 =B —ab)+nr (1 +8+ab)
:/la2+2771
227‘1’1.

The second step uses Lemma 1 and the third step uses (2.7). Therefore, R(,8) > 271 = R(0,—-1)
for any @ > 0 and 8 € R, thus (&,8) with & > 0 cannot be a solution. When 7; > g, a similar
argument gives that R(a,8) > 2my = R(0,+1) for any @ > 0 and 8 € R, and (@,3) with @ > 0
cannot be a solution.

(=) We prove this by negation. Consider the case m; > my and suppose that (2.7) does not hold,
then one can take k such that (k — 8)®(k — 0) + ¢(k — 0) < kmg/m;. For a > 0, if we choose a path
B(a@) = 1 — ka, then

IR(a, B(a))

=2a — 100k — 0) + mp(k — ) + 7ro¢(z - k) - k{ﬂo(I)(2 - k) —m Ok — 0)}.
oa o' a



A Note on Linear SVM in Gaussian Classes 231

R(e, 1 — ka) is decreasing at @ = 0, since lim,_, ¢ OR(e, B(@))/0a = m1{(k — O)D(k — 0) + dp(k —
0) — kmg/m1} < 0. Therefore, there exists a positive @. such that R(@., 1 — ka.) < R(0,1) =
mingerR(0, B).

When m; < m, supposing that (2.7) does not hold, one can take k such that k®(k) + ¢(k) <
(k + 0)my /1. For a > 0, if we choose a path S(a) = —1 + ka, then

OR@B@) _ 510~ 700 (% —k- 9) +me (2 —k- 9) + 7og (k)
Oa @ @

+ k{m)(l)(k) - m@(; —k- 9)}.

R(a, -1 + ka) is decreasing at @ = 0, since lim,_,o OR(e, B(@))/0a = mo{kD(k) + ¢p(k) — (k +
)y /mo} < 0. Therefore there exists a positive @. such that R(@.,—1 + k@.) < R(0,-1) =
minﬁeRR(O,,B).

(c) If the condition (2.7) holds, mr; and my cannot be the same since 6 > 0. Since R(0, ) is minimized
at any point in [—1, 1] with minimum 1 when 7; = 79, we have mingrR(0,5) = R(0,0). On the
other hand R(«a, 0) is continuous in « and lim,_, ;o R(a, 0)/da = —m10 < 0 from

OR@.0) _ 510 - mecb(l - 9) + mq&(l - 9) + 7r0¢(l) .
oa @ @ a

R(a,0) is decreasing at @ = 0 and there exists a positive @, such that R(@., 0) < R(0, 0). Therefore
@ cannot be zero.

(d) If the condition (2.7) holds, then & cannot be positive. So, the solution can be found by minimizing
R(0,8), and is unique since m; # 7. If the condition (2.7) does not hold, then uniqueness follows
from that one cannot have a minimizer with @ = 0 and R(e, ) is strictly convex when @ > 0 by
Proposition 2. (]

Proposition 3 (a) states that the SVM classifier in the population space, sign{@x + 8} cannot have
@ < 0. This is natural as we assume the class mean 6 for class +1 is positive.

For Proposition 3 (b), the condition (2.7) can be written in a different form. The tangent line to
y =10+ ¢(t) att =ty isy = O(to)t + ¢(tp). We have at + b < tO(t) + ¢(¢), Vt if and only if there
exists 7o such that at + b < O(t)t + ¢(ty), V1, i.e., a — P(tp) = 0 and b — ¢(ty) < 0. Therefore, the
condition is equivalent to b < (D (a)). Letting p = log(sm; /mp) and taking a = e and b = e Plg,
we obtain the following.

Remark 1. The condition (2.7) is equivalent to 6 < ePlg{®! (7))},

Figure 1 shows the boundary for the condition (2.7) and we have @ = 0 under the curve. In this area,
the classifier is sign{@x + 5} = sign{f}, thus the classifier does not consider the x value and all the
cases are classified into the same class. Since R(0,8) = 71 (1 — )+ + mo(1 + B) is uniquely minimized
at 8 = —1 when m; < 7, all the cases are classified into —1 in the left side under the curve. Likewise,
all the cases are classified into +1 in the right side under the curve.

The following theorem is from Li and Duan (1989), Theorem 5.1, and used to show that the one
dimensional linear SVM can be consistent when g = 7; = 1/2.
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15 2.0

1.0

0.5

0.0

log(m1/n0)

Figure 1: Boundary for the condition (2.7). The curve corresponds to 6 = e¥'p{®' (e W)}, where p = log(mr, /7).
The solution is (&,8) = (0,-1) in the left side under the curve and (&,B) = (0, +1) in the right side under the
curve.

Theorem 1. For a loss function L(0,y), if a linear classification method of the form

migl Ri(w,b) = mil? [E{LW'X + b, Y)} + Aw'w].

in the population space has a unique solution (w, b), then the set of estimates (W, b) from its empirical
version

min {n_1 Z LW x; +b,y;) + /lnw’w} .
w,b :
with A, — A converges almost surely to the solution.

Proposition 4. When ny = ny = 1/2, the one dimensional linear SVM leads to consistent classifi-
cation if we have the freedom to pick any sequence A,, > 0.

Proof: Let us take any S > O such that

0 0
G(I)(S 5) 2¢(S 5) > 0.
This is always possible since the left hand side goes to 8 > 0 as § — oco. Take 4 = {6D(S — 6/2) —
2¢(S — 0/2)}S /4. Then it is easy to check that at (1/S,—-6/(2S)), both dR/da and OR/HB are zero,
therefore (1/S,—-60/(2S)) is the unique global solution since 1/S > 0. The classification decision is
sign{x/S — 6/(2S)} = sign(x — 6/2), which is the Bayes optimal rule. Therefore by Theorem 1, the
one dimensional linear SVM with a choice of A can be consistent. O
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3. Discussion

In the Gaussian classification problem with a common covariance, it is well known that the Bayes
optimal classification boundary is linear. The SVM procedure is known to be Fisher consistent with
flexible specification, and the linear SVM models the decision boundary as a linear function. There-
fore it is of interest whether the linear SVM achieves the optimal classification boundary. In this paper,
we consider the univariate Gaussian classification problem with a common variance and show that the
linear SVM can be consistent if the prior probabilities are the same but it is not consistent with the
condition (2.7). It is still unclear if the linear SVM can achieve the optimal classification boundary in
the case where my # m; but the condition (2.7) does not hold, although we conjecture that the linear
SVM does not lead to consistent classification for this case either. This merits further investigations
in the future study.
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