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Delay—dependent Robust H. Control of Uncertain Linear Systems with Time—varying
Delays and Randomly Occurring Disturbances
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Abstract — This paper proposes a new condition about delay-dependent robust He control of uncertain linear systems
with time-varying delay and randomly occurring disturbances. The norm bounded uncertainties are subjected to the
system matrices. Based on Lyapunov stability theory, a sufficient condition for designing a controller gain such that the
closed-loop systems are asymptotically stable with He disturbance level ~ is formulated in terms of linear matrix

inequalities (LMIs). Finally, two numerical examples are included to show the effectiveness of the presented method.
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1. Introduction

Time-delays are encountered in various systems such
as physical and chemical systems, process control
systems, networked control systems, and so on. Stability
for time-delay systems has been attracted by many
researchers during the last decades because time-delays
can lead to oscillation, poor performance and instability of
the systems [1-8].

There are two cases for stability criteria of linear
systems with time-delay; namely, delay-dependent ones
and delay-independent ones. Delay-dependent stability
conditions have been paid much attention than
delay-independent ones in recent years. In case of
delay-dependent criteria, the information on lengths of
time-delays is utilized. So, delay-dependent criteria are
less restrictive than delay-independent ones. In addition,
much efforts have been made to enlarge upper bounds of
time-delays as large as possible or enlarge the feasibility
region of stability criteria for guaranteeing asymptotic
stability of time-delay systems. The key lemma in
deriving delay-dependent criteria is Jensen Inequality [5]
which provides an upper bound of the negative-definite
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integral terms. Recently, in [2], upper bounds of double
integral terms was obtained by proposing the idea of
reciprocally convex optimization for time-delay systems.

It should be noted that many real systems have
nonlinear dynamics. Also there exist unknown parameters
in systems because the exact values of system
parameters cannot be known. But sometimes, the
nonlinear models can be approximated by linear systems
with some uncertainties. In that case, robust stability
means that system is stable despite model mismatch.
That is, the systems having unknown parameters demand
establishment of the robust conditions that can guarantee
the stability. This topic issued dominantly in the control
community during the last two decades [3, 6, 12-17]. To
handle the topic, in this paper, unknown matrices in
system parameters are assumed to be of Lebesgue
measurable elements.

The theory of He control was presented by Zames [9]
firstly. Since then, a great number of papers about this
topic have been reported [3, 14-19]. The H. control
technique has been used to minimize the effects of the
external disturbances. It is the objective of He control to
design the controllers such that the closed-loop system is
internally stable and its He—norm of the transfer function
between the controlled output and the disturbances will
not exceed a given level ~.

On the other hand, complex networks model was
handled by wusing the concept of randomly occurring
nonlinearities in [11]. In addition, in [12], the concept of
randomly occurring uncertainties was introduced. In many
practical systems, external disturbances occur randomly.
Therefore, it is worth to investigate the problem of He
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control design for the time-delay system with randomly
adding the
information for disturbances. However, unfortunately, this

occurring disturbances by probabilistic
problem has not been tackled in any other literature.

Motivated by the above discussions, in this paper, the
problem of an He control of uncertain linear systems
with  time-varying delay and randomly occurring
disturbances will be investigated for the first time. Based
on Lyapunov theory, a sufficient condition for designing a
controller gain such that the closed-loop systems are
asymptotically He. stable with disturbance level is
formulated in terms of LMIs. Finally, two numerical
examples have been given to show the effectiveness of
the presented criterion.

