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CHARACTERIZATION OF THE MULTIPLIERS
FROM H TO H

SADEK GALA AND YOSHIHIRO SAWANO

ABSTRACT. In this paper, we will provide an alternative proof to char-

. r
acterize the pointwise multipliers which maps a Sobolev space H (Rd)

.-
to its dual H (]Rd) in the case 0 < r < % by a simple application of

the definition of fractional Sobolev space. The proof relies on a method
introduced by Maz’ya-Verbitsky [9] to prove the same result.

1. Introduction

In the present paper we aim to prove the following result on the multiplier
space M(HT(Rd) - H T(Rd)), where H (R?) and 0 (R?) are the (stan-
dard) homogeneous Sobolev spaces, d > 3. Based upon [4] and [7], we recall

the definition of the multiplier space M(HT (RY) — H_T(Rd)): Recall that this
is defined by

M(HT(Rd)%H T(Rd)) ={feS(RY: sup %<oo ,
ges®ay llgll
where S (Rd) denotes the Schwartz class space of rapidly decreasing smooth
functions, so that &’ (Rd) is the space of tempered distributions.
Hereafter, X, (Rd), 0<r< g, denotes the space of functions, which are
locally square integrable on R¢ and such that pointwise multiplication with

these functions maps boundedly H (RY) to L? (RY), i.e.,
X, (RY) = {f et (RY): ¥ge H (RY) fgeL?(RY)}.
The norm of X ~ is given by the operator norm of pointwise multiplication:

Ifllx, = sup [lfgllL-

llgll gr <1
Our main theorem reads as follows:
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Theorem 1. Letd > 3 and 0 < r < %. Assume f € D (Rd) satisfies F' :=
(—A)"2 f e X, (RY). Then

Fez (RY = M <HT ®Y) = H (Rd))

and the estimate
£l < CIFl
holds.

The precise definition of (—A)2 is given in Section 2. As an immediate

1
consequence we have by setting A = (—A)?2.

Corollary 1. Letd>3 and 0 <r < %. Suppose that f € D’ (Rd) is such that
g=(-A)"2feX, (R?). Then

NgeZ, (Rd)
and
T
[A"gll; < Cllgllg,
where the constant C' is independent of g.

Remark 1. The proof for r = 1 relies on potential theory and uses some fine
properties of equilibrium measures (see [8]). As far as we know, the case of
r# 0 and r # 1 is still open (see e.g. [4]).

The motivation of investigating Z, lies in investigating the partial differential
equations. Especially, when it comes to partial differential equations with non-
constant coefficients, such spaces arise naturally. Another motivation is in
potential analysis. Let MT (Rd) be the class of positive Borel measures on R?,
finite on compact sets and p € M (Rd). The inequality

[ e duta) < C VA ey b CF (R

is called the trace inequality (see [3], [7]). It is by now well known that in-
equalities of this type become extremely important in various areas of analysis
including harmonic analysis and partial differential equations since it is closely
connected with spectral properties of Schrodinger operators (see, e.g., [1], [3],
[9]) and lead to deep applications in partial differential equations (see, e.g.,
[7]), in studying eigenvalues of Schrodinger operators [11] and in the theory of
Sobolev spaces [5], [6].
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2. The function space Z,(R%)
In what follows Ff denotes the Fourier transform of a function f in the

Schwartz class S (Rd) defined by

FfE = | fl@e “dz, ¢eR?
Rd
and F~! the inverse Fourier transform
FH©) = @m)~ Fr(=¢).
Sometimes F f will be denoted by ]?

Definition 1. For 0 < r < %, we define the homogeneous Sobolev space
0 (R?) as the closure of S (R?) for the norm
_d o
11l = 2w [ Fo)|| -

We then have the following dense embeddings
S[®RY) cH (RY) c & (RY).

