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APPROXIMATING FIXED POINTS OF NONEXPANSIVE
TYPE MAPPINGS IN BANACH SPACES WITHOUT
UNIFORM CONVEXITY

DAya RaMm Sanu, ABDUL RaHIM KHAN, AND SHIN MIN KANG

ABSTRACT. Approximate fixed point property problem for Mann itera-
tion sequence of a nonexpansive mapping has been resolved on a Banach
space independent of uniform (strict) convexity by Ishikawa [Fized points
and iteration of a nonerpansive mapping in a Banach space, Proc. Amer.
Math. Soc. 59 (1976), 65-71]. In this paper, we solve this problem for
a class of mappings wider than the class of asymptotically nonexpan-
sive mappings on an arbitrary normed space. Our results generalize and
extend several known results.

1. Introduction

Let C' be a nonempty subset of a normed space X and T : C — C be a
mapping. Then T is said to be

(1) Lipschitzian if for each n € N, there exists a positive real number &,
such that

[T = T"y|| < knllz = yll

for all z,y € C,

(2) uniformly k-Lipschitzian if T is Lipschitzian with sequence {k,} such
that k, = k for all n € N,

(3) asymptotically nonexpansive ([8]) if T is Lipschitzian with sequence {ky, }
such that &k, > 1 for all n € N with lim,, , &k, = 1.

Clearly, every nonexpansive mapping 7' (i.e., [Tz — Ty| < |z — y]| for
all z,y € C) is asymptotically nonexpansive with sequence {1} and every
asymptotically nonexpansive mapping is uniformly k-Lipschitzian with k =
Sup,,en Fn-

Tterative methods for approximating fixed points of nonexpansive mappings
have been studied by many authors using the following two iteration processes:
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(a) Mann iteration process ([18]): Let C be a convex subset of a linear space
X and T : C — C be a mapping. Then the Mann iteration sequence {x,} is
given by

xr1 € C,
Tpy1 = (1 —apn)tn + Tz, neN,

where {«a,,} is a sequence in [0, 1] satisfying appropriate conditions.
We denote (1 — ap)zy, + anTa, by M(zy, an, T).

(b) Ishikawa iteration process ([9]): With X, C and T as in (a), the Ishikawa
iteration sequence {x,} is given by

x1 € C,
Tyl = (1 — an)xn + @ Tyn,

where {a,,} and {8, } are sequences in [0, 1] satisfying appropriate conditions.

Let C' be a nonempty convex subset of a normed space X, T : C — C be
a mapping with F(T) := {z € C : x = Tz} # 0 and {z,} a sequence in C.
Following Sahu [23], we say that {z,} has

(D1) limit existence property (for short, LE property) for T if lim,, o0 ||Zn —
pl| exists for all p € F(T),

(D2) approxzimate fized point property (for short, AF point property) for T’
if limy,— o0 ||€n — Tn|| = 0,

(D3) LEAF point property if {x,} has both LE property and AF point
property.

The important feature of a sequence with AF' point property for a mapping
T is that any weak subsequential limit of the sequence is a fixed point of T’
under the assumption that I — T is demiclosed at zero (see Lemma 2.6).

Let T : C — C be a nonexpansive mapping and T, = (1 — a)I + oT,
a € (0,1), where I denotes the identity mapping. In 1955, Krasnosel’skii [15]
proved that if X is uniformly convex, then for each x € C,{T7x} has the AF
point property for T'. Schaefer [26] proved that if X is unifornzﬂy convex, then
for each x € C, {T2x} has the AF point property for T'. Edelstein [6] observed
that for Scheafer’s result strict convexity of X suffices. The removal of strict
convexity remained an open problem for many years. In 1976, this problem
was solved by Ishikawa [10] as follows:

Theorem 1.1. Let C be a nonempty subset of a normed space X and T : C' —
X be a nonexpansive mapping. For arbitrary x1 € C, define the sequence {x,}
by
Tn+1 :M(Z'n,Oén,T), TLGN,
where {a, } is a sequence satisfying
(i) 0 <o, <1 foralln €N, limsup,_,,,an, <1 and Y~ a, =00,
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(ii) {zn} is contained in C.
If {z,} is bounded, then {x,} has the AF point property.