Notations: R" denotes the n-dimensional Euclidean
space, R"*™ is the set of nxXm real matrices. diag{---}
denotes the block diagonal matrix. Z, is the space of
square integrable functions on [0,00). For two symmetric
matrices 4 and B, A>(>)B means that A—B is (semi-)
positive definite. A7 denotes the transpose of A. If the
context allows it, the dimensions of these matrices are
often omitted. E{z} and E{zly} will, respectively, mean
the expectation of z and the expectation of z condition
on y. X, ER™ " means that the elements of the matrix
Xy includes the value of f(t); eg., X=X -,

Pr{ -} means the occurrence probability of the event ” - ".
2. Problem Statements

Consider the following linear system with time-varying
delay:

2(t) = (A+A4)z(t) + (4, + A4, ())x(t —h(t))
+B,w(t)+ Bu(t), 1
2(t) = Ce(t),

where z(t)ER" is the state vector, u(t)ER™ is the vector
of controlled input, z(t)ER™ is the vector of controlled
output, w(t)ER" is the disturbance input which belongs
to L[0,c0). ASR"", A, ER"*", B,ER"*", BER™*" and

C=ER™ ™ are known real constant matrices which
describe the nominal system of (1). AA(+), AA4,(«) are
real matrix functions representing time-varying parameter
uncertainties satisfying

[AA( ), A4,( )] = DF(¢)[E,, E}], (2
where FT(t)F(t) < I.

Also, h(t) is a time-delay satisfying time-varying
continuous function as follows:

0<h(t)<hy, ht)<h,, 3)
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where h,, is a positive scalar and h, is any constant
one.

It is assumed that disturbances occur randomly. Let us
define p(t) as a stochastic variable representing the

occurring  disturbances  which satisfy a  Bernoulli
distribution as following:
(t) = {1, if disturbances are maximum, (4)
P 0,if disturbances are decreased by d>x<100%,

where d is a decreasing rate of disturbances satisfying
0<d<1. Also, p(t) satisfies the following condition

Pr{p(t) =1}=E{p(t)}=p, , )

where 0<p, <1 is a known constant scalar reflecting
the occurrence probability of maximum disturbances.

Let us consider the following time-delay system with
randomly occurring disturbances given by

z(t)=(A+ DF(t)E)x(t)+ (A, + DF(t)E,)z(t —h(t))

a

+(p(t)+(1—p(t))d) B w(t)+ Bu(t), (6)
)

w

We are interested in designing a memoryless state
feedback controller

u(t)= Kzx(t), (7)

where K€R™*" is a constant matrix.

The system (6), comparing with the system (1), has
the term of p(t). That is information of probabilistic
which is occurrence of maximum disturbances. For
considering  the randomly occurring  disturbances,
throughout this paper, we handle the system (6).

The purpose of this paper is to develop a
delay—dependent robust H. condition satisfying following

conditions:

(i) With zero disturbance, the closed loop system (6)
with control input «(t) is asymptotically stable.

(i) With zero condition and a given constant v>0, the
following condition holds:

J:E{/UoozT(s)z(s)*'ysz(s)w(s)ds}é 0 (8)

. sup ”Z(t)”z
“E = owe Ljo.eo) Tw ()]

=7

2

Then, the controller w(t) is said to be the Ho
stabilization controller with the disturbance attenuation +.
The parameter ~ is called the Heo—norm bound of the
controller. In deriving a main result, we use the following
definitions.



Lemma 1. (Jensen's inequality) [5] For any constant
matrix 0<M=M"ER""",
z: (0,7} >R"such that the integrations in the following are
well defined, then

= T
< ( / (:'xT(s)ds)TM( / U”’xT(s)ds).

bounds

scalar >0, vector function

Lemma 2. (Lower theorem) [2] Let
Jisforsfy: RM—R" have positive values in an open subset
D of R™. Then, the reciprocally convex combination of f,

over D satisfies

Zf +max2glj

9ij t;#]

min
{a\a >OZ(1_I}Z f

subject to

{gw (R"MRg, (t) :g1_].(t)7 [gfv (ét)) ?}j(it)):| > O}.

Lemma 3. [19] Given matrices Q=Q7,H,E and

R=RT>0 of appropriate dimensions,
Q+HFE+E"FTH" <0

for all F satisfying FTF<R if and only if there exists
some \>0 such that

Q+NHH"+ X\ 'ETRE<O.