Recall that H " (Rd) is a Hilbert space with inner product

oy = [ 1€ Foae)as

Moreover, the scalar product in L? (Rd) allows one to identify i (Rd) to the
dual space of Iid (Rd) : using the Plancherel formula
f@)g(a)ds = 2m)~" | F(&)g(e)de,
Rd Rd
we get that
B (R = {fes (BY) 30205 €5 ®): {f.0) < Cllall, }

and
= ges gl

Finally, we quote the following well-known Sobolev inequalities: for r € [0, %[
and % = % — %, there exists a constant C. > 0 such that for all p € S (Rd) ,

lellr < Crllell ;-

We now check that the product between a distribution in H " (Rd) and a
distribution in H - (Rd) is well defined as distribution in &’ (Rd).
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Lemma 1 ([4]). Let 0 <7 < . Then there exists a constant C, > 0 such that,
for all o, and w in S (Rd), we have

[ elarw@m@is < Clielyr 1o, ([i61# 3], + 1811..)

A direct consequence of Lemma 1 is the following result [4].
Corollary 2. Let 0 < r < g. Then the pointwise product (f,g) — fg can be
extended as a bounded bilinear map from HT (Rd) X Hﬁr (Rd) to S’ (Rd).

It is well-known that for s > 0, u € i (Rd) if and only if u can be repre-
sented in the form

u=(-A)"%y,
where g € L? (R?). Here the operator I, = (—A)
(~A)72 f = Ko+ f,

where K is the function with the Fourier transform |£| . The operator I f =
K, f is called the Riesz potential of order s > 0. For properties of Riesz kernel
see e.g. [12].

% admits the representation

Example 1. Due to the well-known Hardy inequality (see e.g. [10], p. 92)
2

<—

L2 d - 2

u

|.’L'| ||quL2 )

-2 7 o 7 d
we see that [z]" e M(H (R*) = H (R%)).

1
Proof. Indeed, since the functions of class C§° (R?) are dense in H (R?) in

the norm H.HHT(Rd)’ suppose u,v € C5° (R?). Then by virtue of the Cauchy-

Schwarz inequality we obtain

(o0}

Ji=7]

u v

<4Vl gz [IVoll 2

|| L2 || L2

and thus

2
= sup H|:c| uH

M(HTHH”) weD a "

= sup ‘<|$|_2u,v>‘ <4 < 0.
u,veD

Additionally, we have the following inclusion:

Lemma 2. Let 0 <r < %. Then the following embedding

(2.1) L# (RY) € M (HT (®Y) i (Rd))
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and
(2.2) L+ (RY) C X, (RY)
hold.

Proof. We shall prove only (2.1); (2.2) is proved similarly. Let f € L3r (Rd).
By using the following well-known Sobolev embedding:

L*(RY) cH (RY
with g = g + r, we have by Hélder’ s inequality

Ifgll = < CllfglliLa < CUFI, 2 Mlgllzo

L2r
<CIfl, g ol (B (RY) c 27 (R)),
where = = % — %. Then, it follows that
W iy = swp gy < CIfIL 2 -
ME SHTT) ) < Ler
This proves (2.1). O

The spaces M(HT(Rd) — H_T(Rd)) for the range r € [0,2[ were in-
troduced by Maz’ya and his co-workers [5], [6], [7] in order to study reg-
ularity problems for non-linear estimates in PDEs. For instance, the space

1 -1
M(H (RY) — H (R%)) has been considered as the space of potentials V such
1 1
that the Schrodinger operator —A + V' is bounded from H (Rd) to H (Rd)
[9]. Recently, Maz’ya and Verbitsky established a necessary and sufficient con-

ditions for the boundedness of the relativistic Schrédinger operator (fA)% +V

.1 -1
is bounded from H” (R?) to H ’ (R?) [8]. Further result can be found in [4]
and references therein.

3. Auxiliary estimates

In this section, we always assume that d > 3. Now, we give another equiv-
.8
alent norm on H (R?). Their proofs can be found in Strichartz [15] (see also

[13]).

Lemma 3. Let u € S (Rd) and let 0 < s < 1. Then the following two state-
ments are equivalent:

i) ue H (RY).

(i) dsu(z) = C(d,s) (/}Rd Jute + yC)H—QSu(xﬂ dy) < +o0.