It is obvious that for each « € C, {T™z} has the AF point property for con-
traction mappings. Asymptotic regularity assumption of arbitrary nonlinear
mapping T at € C, i.e., lim, ,o |[|[T"2 — T""z|| = 0 provides the facility
that {T"x} has the AF point property for 7. Using this fact, Bose [3] ini-
tiated study of approximation of fixed points of asymptotically nonexpansive
mappings in uniformly convex Banach space satisfying the Opial condition. In
[28], Schu proved that the Mann iteration sequence enjoys the AF point prop-
erty for asymptotically nonexpansive mappings on a uniformly convex Banach
space. More precisely, he proved the following:

Theorem 1.2. Let C' be a nonempty closed conver bounded subset of a uni-
formly convex Banach space X andT : C' — C be an asymptotically nonexpan-
sie mapping with a sequence {kn} such that >~ | (k, — 1) < co. Let {an} be
a sequence in [0,1] satisfying the condition ¢ < o, <1 —¢ for alln € N and
for some € > 0. Then the sequence {x,} generated from arbitrary x1 € C' by

(1.1) Tnt1 = M(p, 00, T™), neN
has the AF point property for the mapping T .

Subsequently, Chang [4], Khan, Domlo and Fukhar-ud-din [12], Liu and
Kang [17], Osilike and Aniagbosore [20], Rhoades [22], Tan and Xu [29] ex-
tended Schu’s result, using variants of Mann and Ishikawa sequences in the
setting of uniformly convex Banach spaces (see also [7, 11, 13, 14, 25]).

It is remarked that convexity (uniform convexity) condition is needed even
on a metric space to establish approximate fixed point property for Ishikawa
iterates of nonexpansive type mappings (see [11, 13]).

It is still an open problem whether or not the sequence {x,} defined by
(1.1) has the AF point property for the class of asymptotically nonexpansive
mappings in normed spaces without the uniform convexity. This brings us to
the following question.

Question 1.3. Is it possible to extend Theorem 1.1 for a class of mappings
more general than asymptotically nonexpansive mappings ?

In this paper, we deal with the problem of approximating fixed points of
nearly asymptotically nonexpansive mappings in Banach spaces without uni-
form (strict) convexity. In particular, if {7} is a sequence of self-mappings
defined on a nonempty convex subset C of a normed space X satisfying

[Tz — Toyll < La(llz — yll + pn)
for all z,y € C and n € N, and {x,} is a sequence in C defined by

Tn+1 = M(-Tn; anaTn)a nec Na
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where {a,,}, {L,} and {p,} satisfying suitable conditions, then we prove that
Ty — Tpr, — 0 as n — oo. This provides an affirmative answer to Question
1.3. Moreover, it is shown that the sequence {z,} defined by (1.1) converges
weakly to fixed points of uniformly continuous nearly asymptotically nonex-
pansive mappings on a Banach space without uniform convexity. Some strong
convergence theorems for approximation of fixed points of nearly nonexpansive
type mappings in Banach spaces are also proved. Our results improve several
known convergence theorems in the setting of an arbitrary Banach space.

2. Preliminaries

Sahu [24] introduced the notion of nearly Lipschitzian mappings: Let C be
a nonempty subset of a Banach space X and fix a sequence {a,} in [0, 00) with
an, — 0. A mapping T : C — C is said to be nearly Lipschitzian with respect
to {an} if for each n € N, there exists a constant k, > 0 such that

(2.1) 1Tz = T"y|| < kn(llz = yll + an)

for all z,y € C. The infimum of constants k,, for which (2.1) holds is denoted
by n(T™) and called the nearly Lipschitz constant of T".