3. Main Results

In this section, we will present an He stability
criteria for system (6). For the sake of simplicity on
matrix representation, notations of several matrices are
defined as:

27() w' (1)),

@) =[27@#) T (t—h(t)) 27 (t—h,,)

=[70000]",e,=[07000]7,
=1[00700]7,e, =[00070]7,
=[000077,

XQ X=U,, XQ,X= U, XkRX= U, XMX= U,,

= —e T_ T T T
2 =e, Ue; —e;Uje; e, Xey +e,Xe,
- _ T_(1_ T
=, =e,Uyeg (1 hd)ez Uyey
7
= =ple el elr_ezT U, 4, €1T_62T
=, = e; —
M 4 T
3 /€4 V34 27"_637" vl o, 52_65’
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54[/7(”] :oz(e1 +e4)((AX+BY)elT+A XezT—Xef-

+(p(t)+(1—p(t))d) B, Xel)

w

a(el (AX+BY)" +e, XAd
+(p(t) + (1 —p(t))d)e, XB)(e! +€4)

= :a2(e -ﬁ-e,_l)DDT(e1 +e4),

L =e, 0T —egel,

) =S TS T E S e TS5,

A= (61XE;T+ €2XE:lT>' 9)

[1]

1

Then, the main result of this paper is as follows:
Theorem 1. 0<p, <1,
h,, >0,

For given scalars ~>0,

hy, and «>0, there exists a

0<d<1,
state-feedback controller (7) such that the system (6) is
asymptotically stable with Ho. disturbance attenuation
level ~ for any time-varying delay h(t) satisfying (3) if
positive definite matrices X, U, Uy, U; and

satisfying the following LMIs hold:

there exist

any matrix Y,U,

b (10)
Ul Uy~
'E[ﬂo] A

s <0.
[A, / ]} an
Moreover, if the above conditions are feasible, a

desired controller gain matrix is given by A= ¥YX !

Proof. For positive definite matrices P, @, @, and R,

let us consider the following Lyapunov-Krasovskii

functional candidate:
Waz,) =V, (z,)+ Vy(z,)+ V;(z,), (12)

where

W) =a" 02+ [ 6 Qal)is
h‘,‘/t ]H/ u)duds.

The infinitesimal operator Z[13] of W(z,) defined as

o’ (s) Qyu(s)ds,

IV(z,) = lim%{E{ W,y o)l }— Vi) ) (13)
A—0"

Then, from (12) and (13), we get

LW(z,) =LV, (z,)+ LV, (z,)+ LV, (x,), (14)
where
z2l He Hof 681
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2 7(t) Pe(t) + 27 () Qa (t)
—2"(t—h,)Qz(t—h,,),
() Q(t)

—(1=h()z"(t—

R2a(t)Re(t) —hy,

LVl(xt):2

LVQ(%):
h(t)) @ (t—h(t)),

C 2T(s) Ris)ds.

t—hy,

LV;(xt):

An upper-bound of LV,(z,) can be

LV, (2,) <27 () Qu(t)

—(1=n)x"(t—h1)) Qu(t—h(t)). (15)

By Lemma 1, an upper-bound of ZLV,(z,) can be

estimated as

LV, (z,) < Bt )Ri( )

ol S o
1= P\ h t—h(t
1 f h(t), T t—h(t),
+7( (s ds) %/ x(s ds)
¢ t—hyy t—hy

= B2 () Ri(t)

T RO T_ T
e; —e 1— e; —e
—chu)[ i i] ¢ L 2}4@), (16)
e, —e; 0 Rlle —e
hy,,—h(t)
where ¢:Mh7.
M

From Lemma 2, if the inequality for any matrix M
holds

[ﬁg%km, a7

then, we obtain

YO
1—¢(t) {1§ﬁﬂ
0 1—¢(t) J M"R
o(t)
| ¢@)
Vet " =0 (18)
0 1=9@) |
o(t)
which implies
L _» oo
1f¢;(t) oL | 19)
@)

Then, an upper bound of (16) can be written as
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LV (z,) < KT (6) Ri(t)
elT—ez R M 2
—ﬂﬂgﬂﬂbﬂﬂL_gdw (20)

Note that when h(t)=0 or h(t)=nh,,
¢"(t)e,—ey)) =0 or ¢ (t)(e,—e;) =0,
relation (20) still holds.