N

|yl
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We can also define the fractional derivative operators
s u(z) —u
(3.1) O R R
R [z —y|

for 0 < s < 2.
Another equivalence we need is:

Lemma 4. Let 0 < s < 2. Then, for all f € H*(R%) N L*(RY), if we set

{f]Rd \f(m+y)+|1;(|§:2ys)72f(z)\2 dy} forl<s <2,

dsf(x) = [t~ f@) 5 2
{f]Rd %dy} for0<s< 1.

-

we have
”f“HS(]R'i) ~ HdsfHLZ(Rd)-
Proof. Indeed, by the Fubini theorem and the Plancherel theorem,

I | grey = (/R (/R [z +y) - ﬁyﬁgy f — )P dy) dw) 12
([ ([ g s 02 ) )
(L] et g
- ([ ([t w) Frora) "

Now observe that the function

|(exp(—i€ - y) — 1|* dy

¢ I

Rd
is radial and that the integral defining this function converges. Therefore, by
the homogeneity, we have

/Rd |(exp(—i - y) — 1| dy = C(d, s)|€| 7.

e

Consequently,

1/2
Id. s = VE@ ([ 16170 de)
i 1P =

We conclude this section by showing that one may write the singular integral
in (3.1) as a weighted second order differential quotient.



r

CHARACTERIZATION OF THE MULTIPLIERS FROM H TO H 921

Lemma 5. Let 0 < s < 2 and let (—A)g be the fractional Laplacian operator
defined by (3.1). Then, for any u € S (RY),

B2 A ul) —elds) [ |962—ug(/:|03+t ey

dy.

Proof. The equivalence of the definitions in (3.1) and (3.2) immediately follows
by the standard changing variable formula. Indeed, by choosing z = y — x, we
have

(—A)? u(z) = ¢(d, s)/]R uly) = ulw) ZJ(:E) dy = c(d, s) /Rd wd&

<y — = ||
Moreover, by substituting ¢ = —z in last term of the above equality, we have
u(z +x) —u(x u(r —t) —u(x
[ et [ ot s,
Re 2| Re It]

and so after relabeling ¢ as z

p [ Mets) v, [ i ui,

|Z|d+s |Z|d+s

u(r — z) — u(x)
+ /Rd —|z|d+s dz

B u(z 4+ ) — 2u(z) + u(z — 2) ;
_ /Rd i dz.

Hence
R e

Remark 2. The above representation is useful to remove the singularity of the
integral at the origin. Indeed, for any smooth function u, a second order Taylor
expansion yields
2
Jule 4 2) — 2u(2) +ue — )| _ ||D*u]],
|Z|d+s — |Z|d+572 ?

which is integrable near 0 (for any fixed 0 < s < 2). Therefore, since u €
S (R%), one can get (3.2).

Our main goal in this paper is to extend the Maz’ya-Verbitsky result to a
more general case. Namely, we want to give a much more direct and simplified
proof on the result due to Lemarié and Gala [4] on the characterization of the

multipliers from H " (Rd) to H - (Rd) without use of paradifferential calculus
(see [4, Theorem 3, p. 1053]).
We introduce the Hardy-Littlewood maximal operator M defined by

Mf(z)= sup R /B Wl

0<R<o0
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It is known (see e.g. [14]) that the operator M is bounded on L? (R?) for all
1<p<oo.
To prove Theorem 1, we make use of:

Lemma 6 ([2]). Suppose A € (0,1), 0 <r < d and I.f be the Riesz potential
of order r with a non-negative density f. Then for almost all x € R?

(Inxf) (@) < CLf) @] (M) @),
where M is the Hardy-Littlewood maximal operator.
Before we continue, we make note of:
Lemma 7. For any a > 0 and 8 > 0, we have
(3.3) (datt) (&) < C(d, ) [Tpda (~=2)*" u] (2)
for allu e D (Rd).