A nearly Lipschitzian mapping T with sequence {(a,,n(T™)} is said to be

(4) nearly nonexpansive if n(T") <1 for all n € N,

(5) mearly asymptotically nonexpansive if n(T™) > 1 for all n € N and
lim, 0o n(T™) =1,

(6) nearly uniformly k-Lipschitzian if n(T™) < k for all n € N,

(7) nearly uniformly k-contraction if n(T™) < k <1 for all n € N.

Example 2.1. Let X =R, C =[0,1] and T : C' — C be a mapping defined

by
1o 1
Ty = 2 ?fze[?’i]’
0 ifze (5, 1].
Clearly, T is a discontinuous and non-Lipschitzian mapping. However, it is a

nearly nonexpansive mapping and hence nearly asymptotically nonexpansive.
Indeed, for a sequence {a,} with a; = % and a, — 0, we have

[Tz = Ty|| < [lz =yl + a1
for all x,y € C and
[Tz = T"y|| < [l — yll + an
for all z,y € C and n > 2 since T"z = 3 for all z € [0,1] and n > 2.

Sahu [24] developed a nearly contraction mapping principle for the existence
and uniqueness of fixed points of demicontinuous mappings, more general than
contraction mappings, in Banach spaces. The details of the fixed point theory
of nearly Lipschitzian mappings can be found in [1].



APPROXIMATING FIXED POINTS OF NONEXPANSIVE TYPE MAPPINGS 1011

A Banach space X is said to satisfy the Opial condition ([19]) if for each
sequence {z,} in X which converges weakly to a point 2 € X, we have

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo
for all y € X (y # x).
Let X be a Banach space. Then the mapping J : X — 2% defined by
J(w) ={j € X*: (u,j) = [ul®, 5] = llull}, weX

is called the normalized duality mapping. Suppose that J is single-valued. Then
J is said to be weakly sequentially continuous if, for each {z, } in X with z,, — x
(— denotes weak convergence), we have J(x,) —=* J(x). It is well known that
if X admits a weakly sequentially continuous duality mapping, then X satisfies
the Opial condition.

A mapping T : C — X is said to be demicompact if for every bounded
sequence {x,} in C such that {x, — Tx,} converges strongly, there exists a
subsequence say {xn;} of {z,} that converges strongly to some z* € C.

Throughout this paper, the set of all weak subsequential limits of {x,,} will
be denoted by wy,({z,}). In what follows, we shall make use of the following
known lemmas.

Lemma 2.2 ([5]). Suppose that {a,} and {b,} are two sequences in a normed
space X . If there is a sequence {t,} of real number satisfying
(i) 0<t, <t<land) . t,=o00,

(i) ant1 = (1 —tn)an + tpby for alln € N,

(iil) limp—eo ||an| = a,

(iv) limsup,_, . [|bnll < a and {377 t;b;} is bounded,
then a = 0.
Lemma 2.3 ([20]). Let {6}, {Bn} and {vn} be three sequences of nonnegative

numbers such that B, > 1 and pq1 < Brdn +n for alln € N. If 307 (Bp —
1) < oo and 307 n < 00, then limy, o 8, exists.

Lemma 2.4 ([30]). Let {a,} and {v,} be two real sequences satisfying

(i) {an} C[0,1] and 3,7 | ay, = o0,
(ii) limsup,,_,o, o < 0.

Let {\,} be a sequence of nonnegative numbers which satisfies the inequality
Ant1 < (1 —ap)hn + anyn, neN

Then lim,_, o A\, = 0.

The following lemmas play important role in approximation of fixed points
of nonlinear operators.



1012 DAYA RAM SAHU, ABDUL RAHIM KHAN, AND SHIN MIN KANG

Lemma 2.5 ([1, Theorem 5.6.3]). Let X be a Banach space with a weakly
continuous duality mapping J, : X — X* with gauge function ¢. Let C be a
nonempty closed conver subset of X and T : C — C be a nearly asymptotically
nonexpansive mapping. Then I — T is demiclosed at zero, i.e., for {x,} in
C converging weakly to x and {(I — T)x,} converging strongly to 0, we have

(I-T)z=0.