Let us define B, as follows:

we have

respectively.  So

B, = By T B (21)
where
By, = (A+BK)e] + Ajef —Ief

+(p(t) + 1= p(t))d) B ey,
B, =DF(t)(Eel + Eje]).

Since the equality B, ¢(t)=0 with the system (6)

satisfies, the following equality holds for any matrix 2

2" (t)(e, +e,) ZB, ;) ¢(t) =0, (22)

From the equalities (14) - (22), we obtain a

delay-dependent stability condition for the system (6) as
follows:

IV(z,) < (T (#){D, + @, + D, +D, 1, }(t) (23)

where

_ T
D =e Qe —
_ T
D, =e,Ghe; —

e;Qel +e Pel +e Pel,
(1—hy)e,Qel,

T T
{ R ]Lq el —e,
MT R |e] —e!

= (e, +e,)ZB.1, )+ (e, +e,) ZB. )"

T_T
€1 6

&, =hie, Rel —
3 M4 L1y LQT eg‘

)

L.l
By utilizing Lemma 3 from (23), we get

IWz,) =) (Mo, +8, +8,)
(B

+X (e, +e,)ZDDTZ (] +eT)
+(e, BT+ e, BN (e, ET+ e, ENT]¢(t) <0. (24)

o) 2 ey e + (e, +e,) 2B )}

Also, APXQ; AQyARAM and MZ replacing P, @, @y, R M
and Z to (17) and (24), we obtain respectively

?ﬁ 1>0, (25)
M'R

@



Vz,) < @) [{@,+ 8, + @, }
+{( el+e4) +(el+e4)_Zle[ﬂ(t)])}
+ (e, +e4)ZDDTZT(e +e])
+(e E; +€2ET) ek +€2ET) ]C (26)
where
QT 5 —egaleg-‘rel;’ez-i—q;’er,
@T: a (l—hd)ezazeg7
T T
—_ .2 5 €1 T6& R M 61 6
D,= h31‘34R‘34T_ LZT_G:T} ]V[Tﬁﬂ eQT—e:,T
Assume that Z=aP, we have
Vz,) < @) [{@,+ 8, + @, }
+a{( ]’(el+e4) +(e,1'+e4)Plelp(t)J)}
+a? (e, -"-e,ﬂi)PDDIP(e1 -'re,f)
+(e, B +e, B]) e, ET+e,B])T]¢(t) <0, 27
where « is positive scalar.
To obtain the control gain, let us define X=/~""! and

KX=Y. Then, pre and post multiplying to (25) and (27),
respectively, by diag{X, X} and diag{X, X, X, X, X} lead to

[ % (]4] >0, (28)
A
CWIE + 5+ 5+ 5,4 + 5 +447)(t) <0. (29)

Since Wz,)l,_, =0 and Wz,)|,_, =0 under the zero

initial condition, we obtain from (8) as follows:

J= E{/szT( — T d,s}
:E{/sz — P (s)wls) + LV, )ds }
fE{ / Ova(z )ds}
:E{/:“ P (shuls) + LV, d s}
HE{V(z,)},

*WQwT(s)w(s) + LV(IS )ds
< E{ G +A/1T)((t)ds}.

With  the (28),  E{CT(t)(5, ) +447)¢() <0
implies that J<0 for all t>0. Futhermore, by condition
4), E{CT(t)(E[ﬂ(‘)]+/1/1T)§(t)}<0 is equivalent to

|

(30)

inequality

¢H(D(5,)+ 447 )¢(t) <o. (31)

o
o
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By Schur complement, the inequality (31) is equivalent

to the following condition:

[“[V;J (32)

A
|<o
—1

SN

Therefore, the inequality (32) is sufficient condition
guaranteeing E{CT(t)(E[p(,)]+AAT)((t)}<0. As a result, if
the LMIs (28) and (32)
llz()ll, <Allkw@)ll, for all nonzero w(t)EL,[0,00).
(28) and (32) are equivalent to (10) and (11), this proof is
|

are satisfied, we have

Since the

completed.