Proof. The result is due to [6], but we give here a detailed proof for the readers’
convenience. Suppose u € D (Rd) such that

u=(-0)"2 f=Is7.
In view of the identity
u(z + 2h) — 2u(z + h) + u(z) = [u(z + 2h) —u(z)] — 2 [u(z + h) — u(z)],

one has

dou(o)® = e(dsa) | [u(o + 2h) —é'@;(jg; P +u@)

/ (el +2h) = u(@)) — 2 (ulz + ) —u@)

|h|d+20¢

= c(d,

u(e +20) —u(@) / [(ule + h) - u<w>>|2dh>

|h|d+20¢ |h|d+20z

e + 1) @D [ fe ) ()
< T )

1
2

|h|d”“ s f(x+h) = Ipf ()] dh)

We can write

B=1Isf(x+h)—Isf(x)
= (Kg*f)(x+h)— (Kgxf)(x

= [ Kalwrn—0 50 - /Kﬂx— F(Q)dc.
R4
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Now, by setting ( = ' + h, it follows that
B= [ Kale— )¢+ 0~ [ Kato- ) r@ac
= [ K@= OLf(c-+h) - FOIL.
Then, we have

dou(z) = c(d, @) 7| |2 dh ’
u(z) = c(d, o
Rd |h|d+20‘

= ¢(d, a) (/Rd

d¢| dh
< c¢(d, @) (/}Rd < RdKﬁ(iEC)‘%

1
2 2
d() dh) .
By Minkowski’s integral inequality, it follows that

h) 3
) < eld.0) [ (IKﬁ o [ M IO0, ) i

= ¢(d, ) /Rd Kg(z - () < . /(¢ Th@:mf(o' dh) d¢

— (d ) /R Ky (0= Q) (daf) (Q)dC

The proof is complete. (I

Kp (- ()

Rd

FC+h) = f(o]

Dkas

v[®

= c(d, @)Igdy (—A)

4. Proof of Theorem 1

Proof. Let F be in X, (Rd) and f = (— )2 F. Assume that every function
takes real value u € D (Rd)

| ) s(@yto

By duality, we have

[ @) (-8)% Fa)do
R4

where F € L?

loc

[ w)? (-a)% Flayis).
R4

/]Rd ((_A)% (“(w))Q) F(x)dx|,

(R?) and the integral on the right-hand side is well defined.
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Firstly suppose that 0 < r < 2. Recall that for u € D (]Rd),

u(z +29)? - 2u(@ +)* + u(@)?
d+r

(—A)% (u(@))? = C (dr) / dy.

R |z —yl
In view of the identity
u(z + 2y)? — 2u(x + y)* + u(z)?
= 2u(x)(u(z + 2y) — 2u(z +y) + u(z))
+2(u(z +y) — u(z))(u(z 4 2y) — 2u(z +y) + u(z))
+ (u(z +y) — u(@))® + (u(z + 2y) — u(z +y))*,

one has

w(x +y) — 2u(z) +u(z —y)
d+r

dy
R? |z =yl
(u(z +y) —u(@))(u(x + 2y) — 2u(z +y) + u(z))
d+r

R¢ |z —yl

+Cd,r) /}Rd (u(z +2y) — u(x F;y))mzﬂ(du(x) —u(z —y)) dy

for any u € D (Rd). By virtue of the Holder inequality, we have

dy

L/(M$+w—u@ﬁww+ﬂw—2ww+w+U@»
R¢ |z —y| ™"

u(z —u(z))? : u(zr + 2y) — 2u(x u(z))?
. (/Rdu +9) u(z) dy) (/Rdu +2y) = 2u(z +y) + (@)

lz —yl lz —y

(u(z + ) —u(@)?  \*
< (/Rd |$_y|d+T dy)

(u(e +29) —ule )2, \* (ule + 1) — u(2))?
X[<4d |z — y| ™ @> +<Ad |z —y| T W

<C K

dzu(z)

)

where
1

{&dmuﬂﬁmwfwfmwwdy}fﬂw1<(y<2

|z —y|+2e

dou(z) = . .
{fRd %dy}Z for0<a<1.

dy

)

:

1
2

W=

|
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Hence,

[ Matn-nin) ey,
R¢ |z —y| ™"

gc{ééﬂgijggL@+zwwn

|z —

)

= 20 |u(x)| ‘(—A)% u(x)‘ +Cldzu())’.