Lemma 2.6 ([2, Lemma 2.10]). Let X be a reflexive Banach space satisfying
the Opial condition, C be a nonempty closed convex subset of X andT : C' — X
be a mapping such that

(i) F(T) # 0,

(ii) I —T is demiclosed at zero.

If a sequence {x,} in C has LEAF point property for T, then {x,} converges
weakly to a fixed point of T'.

3. Weak convergence theorems

Our first result extends Theorem 1 of Deng [5] and the corresponding result
of Ishikawa [10] for a sequence of nearly asymptotically nonexpansive mappings.

Theorem 3.1. Let C' be a nonempty convex subset of a normed space X and
for each n € N, let T,, : C' — C be a mapping satisfying

[Tna = Toyll < Ln(llz = yll + pn)

for all x;y € C and n € N, where {(pn, Ln)} is a sequence in [0,00) X [1,00)
such that Y py, < 0o and >~ (L, —1) < co. Let {ay,} be a sequence in (0,1)
such that 0 < a < a, < b <1 for all n € N. For arbitrary x1 € C, define a
sequence {x,} in C' by

(3.1) Tyl = M(zp, an,Ty), neN.
Suppose that {xy,} is bounded and Y~ | |Tpxn —Thi12n]| < 0o. Then we have
the following:

(a) (I = Tn)xn — 0 as n — oo,
(b) z,, — Tpt1 — 0 as n — co.

Proof. (a) Set d,, := x,, — Thx, and €, := || Tz, — Thy12,] for all n € N. By
(3.1), we have
ldn+1ll = lzn+1 — Tn1Zn41 |l
< (1= an)llzn = Thrrzntall + an || Town — Thr12Zn11]|
< (= an)([zn = Tngall + l2n+1 = Tosr@nsa|)
+ an(HTnxn - Tn-‘rlwnH + HTn-‘rlxn - Tn+1xn+1||)
< (1= an)(an|dnl| + [|dn11])
+ an(en + Los1(|zn — 2ptall + pn)),
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which implies that
ldn+1ll < (1 = an)lldnll +en + Lnsi(andnll + pn)
S Ln+1||dn|| + En + Kpn7

where K = sup,,cy Ly. Since Y (g, + Kppn) < 00, it follows from Lemma
2.3 that lim,_, ||dp | exists.
Let lim,, o ||d,|| = d and set b, := o, }(T2n — Trns17n+1). Then

dpt1 = (1 — ap)dy + anbsy,.
Observe that
bnll = a7 M| Tozn — Tn1zn1

< a7 (1 Tnen — Tot1all + [ Tas12n — Tot1zna])

< ap'(en + Lng1(on — zaga] + pn)

< o' (en + Lnga(anlldnll + pn))

< Lutalldall + a7 (€n + Lt 1pn),
which implies that lim sup,,_, . ||bx|| < d. Moreover, for all n € N, we have

n
E a;b;
i=1

n

Z(Tﬂi —Tif1%it1)

i=1

= [[Tvzr = Th1@n |

< HT1:131 - xn” + Hxn - Tnxn” + HTnxn - n+1$nH
+ HTn+1zn - Tn+1zn+1”

< | Thzy = znll + ldnll + en + Losi(anlldnll + pn)-

Note that {||d.||}, {Ln}, {en}, {pn} are convergent sequences and {z,} is
bounded. So {}_;"; a;b;} is bounded. Since {a,} is bounded away from 0
and 1, it follows that Y | a;,, = co. Applying Lemma 2.2, we conclude that
(I —=Ty)xy, — 0 as n — oo.

(b) From (3.1), we have

||£Cn+1 - xn” < aonn - Tnxn”

3.2
(32) <bllzp — Thaa|l, neN.