Remark 1. The proposed disturbance model
(p(t)+(1—p(t))d)B,w(t) presented in (6) is more practical
than B,w(t) since it is assumed that w(t) occurred with
stochastic properties. This idea has not been proposed in

any other literature, which motivates this research.
4. Numerical Examples

In this section, we provide two numerical examples to
show the effectiveness of the proposed criterion.

Example 1. Consider the physical plant system which
is the satellite system [20] shown in Figure 1. The
satellite system consists of two ridged bodies joined by a
flexible link which is modeled as a spring with torque
constant & and viscous damping f.

0 C 6, C

28 1 MAIAY | et

Fig. 1 Schematic diagram of satellite system

Denote that 6, and 6,

bodies (the main body and the instrumentation module).

are yaw angles for the two
u(t) is the control torque, and J, and ., are moments of
inertia of the two bodies. The dynamic equations are

given by

Jé'() F(0,(6) = 0,(6)) +k(6, (t) — 0, () =u(t),
0,(1) + (6, (t) —0,(1)) + k(6 (t) =0, () =0.

(33)
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The above equations are represented a state-space as

follows:
00 1 0 0
v 1o o o0 1 0
ret)=|_) By z(t)+ | ult), (34)
k —k f —f 0
where

I'=diag{1,1,.J, .4},

x(t)= [5"1 Ty Ty 934]T: [01 0, él éz]T~

Considering the time-delay, uncertain and disturbances,
we assumed that the satellite system is

@(t) = (A+DF(t)E )z (t) + (A, + DF(t) E))x (t — h(t))
+(p@)+1—p(t)d) B, w(t)+ Bu(t), (35)
2(t) = Qu(t),

where

0 0 0 0
0 0 0 0
—0.1k 0.1k —0.1f f0.1 |’
0.1k —0.1k 0.1f —0.1f

,B,=05"",C=1[1100],

o= O O

0 0

1|0 _10 o1
D=I""E, = 0.01 B = 0.01 B=1T

0 0
Also, the disturbances are defined as follows:

w(t)= [wf‘(t),w}(t),QO]T, (36)

where

w (t) = 0.8(sin (2710¢) +1), 5 <t <8,
1 0, otherwise,
w (t):{sin(QﬂOt)JrL 6<t<9,
2 0, otherwise.

Also, p(t) is Bernoulli distributed sequence defined by

(f):{l,if disturbances are maximum,
P 0,1if disturbances are decresed by 0.4 < 100%.

and f=0.0004 (the

values of k& and f are chosen within their respective

We choose J =1,J,=1,k=0.3

ranges).
By applying Theorem 1, the controller gain K that
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minimize value of v when h,,=1, h, =0.5 with various p,
are listed in Table 1.

E 100 ©2 Mo 0|5 K, A, 22|12 a

Table 1 Controller gain &, ~,;, and « with different p,.

Case o K Ymin e

—8.7398 |7

2.4163
1 0.1 “5 3175 0.75 0.68

—15.8547

—8.4847 17

2.4455
2 0.5 s o1 3.73 0.70

—15.1300

—8.2409 |7

2.4644
3 0.9 “ 51965 6.70 0.72

—14.4460

Despite the same size of disturbances for each case,
Table 1 shows that the A, performance becomes worse
as the occurrence probability of maximum disturbance
increases.

For example, by comparing the results of Cases 1 and
2, when p, is increased from 0.1 to 0.9, ~,;, is increased
from 0.75 to 6.70. These results can be explained by
decrease in the feasible region of asymptotically stability
with llz(t)ll, <Alkw(®)ll, for all nonzero w(t)EL,[0,00).

