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A CERTAIN SUBCLASS OF JANOWSKI TYPE FUNCTIONS
ASSOCIATED WITH k-SYMMETRIC POINTS

OHSANG KWON AND YOUNGJAE SIM

ABSTRACT. We introduce a subclass Sék)(A7 B) (-1 < B< AL
of functions which are analytic in the open unit disk and close-to-convex
with respect to k-symmetric points. We give some coefficient inequalities,
integral representations and invariance properties of functions belonging
to this class.

1. Introduction

Let A denote the class of functions which are analytic in the open unit disk
U and normalized by f(0) = 0 and f/(0) = 1. Also let S denote the subclass
of A consisting of all functions which are univalent in U.

Let f(z) and F(z) be analytic in U. Then we say that the function f(z) is
subordinate to F(z) in U, if there exists an analytic function w(z) in U such
that |w(z)] < 1 and f(z) = F(w(z)), denote by f < F or f(z) < F(z). If
F(z) is univalent in U, then the subordination is equivalent to f(0) = F(0) and
f(U) Cc F(U).

Now, we denote by S*(A, B) and C(A4, B) the subclasses of A as follows:

2f'(z) 1+ Az
) 1+Bz’Z€U}

(1) S*(A,B){fEA:

and

@) ¢4.5)= {f € A:dg € §*(A, B) such that 2f'(2) =< 1+ A4z U} )

g(2) 1182~

respectively. For A =1 — 2« and B = —1 in (1) and (2), we can obtain the
classes S*(1 — 2a, —1) = §*(a) and C(1 — 2, —1) = C(«), consisting of func-
tions which are starlike of order a and close-to-convex of order «, respectively.
Especially, we can obtain the classes $*(1,—1) = §* and C(1,—1) = C which
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are the classes of starlike functions and close-to-convex functions, respectively,
for A=1and B=—-1.

Sakaguchi [6] once introduced a classes S of functions starlike with respect
to symmetric points, it consists of functions f(z) € S satisfying

21'(2) }

3 Re { ———F—— ;>0 (2 €0).

? (i) >0 eV

Following him, many authors discussed this class and its subclasses (see [4],
[5], [7], [8], [10], [11], [12] and [13]). In the present paper, we introduced the

following class of analytic functions with respect to k-symmetric points, and
obtain some interesting results.

Definition. Let S{* (A, B) denote the class of functions in S satisfying the

inequality
zf'(2) zf'(2)
@ e e

where —1 < A < B <1,k > 1is a fixed positive integer and fi(z) is defined
by the following equality

—1‘<’A—B ‘ (z € 1),

k—1
(5) file) = 3 S et (Et),
pn=0

where € = exp(2Z%) with k € Z.

By the definition of fi(z), we can easily obtain the expansion of fi(z). That
is, if f(z) =2+ >, 5anz", then

fu(z) =2+ Z ox(n)ayz",
n=2

I,n=Ilk+1
where o, (n) = Om £ lbt1

f2(2) = 5(f(2) = f(=2)).

Now the following identities follow directly from the above definition [3]:

(I € Ng). And we note that fi(z) = f(z) and

(6) fu(e"z) = " fi(2),
k—1

7) fLleh2) = fulz) = 3 3 F(e42)
pn=0

Remark 1.1. Using the definition of the subordination, we can easily obtain that
the equivalent condition of belonging to the class S (A,B)(-1<B<A<1)
is

zf'(z) 14 Az
fe(z) 14+ Bz

(z € U).
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It is easy to know that 852)(1, —1)=8* and Sgl)(l, —1)=8*, s0 S (A, B)
has a meaning as the generalization of S} and &*, respectively.

In this paper, we will discuss the coefficient inequalities, integral repre-
sentations and some invariance properties of functions belonging to the class
SM(A,B).

2. Coefficient inequalities
Theorem 2.1. Let f(z) € Sé(,k)(A,B). Then fr(z) € S*(A,B) C S.

Proof. For f(z) € SsP (A, B), we can obtain fok_((z)) =< iigz Substituting z by
etz respectively (u=0,1,2,...,k — 1), then

(8) ghzf(etz) 14 Aetz 14 Az

fr(erz) 14+ Betz 14 Bz

According to the definition of fj(z) and & = exp(2*), we know e # fi(e''z) =
fx(2). Then the equation (8) becomes

) zf'(etz) y 1+ Az
fr (Z) 1+ Bz
Let n=0,1,2,...,k—1in (9) respectively, and sum them we can get

(z €U).

