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OPTIMISTIC LIMITS OF THE COLORED JONES
POLYNOMIALS

JINSEOK CHO AND JUN MURAKAMI

ABSTRACT. We show that the optimistic limits of the colored Jones poly-
nomials of the hyperbolic knots coincide with the optimistic limits of the
Kashaev invariants modulo 472,

1. Introduction
1.1. Preliminaries

Kashaev conjectured the following relation in [5]:

o i log[(L)n|
vol(L) = 27 I\}gnoo —N
where L is a hyperbolic link, vol(L) is the hyperbolic volume of S®—L, and (L) v
is the N-th Kashaev invariant. After, a generalized conjecture was proposed
in [12] that
log (L
i(vol(L) +ics(L)) = 2mi lim log{L)x (

mod 7?),
N —o00

where cs(L) is the Chern-Simons invariant of S — L defined in [7].

The calculation of the actual limit of the Kashaev invariant is very hard,
and only several cases are known. On the other hand, while proposing the
conjecture, Kashaev used a formal approximation to predict the actual limit.
His formal approximation was formulated as optimistic limit by H. Murakami
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in [9]. This method can be summarized in the following way. First, we fix an
expression of (L), then apply the following formal substitution

m e { o (1) + )}

™

_ N (.. _ 2
(¢ )k~ exp {27” (le(q ) — 6) }7
N
g*' ~ exp {27” (log " -logql)} 7

to the expression, where ¢ = exp(27i/N), Lis(z) = — fo Wdt for z € C,

[k] is the residue of an integer k modulo N, (¢) = HL]:1(1 —q") and (q)o = 1.
Then by substituting each ¢* with a complex variable z, we obtain a potential
function exp {TILF( 2y )} Finally, let

oF
Fo(...yz,...):=F — gZ (Zaz) log 2z
oF

and evaluate Fy for an appropriate solution of the equations {exp (zg) = 1}.
Then the resulting complex number is called the optimistic limit.

For example, the optimistic limit of the Kashaev invariant of the 55 knot
was calculated in [5] and [13] as follows. By the formal substitution,

G = 3 L v

-1
<l (@™

N . 1 w2
~ exp {27” <2L12(ql) — ng(q—k) —logq'log¢* + 2) } .

By substituting z = ¢' and u = ¢*, we obtain

1 2
F(z,u) = —2Lis(z) — Lis(—) — log zlog u + ﬂ-—,

u 2
and
oF oF
Fo(z,u) = F(z,u) — (28z> logz — <u8u> log u.
For the choice of a solution (zg,u¢) = (0.3376--- — ¢0.5623--- ,0.1226-- - +

10.7449 - - ) of the equations {exp (28—5) =1, exp (ug—i) = 1}, the optimistic
limit becomes

Fo(z0,up) = i (2.8281--- —3.0241 - --) = i(vol(52) 4 i cs(52)) (mod 72).

As seen above, the optimistic limit depends on the expression and the choice
of the solution, so it is not well-defined. However, Yokota made a very useful
way to determine the optimistic limit of a hyperbolic knot K in [17] and [18]
by defining a potential function V(z1,...,z4) of the knot diagram, which also
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comes from the formal substitution of certain expression of the Kashaev in-
variant (K)n (the definition of V(z1,...,2,) will be given in Section 3.1). As
above, he also defined

g
ov
Vo(z1,..0,29) =V — Z (ch?zk> log z,

k=1
and

ov
Hy = {exp(zkaZk)zl | k::l,...,g}.

After proving that #; is the hyperbolicity equation of Yokota triangulation, he
chose the geometric solution z(®) = (250), ce zéo)) of H (Yokota triangulation
will be discussed in Section 2.1. The hyperbolicity equation consists of edge
relations and the cusp conditions of a triangulation, and the geometric solution
is the one which gives the hyperbolic structure of the triangulation. Details are
in Section 4). Then he proved

(2) Vo(z?) = i(vol(K) +ics(K)) (mod 72)
in [18]. Therefore, we denote

10g<K>N — %(Z(O))

274 o-lim
N—oo

and call it the optimistic limit of the Kashaev invariant (K) .

To obtain (2), Yokota assumed several assumptions on the knot diagram
and the existence of an essential solution of ;. The assumptions on the
diagram essentially reduce redundant crossings of the diagram before finding
the potential function V. Exact statements are Assumption 1.1-1.4. and
Assumption 2.2. in [18]. We remark that these assumptions are needed so
that, after the collapsing process, Yokota triangulation becomes a topological
triangulation of the knot complement S® — K (see Section 3.1 for details).