Moreover, Figure 2 shows that the closed-loop system
is asymptotically stable with A, disturbance attenuation

level v for any time-varying delay h(t) satisfying (3).

Simulations in Figure 2 show the state responses in
each case. As p, increase, disturbances have more

influence on the state responses.

Example 2. Consider the system (6) with

A= [_0272.9]”4(1 - {:1701]’3: m
B, = [%5 0?5] 0= (10},
D=IE = [0(')1] VB, = {0(.)1] (37)

and h,,=1.5, h; =0.7.

Moreover, the disturbances are defined as follows:

w(t) = lw] t),w] @), (38)
where
_ 1 4<t<T,
w (t)= {0, otherwise,
(1) = {Sin(27r10t)+1, 5<t<8,
Wy 0, otherwise.



—— X,((Case1)
....... X,(t)(Case2) fi
.......... X, (t)(Case3)

(a) Responses of z,(t) for each case

—— X,(t)(Case?)
—mmen Xy(t)(Case2)
.......... X,(t)(Cased)

n & n 1= °n o5

T
—— X;(t)(Case?)

—imemes Xy(t(Case2)

| | X,(t)(Case1)
_ ‘L - J‘ e X,(t)(Case2) I
‘ [ — X,(t)(Case3)

(e) Disturbances for each case

a7 2 = 19 ztzto| Atgof| w2 M A|ARIS AlEE|0|M
Fig. 2 Simulations of satellite system for each case in
Table 1
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Also, p(t) is considered with d=0.2.

By applying Theorem 1, minimum value of ~ and
controller gain K for system (6) when p, is 0.1, 0.5 and
0.9 are listed in Table 2.

E: 2 poll @2 Mol Ol K, v, 2212 a.
Table 2 Controller gain &K, ~,;, and « with different p,.

Case 2 K Vmin a
1 0.1 [—0.7800 — 1.7459 0.283 0.34
2 05 [—0.7846 — 1.7531] 1.414 0.34
3 0.9 [—0.7842 — 1.7525] 2.545 0.34

Table 2 shows results about effect of p, which
increases minimum of A disturbance attenuation level ~.
For example, we get ~,;, =0283 for p,=01 and
Vmin = 2-545 for p, =0.9.

Following figures show the linear system responses for
each case in Table 2.

From Figure 3, we can see that the state responses for
each case in Table 2. Furthermore, trajectories of
disturbances show that maximum disturbances more
frequently occur as p, increase. Thus, we can see that
the state responses for Case 3 with p,=0.9 are more
worse then Case 1 with p,=0.1. As a result, effects of
disturbances on the state responses is affected by the

occurrence probability of maximum disturbances, p,.

5. Conclusions

In this paper, the delay-dependent and probability
dependent robust Hoo control for the uncertain linear
systems with time-varying delay and randomly occurring
disturbances has been addressed. Lyapunov-Krasovskii
functional was structured to establish the stability
criterion for the systems. We considered that the
unknown matrices in uncertain systems are measured by
Lebesgue elements which exist on current and delayed
states. Also, randomly occurring disturbances have been
considered that occurrence probability satisfies a Bernoulli
distribution.  The  double

Lyapunov-Krasovskii functional was handled using by

integral terms of the

reciprocally convex concept in [2]. Finally, based on LMI,
feedback

controllers have been addressed and numerical examples

designing linear memoryless state robust

have been given to show the effectiveness of the

presented criterion.
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P i,_ [ p— X‘(t)(CaseU
....... X, (t)(Case2)
T T T T T ><1(t)(Case3) il

(a) Responses of z,(t) for each case

[ [ X,(t)(Case1)
|| X,(t)(Case2) [
........... X,(t)(Case3d) [|

(b) Responses of z,(t) for each case

7777777 H o — w‘(i)(caset) Il

(c) Disturbances for each case in Table 2
a7 3 ® 29 ztzto|l MEES s AlZ:0lM

Fig. 3 Simulations for each case in Table 2
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