By part (a), we have ||z, — Tha,| — 0 as n — co. It follows from (3.2) that
Tp41 — Tn — 0 as n — oo. This completes the proof. O

Remark 3.2. (1) Conditions similar to > 7 | [| T2y — Th412x|| < oo have been
imposed in the literature. Reich [21] imposed the condition Y > a2||Tz,||* <
oo, where {a,} is a real sequence in (0, 1), satisfying appropriate conditions
to prove the convergence of the Mann iteration process to the solution of an
operator equation involving a strongly accretive operator T" on a uniformly

smooth Banach space.
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(2) Observe that if each T,, = T is nonexpansive, then this condition is
trivially satisfied.

Next result shows that the sequence {x,, } generated by modified Mann iter-
ation sequence enjoys the AF point property for the class of nearly asymptoti-
cally nonexpansive mappings on an arbitrary normed space.

Theorem 3.3. Let C' be a nonempty convex subset of a normed space X and
T :C — C be a nearly asymptotically nonexpansive mappings with sequence
{(an,n(T™))} such that Y .~ a, < oo and oo (n(T") —1) < co. Let {a,}
be a sequence in (0,1) such that 0 < a < a, < b < 1 for all n € N. For
arbitrary x1 € C, define a sequence {x,} in C by

(3.3) Tyl = M(zp,an, T"), neN.

Suppose that {z,} is bounded and Y_,° | ||[(I — T)T"x,|| < co. Then we have
the following:

(a) limp oo [|[2n — T™xn]|| =0,

(b) If T is uniformly continuous, then the sequence {x,} has the AF point
property for T.

Proof. (a) Set T, := T™ for all n € N. Then the result follows from Theorem
3.1(a).

(b) Since T' is uniformly continuous and ||z, — T"z,|| — 0 as n — oo, it
follows that

|T" 2, — Tx,| =0 asn— oco.

So,
20 = Tl < [l2n = T @l + | T @0 — T g | + 1T a2y — T
—0 asn — oo.
This completes the proof. O

Remark 3.4. Theorem 3.3 improves results of Chang [4], Liu and Kang [17],
Osilike and Aniagbosore [20], Rhoades [22], Schu [27, 28], Tan and Xu [29] and
others in the sense of computability of key term lim, o |2, — Tzy| = 0 in
the following ways.

(1) The requirement of uniform convexity is dropped.

(2) The assumption F(T') # 0 is not required.

(3) The mapping T may not be Lipschitzian.

Corollary 3.5. Let C' be a nonempty convex subset of a normed space X and
T : C — C be an asymptotically nonexpansive mapping with sequence {k,}
such that Y 0" (kn, — 1) < oo. Let {an} be a sequence in (0,1) such that
0 <a<a, <b< 1. For arbitrary x1 € C, define the sequence {x,} by
(3.3). Suppose that {x,} is bounded and Y " | [|(I — T)T"xz,| < co. Then
(I -T)x, — 0 asn — oo.
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Proof. Since every asymptotically nonexpansive mapping is uniformly contin-
uous, the result follows from Theorem 3.3(b). O

As a direct consequence of Theorem 3.1(b), we have:

Corollary 3.6. Let C' be a nonempty convexr subset of a mormed space X
and T : C — C be a nonexpansive mapping. For a € (0,1), assume that
{Tx} is bounded for some x € C. Then T, is asymptotically regular at x, i.e.,
limy, 00 ||(I — To)T22| = 0.