As mentioned before, the set of equations H; becomes the hyperbolicity
equation of Yokota triangulation. Therefore, each solution z = (21, ..., z4) of
‘H1 determines the shape parameters of the ideal tetrahedra of the triangulation
and the parameters are expressed by the ratios of zi,...,z, (details are in
Section 4). We call a solution z of H; essential if no shape parameters are
in {0,1,00}, which implies no edges of the triangulation are homotopically
nontrivial. A well-known fact is that if the hyperbolicity equation has an
essential solution, then there is a unique geometric solution z(®) of H; (for
details, see [16, Section 2.8]). Therefore, to guarantee the existence of the
geometric solution, Yokota assumed the existence of an essential solution.

On the other hand, it is proved in [11] that
27
JL(N;eXp W) = <L>N,
where Jp(N;z) is the N-th colored Jones polynomial of the link L with a

complex variable x. Therefore, it is natural to define the optimistic limit of
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the colored Jones polynomial so that it gives the volume and the Chern-Simons
invariant. Although it looks trivial, due to the ambiguity of the optimistic limit,
only few results are known. It was numerically confirmed for few examples in
[12], actually proved only for the volume part of two bridge links in [13] and
for the Chern-Simons part of twist knots in [2]. In a nutshell, the purpose of
this paper is to propose a general method to define the optimistic limit of the
colored Jones polynomial of a hyperbolic knot K and to prove the following
relation:

log(K log Ji (INV; 2mi
(3) 2 ootim 12BN _ o iy 108 T (Vs exp ) (mod 472).
N—o0 N—o00 N
1.2. Main result
For a hyperbolic knot K, we define a potential function W(wy, ..., wy,,) of a

knot diagram in Section 3.2, which also comes from the formal substitution of
certain expression of the colored Jones polynomial Jy,(N;exp %) We define

- oW
Wolwi,...,wy) =W — w;—— | logw
0( 1 ) lzzl( lf)w;) g Wy

Ho = {exp(wlavv> =1 l:l,...,m}.
8'11}1

Also, we discuss Thurston triangulation of the knot complement S® — K in
Section 2.2, which was introduced in [14].

and

Proposition 1.1. For a hyperbolic knot K with a fixed diagram, we assume
the diagram satisfies Assumption 1.1.—1.4. and Assumption 2.2. in [18].
For the potential function W(ws, ..., wy) of the diagram, Ho becomes the hy-
perbolicity equation of Thurston triangulation.

Proof of Proposition 1.1 will be given in Section 4.

Each solution w = (w1, ..., w,,) of Hy determines the shape parameters of
the ideal tetrahedra of Thurston triangulation and the parameters are expressed
by the ratios of wq,...,w,, (details are in Section 4). We call a solution w

of Hy essential if no shape parameters are in {0,1,00}. Comparing Yokota
triangulation and Thurston triangulation, we obtain the following lemma.

Lemma 1.2. For a hyperbolic knot K with a fized diagram and the assumptions
of Proposition 1.1, an essential solution z = (z1,...,z4) of H1 determines the
unique solution w = (wy,...,wy) of Ha, and vice versa. Furthermore, if the
determined solution w is essential, then w also induces z, and vice versa.

Proof of Lemma 1.2 will be given in Section 5. Although there is a possibility
that an essential solution z of H; determines a non-essential solution w of Ho,
we expect this not to happen in almost all cases (this is discussed in Appendix
A.2). In this paper, we only consider the case when the determined solution w
is essential.
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Theorem 1.3. For a hyperbolic knot K with o fixed diagram, assume the
assumptions of Proposition 1.1. Let V(z1,...,24) and W(wn,...,wy,) be the
potential functions of the knot diagram. Also assume the hyperbolicity equation

Hiy has an essential solution z = (z1,...,2,) and let 20 = (z%o)7 e ,zgo)) be
the geometric solution of Hi. From Lemma 1.2, let w = (w1,...,wy) and
w0 = (wgo), .. .,wﬁ,?)) be the corresponding solutions of Ho determined by z

and by 20| respectively. We also assume w and w'® are essential. Then
(1) Vo(z) = Wo(w) (mod 47?2),
(2) w(® is the geometric solution of Ho and

Wo(w®) = i(vol(K) +ics(K)) (mod 72).