Using the preceding inequality, we estimate

[ (8% @)?) Floyis

R4

(-8, +¢ [ 1F@)
]Rd

(8], +¢ [ 1F@)
]Rd

< CIFlx, iy +C [ 1P

< C|Ful . dzu(z)|” dz

d%u(x)fdx

SCNF, Nl

d%u(:n)’2 dx.

We set g = (fA)g u, that is, u = I,.g. By virtue to Lemma 7, the last integral

is bounded by:
[ 1F@)
Rd

Using Hedberg’ s inequality (Lemma 6):

I%dglgg(x)f dx.

Isv(@)| < C(Mv)* (2) (Lv)* (),

we obtain
2
(4.1) /Rd |F(x)| |[I5ds 15 g(x)|” dx

< C/ |F(z)| M (dz15g) (x) |Irdglgg(z)| dx
R
< C|[M (dsTz9)| . | (Irdg T39) - Fl s

The boundedness of M in L? (R?) implies that the left-hand side of (4.1) is
dominated by

< ClldgIsgll 2 1Ny, [12-dsT59] 5
< Clglz= 1F
= CIFll g Iullfyr -

When r = 2, then we just use

(—A)2(u?) = (~A)(u?)
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= 2ulAu—2 5” _8u i
o N axj '
Jj=1

The treatment of the first term is identical to the case when 0 < r < 2. As
for the second term, we use the interpolation inequality and argue as we did in
Lemma 6.

Let us finish the proof of the case when r > 2. We let m = [r/2] > 1, where
[[] denotes the step function. Then for any u,v € D (Rd), one has

()72 (uv)
e(d,) /Rd w(z + y)v(z +y) — 2u(z)v(z) + u(z — y)v(z —y) dy

[y|dHr—2m
~ cldrete) [ MDD ),
+ed,r) /Rd u( +y)(v(z +y) - v(lf/?;ii(j —y)@) —v@—y)
~cldrete) [ MDD ),
+ o(d, r)u(z) /Rd vz +y) |;|i7i(f)2:; v =y,
+e(d,r) /Rd (u(z —y) — ]Ly(ﬁ)j(fgi) —v@—y) 4

ola) [ )= Ol 4) ol

[y|d+tr—2m
Consequently, we have
(= A)727 (uv)| < Clu(=A) /2] + [o(= D)2 ] 4+ dy oyt - dy ).
Hence
(—A)2(?)] < |(~A)72 " (WA™ )| + |(—A)/2Mother terms (1)]
< Ju(=A)"?u| + other terms (2).
Here “the other terms” is a linear combination of
dr/g,m[aau]dr/g,m[aﬁu],

where «a, 8 are multiindices such that || + |3] = 2m. The treatment of
|u(—A)"/?u| is the same as the case when 0 < 7 < 2 and the control of other
terms can be achieved similarly by using Lemmas 6 and 7. This completes the
proof of Theorem 1. O

As a corollary of Theorem 1, we want to study coercivity property of the
Poisson equation

(4.2) —Au = f,
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on R%, d > 3 where f be a complex-valued distribution from Zi (Rd).

Corollary 3. Let f € D' (R?) and let u be a solution of (4.2) such that Vu €
X1 (RY). Then f € Z; (RY).

Proof. Indeed, by virtue of the integration by parts and the Schwarz inequality,
we obtain for all v,w € D (R?),

[(fv,w)| = [{f,pw)| = [{div Vu,vw)]
= |(Vu, wVT) 4+ (Vu,7Vw)|
< @Vl g2 [[VOll g2 + [Vl g2 [Vl 12
<2 Vull IVl 2 VW]

and thus
= su v|l. -1 = su v,w)| < 2||Vul, .
16112, = sup ol = sup [(Fv.u)| <2 Vul,
The proof of the Corollary 3 is thus complete. O
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