(z € U).

sz zf E”z 1 + Az
10 U).
(10) )k Z o “irm €U
That is, fx(z) € S*(4,B) C S. O
Putting A = 1,B = —1 and & = 2 in Theorem 2.1, we can obtain the

following corollary.

Corollary 2.2. Let f(z) € S¥, defined as (3). Then the odd function (f(z)—
f(=2)) is a starlike function.

Remark 2.3. Let f(z) € S (A, B). Then f(z) is a close-to-convex function.

We need the following lemma to give the coeflicient estimate of functions in
the class S (A, B).

Lemma 2.4. Let f(z) = 2+ Y 0 5 a,2", g(z) = 2+ Y .0, b2™ and satisfy
the inequality

/ /
9(2) 9(2)
where —1 < B < A< 1. Then for n > 2, we have
n—1
(11) nay — bal” < 201+ [ABI) > jlay]lb;]-

j=1
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Proof. Let f(z) and g(z) satisfy the inequality

(12)

L0 |<}o-s58] e

Then (12) is equivalent to

zf'(z) 1+ Az
g(2) 1+ Bz

By the definition of subordination, there exists a Schwarz function w(z) which
satisfies w(0) = 0, |w(z)| < |#| and

z2f'(z) 1+ Aw(z)

9z) 1+ Bu(s)

(z € )

9(2) = 2f'(z) = (Bzf'(2) — Ag(2))w(z) (2 € U).
Now if w(z) =Y. | ¢,2", then

(13) Z(b" —nap)z" = ((B —A)z+ Z(Bnan — Abn)z”> (Z cnz”> )

n=2 n=2

Comparing the coefficient of z™ in (13), we have
(14)
b, — nay,

= (B — A)Cn_l + (23@2 — Abg)cn_g + -4 ((n — 1)Ban_1 — Abn_l)cl.
Thus the coefficient combination on the right-hand side of (14) depends only

on the coefficients combination Ba; — Aby,...,(n — 1)Ba,_1 — Ab,_1 on the
left-hand side. Hence, for n > 2, we can write

n [e%s} n—1
(15) (bj —jaj)2? + Y d;z = [ Y (iBa; — Abj)27 | w(2),
=2 j=n+1 j=1

with a; = b; = 1. Squaring the modulus of the both sides of (15) and integrat-
ing along |z| = r < 1, and using the fact that |w(z)| < 1, we obtain

n oo n—1
Do 1by = a4 Y |di P < Y |jBay — b
j=2 j=n+1 Jj=1

Letting » — 1 on the left-hand side of this inequality, we obtain

n n—1
> Iby —jag)* < |jBaj — Abs[*.
=2 j=1
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This implies that

n—1
|nan - bn|2 < Z (ljBaj - Abj|2 - |bj _jaj|2)

<Z 2= 1)7%a;” + (A% = 1)1bj* + 2 (1 + | AB])|a;Ib;1)
n—1
<2(1+|ABI) ) _ jlagllbl,
j=1
since —1 < B < A < 1, hence the proof of Lemma 2.4 is complete. Il

Applying the above Lemma 2.4, we give the following theorem about to the
coefficient estimate of functions in S (A, B).

Theorem 2.5. Let f(z) € S (A, B). Then we have
(i) Forn=1k+1 (I € Ny),

-1
(16) (n—1)%an|* <21+ |AB|) > (jk + 1)lajei |
7=0

(ii) Forn #1lk+1 (I € Ny),

—1
[*%

(17) n?lan|* <201+ [AB[) Y (K + Dlaji1l?,
§=0

where [”Tfl] denotes the biggest integer among the integers smaller than an

Proof. We note that z f'(z) and fi(z) satisty the condition of Lemma 2.4. And,
at the same time, by the definition of f(z) we have

fe(z) =2+ Z or(n)anz"

Using Lemma 2.4, let n = [k + 1 in (11), we can get (16). And if n # Ik + 1,
from (11), we can get (17). O

Next, we give that sufficient condition for functions belonging to the class
(k)
Ss (A, B).

Theorem 2.6. Let f(z) =z+ > 5 anz™ be analytic in U. If for =1 < B <
A <1, we have

S (14 Blnlan] + 30+ (A - BY1k + 1)lassa] < A— B.
n=2,n#lk+1 =1
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Then f(z) € S (A, B).