The proof is in Section 5. We denote

27

log Jg (IV; =T
271 o-lim 08 Jic(N; exp N) :

_ ©)
N—o0 N WO (W )

and call it the optimistic limit of the colored Jones polynomial Jx (N;exp %)

With this definition, Theorem 1.3 implies (3). Also, we obtain the colored
Jones polynomial version of [1, Corollary 1.4] as follows.

Corollary 1.4. For a hyperbolic knot K with a fized diagram, assume the
assumptions of Proposition 1.1. Let w be an essential solution of Ha, w(® be
the geometric solution of Ha, and py : m1 (S — K) — PSL(2,C) be the parabolic
representation induced by w. Also, assume the corresponding solutions z and
20 of Hy determined by w and by w'©, respectively, from Lemma 1.2 are
essential. Then

Wo(w) = i (vol(pw) +ics(pw)) (mod 72),

where vol(pw) + i cs(pw) is the complex volume of pyw defined in [19]. Further-
more, the following inequality holds:

(4) Im Wo(w) < Im Wo(w(®) = vol(K).
The equality in (4) holds if and only if w = w(®).

Proof. Tt is a well-known fact that the hyperbolic volume is the maximal volume
of all possible PSL(2, C) representations and that the maximum happens if and
only if the representation is discrete and faithful (for the proof and details, see
4)).

From the proof of Lemma 1.2, if w and z are essential, then the shapes of
each (collapsed) octahedra in Figure 2 and Figure 10 of Yokota and Thurston
triangulations coincide. Therefore, these triangulations form the same geo-
metric shape, and the parabolic representation py coincides with p, up to
conjugate, where py, and p, are the parabolic representations induced by w
and by z, respectively. This also implies that z(©) is the geometric solution of
Hi.
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Yokota proved
Vo(2©) = i (vol(K) + i cs(K)) (mod 72)

in [18] using Zickert’s formula of [19], but the formula also holds for any para-
bolic representation p, induced by z. Therefore, Yokota’s proof also implies

Vo(z) = i (vol(pg) + ics(py)) (mod 72).

Among the essential solutions z of H;, only the geometric solution z(®)
induces the discrete faithful representation. Therefore, applying Theorem 1.3,
we complete the proof. O

This paper consists of the following contents. In Section 2, we describe
Yokota triangulation and Thurston triangulation, which correspond to the
Kashaev invariant and the colored Jones polynomial, respectively. We show
that these two triangulations are related by finite steps of 3-2 moves and 4-
5 moves on some crossings. In Section 3, the potential functions V and W
are defined. In Section 4, we explain the geometries of V and W, and prove
Proposition 1.1. In Section 5, we introduce several dilogarithm identities and
complete the proofs of Lemma 1.2 and Theorem 1.3 using these identities. In
Appendix A.1, we show the potential function W defined in Section 3 can be
obtained by the formal substitution of the colored Jones polynomial. Finally,
in Appendix A.2, we investigate the necessary and sufficient condition for an
essential solution of H; (respectively, Hz) to induce the inessential solution of
Ho (respectively, Hy).

2. Two ideal triangulations of the knot complement

In this section, we explain two ideal triangulations of the knot complement.
One is Yokota triangulation corresponding to the Kashaev invariant in [18§]
and the other is Thurston triangulation corresponding to the colored Jones
polynomial in [14]. A good reference of this section is [10], which contains
wonderful pictures.

2.1. Yokota triangulation

Consider a hyperbolic knot K and its diagram D (see Figure 1(a)). We
define sides of D as arcs connecting two adjacent crossing points. For example,
Figure 1(a) has 16 sides.

Now split a side of D open so as to make a (1,1)-tangle diagram and label
crossings with integers (see Figure 1(b)). Yokota assumed several conditions
on this (1,1)-tangle diagram (for the exact statement, see Assumption 1.1.—
1.4. and Assumption 2.2. in [18]). The assumptions roughly mean that we
remove all the crossing points that can be reduced trivially. Also, let the two
open sides be I and J and consider the orientation from J to I. Assume [
and J are in an over-bridge and in an under-bridge, respectively (over-bridge
is a union of sides, following the orientation of the knot diagram, from one
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&

(a) Knot (b) (1,1)-tangle

Ficure 1. Example

over-crossing point to the next under-crossing point. Under-bridge is the one
from one under-crossing point to the next over-crossing point. The boundary
endpoints of I and J are considered over-crossing point and under-crossing
point, respectively. For example, in Figure 1(b), if we follow the diagram from
the below to the top, the first under-bridge containing J ends at the crossing
2, and the first over-bridge starts at the crossing 2 and ends at the crossing 4.
In total, it has 5 over-bridges and 5 under-bridges. Note that if we change the
orientation, the numbers of over-bridges and under-bridges change).