In case of an asymptotically nonexpansive mapping 7', Ty, is not necessarily
asymptotically regular. However, T, o = (1 — )l + o™ satisfies a certain
asymptotic regularity type condition which gives partial answer to the question
of Lim and Xu ([16, Remark 1]) as follows:

Corollary 3.7. Let C' be a nonempty convex subset of normed space X and
T :C — C be an asymptotically nonexpansive mapping with sequence {k,}
such that Y " | (kn — 1) < 0o. For an arbitrary x1 € C and o € (0,1), define
the sequence {x,} by

Tpt1 = Tha®n, neN
Suppose that {xy,} is bounded and >, ||(I — T)T"x,|| < co. Then

lim HTn,a e TQ,aTl,axl - Tn+1,a e T2,aT1,a:C1 || =0.

n—oo

The following result extends [5, Theorem 2| from the class of nonexpansive
mappings to the class of nearly asymptotically nonexpansive mappings.

Theorem 3.8. Let X be a Banach space satisfying the Opial condition, C be
a nonempty weakly compact conver subset of X and T : C — C be a uni-
formly continuous nearly asymptotically nonexpansive mapping with sequence

{(an,n(T™))} such that
(i) Dnryan < oo and 3277 (n(T") — 1) < oo,
(ii) I —T is demiclosed at zero.

Let {an} be a sequence in (0,1) such that 0 < a < ap, < b <1 foralln €
N. For arbitrary x1 € C, define the sequence {x,} by (3.3) and assume that
Sooo NI = T)T"xy,|| < co. Then {x,} converges weakly to an element of
F(T).

Proof. By Theorem 3.3(b), limy, o0 || — T2n|| = 0. As {x,} is bounded,
so there exists a subsequence {x,,} of {z,} such that z,, = v € C. By
demiclosedness of I — T at zero, we have v € F(T). From (3.3), we have

lms1 — ol < (1= an)n — vl + | T2 — o]
(3.4) < (1= an)llen — vl + an(l|on — vl + an)
< |len —v|| + an, neN.

By Lemma 2.3, we obtain that lim,, . ||z, — v|| exists. Suppose not, that is,
{zn} does not converge weakly to v. Then w, ({z,}) is not singleton. There
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exists another subsequence {x,;} of {z,} such that z,, — z € C with z # v.
It is easy to see that z € F(T) and lim,_, ||z, — z|| exists. Since X has the
Opial condition

lim ||z, — | = lim ||2,, — | < lim ||z,, —2|| = lim |z, — 2|,
—00 1—00 1—00 n—00
lim ||z, —z|| = lim ||z, —z|| < lim |z,, —o|| = lim |z, — v,
—00 j—o0 Jj—ro0 n—oo
a contradiction. Hence the result follows. O

An asymptotically nonexpansive mapping is a nearly asymptotically nonex-
pansive mapping, so we have:

Corollary 3.9. Let X be a Banach space satisfying the Opial condition, C
be a nonempty weakly compact convex subset of X and T : C — C be an
asymptotically nonexpansive mapping with sequence {k,} such that

(i) 220:1(1% —1) < oo,

(ii) I —T is demiclosed at zero.
If {an}, {zn} and 307 ||(I — T)T"x,|| < oo are same as in Theorem 3.8,
then {x,} converges weakly to an element of F(T).

Remark 3.10. If X is a Banach space having weakly continuous duality map-
ping, then, by Lemma 2.5, the assumption “I — T is demiclosed at zero” in
Theorem 3.8 and Corollary 3.9 can be dropped.

4. Strong convergence theorems

In this section, we establish strong convergence theorems for nearly nonex-
pansive type mappings in an arbitrary Banach space.

Theorem 4.1. Let C be a nonempty closed convex subset of a Banach space X
and T : C = C be a uniformly continuous nearly asymptotically nonexpansive
mapping with sequence {an, n(T™)} such thaty .~ | a, < oo andy o (n(T™)—
1) < co. Let {an} be a sequence in (0,1) such that 0 < a < oy < b < 1 for all
n € N. Assume that the sequence {x,} in C defined by (3.3) is bounded and
S (I =T)T™xy|| < 0. Suppose that T™ is demicompact for some m € N.
Then {x,} converges strongly to an element of F(T).