Proof. At first, we note that fi(z) = 2z + Y .-, ok(n)a,z™ for f(z) = z +
>0 5 anz™. For the proof of Theorem 2.6, it suffices to show that the values
for zf’/ fi. satisfy

<1.

‘ 2f'(2) = fu(2)
Afi(z) — Bzf'(z)

And we have

2f'(z) — fu(2)
Afi(z) — Bzf'(z)

R, » AT
(A—=B)z+> " 5(Aok(n) — Bn)a,z"

< 2 nea(n — ok(n))lan|z[" "

= (A= B) = 3,2, [Aok(n) — Bnllan||2|"!

< 2 nea(n — ok(n))lan|

T (A= B) =3,y [Aok(n) — Bnllan|

This last expression is bounded above by 1 if

S (0= ow(m)lan] < (A= B) = 3 [Aon(n) - Brllaul,

which is equivalent to
(18) > (n = ox(n) + |Aok(n) — Bnl)|an| < A - B.

n=2

2f'(2) = fr(2)
Afe(z)—Bzf'(z)

Hence ‘ < 1, and Theorem 2.6 is proved. O

Corollary 2.7. For k =2,A=1—2a and B = —1 in Theorem 2.6, we can
obtain the result in [1].

3. Integral representations and invariance properties

We give the integral representation of functions in the class s™ (A, B) and
investigate the invariance properties of the following operators:

Fe) =" [

and
HE) =0 =XNz+ Af(2),
where m € N and 0 < A < 1. And we introduce some lemmas we need.
Lemma 3.1 ([6]). Let N(z) be regular and D(z) starlike in U and N(0) =
D(0) =0. Then for -1 < B < A<1,
N'(z) { 14 Az
D'(z) 14+ Bz
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implies that

N(z) 14 Az
D(z) 1+ Bz
Lemma 3.2 ([2]). If g(z) € S*(A, B), then
G(z) = E ! / tm=lg(t)dt € S*(A, B).
z 0

In Theorems 3.3 and 3.4, we give the integral representations of functions in
SM (A, B).
Theorem 3.3. Let f(z) € sk (A, B). Then we have

-1

k en¢ w
(19) fk(z)%exp{(AB)%Z/o ﬁdg}’

=0
where fr(z) is defined by equality (5), w(z) is analytic in U and w(0) =
0, lw(z)| < 1.

Proof. Let f(z) € Sgk) (A, B), from the definition of the subordination, we have
z2f'(2) 1+ Aw(z)

fr(2) 14 Bw(z)’
where w(z) is analytic in U and w(0) = 0, |w(z)| < 1. Substituting z by ez
respectively (1 =0,1,2,...,k — 1), we have

z2f'(etz) 14 Aw(ez)
e~k fr(etz) 1+ Buw(erz)
for £ =0,1,2,...,k — 1, and z € U. Using the equality (6) and (7), sum (21)
we can obtain

(20)

(21)

zfi(z) 1 ke Aw(etz)
fr(z) Kk = 1+ Bw(etz)’
and equivalently,
, k—1 u
fe(z) =z k = 2(14 Bw(etz))"
Integrating equality (22), we have
fu(z) / w(e" Q)
1 = —————d
R ¢(1 4 Bw(er()) ¢

o w(¢)
= B)k:Z/o (At Bu() ™
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Therefore, arrange the above equality for fx(z), we can obtain

fe(z) =z eXp{A B)= Z/ mdg},

and so the proof of Theorem 3.3 is complete. O

Theorem 3.4. Let f(z) € S (A, B). Then we have

£(2) :/O exp{ (A-B) %Z/E“Cmdt} . (%) dc,

where w(z) is analytic in U, w(0) =0 and |w(z)| < 1.

Proof. Let f(z) € S (A, B), from equalities (19) and (20) we have
A
£(2) = fu(2) (1 + w(zi)
1

1+ Bu(z
_exp{A BiZ/ mdg}.(%).

Integrating the above equality, we can obtain

A ol A0 R QY S U]
f@)z;“p{m’l”kggz; K1+Bw@»ﬁ} <1+Bw@0dg

O

Next, we investigate two invariance properties for the functions in S §’“> (A, B).