Proof. Since T is uniformly continuous and z, — Tx, — 0 as n — oo by
Theorem 3.3(b), therefore, we have || Tz, — T""'x,|| — 0 as n — oo for all
1=0,1,2,.... It follows that

m—1
[ = Tz < Y T2 — T 2| - 0 as n — oo,
1=0

By the demicompactness of T™, there exist a subsequence {z,,} of {z,} and
a point v € C such that

. o mo
lim z,, = lim T"z,, = v.
1—> 00 1—> 00
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As limy, o0 ||@n, — Tay|| = 0 by Theorem 3.3(b), so it follows from continuity
of T that v € F(T). Now limy,_, ||z — v|| exists by (3.4) and Lemma 2.3 for
v € F(T), so we conclude that {z,} converges strongly to v. O

We now turn our attention to approximate fixed points of nearly nonexpan-
sive type mappings.

Theorem 4.2. Let C be a nonempty closed convex subset of a Banach space X
and T : C — C be a nearly uniformly k-contraction mapping with sequence {a, }
such that F(T) # 0. Let {a} be a sequence in (0,1) such that > 7 | a, = 00
and lim,, oo Z—n 0. Then, for arbitrary x1 € C, the sequence {x,} in C
defined by (3.3) converges strongly to the unique fixed point of T.

Proof. Let p,q € F(T). Then
lp—all = T"p —T"q|| < kllp — qll + an, n€N.

It follows that (1 —k)||p — ¢|| < a,, = 0 as n — oo. Thus, T has a unique fixed
point. Suppose that F(T) = {v} for some v € C. Then from (3.3), we have

[Znt1 —ol] < (1 —an)llzn — vl + anl| Tz, — |
< (1= an)llzn —v|| + an(kllzn —v| +an)
<=1 -kan)|zs —v|+an, neN.

Since Zzozl oy, = oo and lim, e Z_Z = 0, we conclude from Lemma 2.4 that
{xn} converges strongly to the unique fixed point v of T. O

Recently, the first author [23] introduced the normal S-iteration process as
follows:
Let C' be a convex subset of a linear space X and T : C' — C' a mapping. Then
the normal S-iteration process is defined by

Tnt1 = T[(1 — an)xn + apnTa,], neN,
where {«a,,} is a sequence in (0, 1) satisfying appropriate conditions.

We note that the normal S-iteration process is useful for approximating fixed
points of nonexpansive mappings and at the same time, the rate of convergence
of the normal S-iteration process is faster than Picard iteration process (and
hence Mann iteration process) for contraction mappings (for details see Sahu
23)).

We now apply modified normal S-iteration process for approximating fixed
points of nearly uniformly k-contraction mappings.

Theorem 4.3. Let C be a nonempty closed convex subset of a Banach space X
and T : C — C be a nearly uniformly k-contraction mapping with sequence {ay }
such that F(T) # 0. Let {a,} be a sequence in (0,1) such that > - | o = 00
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An

and lim,, o &= = 0. Then, for arbitray x1 € C, the sequence {x,} in C defined
by

(4.1) Tnt1 =T"[(1 — an)zn + @ T"x,], neN

converges strongly to the unique fized point of T'.

Proof. As in the proof Theorem 4.2, we can show that 7" has a unique fixed
point. Suppose that F(T) = {v} for some v € C. From (4.1), we have

[Znt1 — ol = IT"[(1 — an)zn + 0 T"zn] — T™0||
< k|1 = an)xn + anT"x, — vl + an
<EK[(1—an)llzn — vl + anl|[ T2, —ol|] + an
< k(1 —an)lzn — ol + an(kllzn — vl + an)] + ax
<EkE(1l-(1-kKa)|z,—v]+2a,, neN.

Since Y07 | an, = o0 and limy, o0 4= =0, we conclude from Lemma 2.4 that
{x} converges strongly to the unique fixed point v of T. O

Theorem 4.3 is an improvement of Theorem 3.7 in [2] as it is independent
of 377 | a, < 0o and v is unique.
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