Theorem 3.5. If f(z) € Sk (A, B), then so does

(23) F(z) = mZ: ! / e

0

form=1,2 ...

Proof. By using the equation (23), we have

e L

and
2F'(2) m 2™ f(2)
F(z) Jo T f(t)dt




Hence

(24)
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2F'(2) (m (O ) F(2)
Jotmrf(t)dt ) Fi(2)
2™ f(z) —m foz tm=Lf(t)dt
Jo =t f (Bt
_NG)
D(z)

151

Since fi € S*(A, B), by Lemma 3.2, we note that Fy(z) € S*(A, B). Differen-
tiating (24), we have

N'(z) zf'(2) - 1+ Az

D'(z)  fu(z) 1+ Bz

By Lemma 3.1, we conclude that

N(z) 14 Az
D(z) 1+ Bz

Hence we have F(z) € S (A, B).

O

Theorem 3.6. If f(2) € S{) (A, B) and fr(z) = (1= Nz +Af(2), 0< A< 1,

then

(i) for B =0, fa(z) € SV(4,0).
(ii) for |2| < Lsin(Em), B >0, fi(z) € S (4, B).
(iii) for 2| < Lsin(z25T), B <0, fr(2) € (4, B).

Proof. Since f(z) € S (A, B),

Put

Then fir(z) = (1 — ANz + Afi(2) and 2f{(2) = (1 — A)z+ Azf'(z). Hence

z2f'(2) - 1+ Az
fr(z) 1+ Bz’

1 k—1
Pr(z) = D et fa(ea).
pn=0

_ z zf'(2)
=) - NEm A5G

P 0= Ngeg +A

Since fr € S*(A, B),

(25)

thi(s2) | [(HE2)F . B#£0,
sfu(tz) exp(A(s —t)z),B=0.
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Put s =1 and ¢ = 0 into (25), then we can obtain

fi(z) , [(1+B2)5 B+,
z exp(Az), B = 0.

(26)

For the case B = 0, it suffices to show that

1— X))+ + A2LE)
( )fk(z) fkz) 4 < A

(T= N2 + A

(27)

Since 2 <1 4 Az, fe2) < exp(Az), there exists a

2f' () _ 1’ < A. Since &

fr(2) fr(2) 2
Schwarz function we which satisfies w2(0) = 0 and |wz| < 1 in U such that
z
fkT() = exp(Awz(2)).
Hence
_ z zf'(2) 2f'(z) _
-Nrm FA%E || T 1
(1_)\)sz(2) +A (1_)\)sz(2) +A
AN
<

[(1 = A) exp(—Awz(2)) + Al
Using the fact that |ws(2)| < 1 in U, we can obtain

[(1 = A) exp(—Awa(2)) + A| > A,
by simple calculations. And this implies that

2f'(2)
<1+ Az
Sak(2)
in U. For the case B # 0, we need to show that
z 2f'(2) z 2f'(2)
1-Nrm A% N S NO RIS O
(28) _ 1l<|A-B .
(1-— A)—fk(z) + A (1- )\)—fk(z) +A
And (28) is equivalent to
2f'(2) ‘ ‘ 1 z 2f'(2)
—1|<|(A-B)(~ -1 +A-B .
() S e 7u(2)

: 2f'(2) , 1+A
Since fk—(z) < 1+Bz’

1) 27()
foe) 1’ < ’A‘B f) |

e (f—()) e (A - Biﬁ’(@)‘ <

We note that

(29)

R
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implies that

(30)

2f'(2) } (1 ) z 2f'(z)
A-B </{(A-B){=-1|——+4+A-B
-5 <|a-m(5-1) 75 i)
Hence it suffices to show that (29) holds. Since ZJZ:—((ZZ)) =< }Igz,
Zf'(z)) ‘ ,
arg (A— B < arcsin(|B|r).
o (4- 85 )| < sz

and

(31)

B

arg(fk@))’ -

arg <fkiz)) ‘ < A-B arcsin(Br).

Hence, by (30), (31) and the hypotheses of Theorem 3.6, we can easily show

that
z Zf’(2)> ‘
arg | —— | —arg | A— B
(7)) (4255
z zf'(z)
< larg | —— —|—arg(A—B )‘
(fk(z))‘ fi(2)
: A— :
< arcsin(|B]|r) + arcsin(Br)
< T
2
and this completes the proof of Theorem 3.6. O
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