Now extend I and J so that, when following the orientation of the knot
diagram, non-boundary endpoints of I and J become the last under-crossing
point and the first over-crossing point, respectively, as in Figure 1(b). Then we
assume the two non-boundary endpoints of I and J do not coincide, because, if
they coincide, then we cut other side open and make a different tangle diagram.
Yokota proved in [18] that we can always make two non-boundary endpoints
different by cutting certain side open because, if not, then the diagram should
be that of a link or the trefoil knot (for details, see Assumption 1.3. and the
discussion that follows in [18]).

To obtain an ideal triangulation of the knot complement, we place an ideal
octahedron A, B,C,D,E,F, on each crossing n as in Figure 2(a). We call
the edges A, B,, B,C,, C,D,, and D, A, of the octahedron horizontal edges.
Figure 2(b) shows the positions of A,, B,, C,, D, and the horizontal edges.
We twist the octahedron by identifying the edges A,E, to C,E, and B,F,
to D,F, as in Figure 2(a) (the actual shape of the resulting diagram ap-
pears in [10]). Then we glue the faces of the twisted octahedron following
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(a) Octahedron on the crossing n (b) Octahedra on crossings

FIGURE 2. Example (continued)

the knot diagram. For example, in Figure 2(b), we glue AA,E;D; UACE{ D,
to AA3FDs U AASF3By, AC3F3Dy U ACF9Bs to AA3F3Ds U AA3F3Bs,
A03F3D3 @] AC3F3B3 to AA4E4B4 U AC4E4B47 AA4E4D4 U AC4E4D4 to
AC5E5D5 U AA5E5D5, and so on. Finally, we glue ADgFgCg U ABngCg to
AA1E1B; UAC{E{B;. Note that, by gluing likewise, all A,, and C,, are iden-
tified to one point, all B,, and D,, are identified to another point, and all E,,
and F,, are identified to yet another point. Let these points be —oo, co and /,
respectively. Then the regular neighborhoods of —co and co become 3-balls,
whereas that of £ becomes the tubular neighborhood of the knot K.

We split each octahedron A,,B,,C,, D, E, F,, into four tetrahedra, A, B, E,F,,
B,.C,E.F,, C,D,E,F, and D,A,E,F,. Then we collapse faces that lie on
the split sides. For example, in Figure 2(b), we collapse the faces AAE;B; U
AC1E1B1 and ADgFgCg U ABgFgCsg to different points. Note that this face
collapsing makes some edges on these faces into points. Actually, the non-
horizontal edges AsFs, ByF4, DyFy, D7E7, and the horizontal edges BoCo,
A3B3, A;Bj;, AgBg in Figure 2(b) are collapsed to points because of the
face collapsing. This makes the tetrahedra A1B1E.F;, B;C1EF{, C;DE Fy,
DiAE1Fy, AsBoEoFy, BeColEoFy, DaAsEsls, A3zB3Esls, AuByE4Fy,
B4CyEsFy, CyDyE4sFy, DyA4E4F4, AsBsEsFs, AgBgEgFs, CrD7E7F7,
D7A7E7F7, AngEgFg, BgCgEgFg7 CngEgFg and D8A8E8F8 be collapsed to
points or edges.
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FIGURE 3. G with survived tetrahedra

The surviving tetrahedra after the collapsing can be depicted as follows.
First, remove I and J on the tangle diagram and denote the result as G (see
Figure 3). Note that, by removing IUJ, some vertices are removed, two vertices
become trivalent and some sides are glued together. In Figure 3, vertices 1, 4,
8 are removed, 2, 7 become trivalent and G has 9 sides (we consider the sides
at the trivalent vertices are not glued together). Now we remove the horizontal
edges on the removed vertices, the horizontal edges that are adjacent to I U .J
and the horizontal edges in the unbounded region (see Figure 3 for the result).
The surviving horizontal edges mean the surviving ideal tetrahedra after the
collapsing. In the example, 12 tetrahedra survive.

The collapsing identifies the points oo, —oo, and £ to each other and con-
nects the regular neighborhoods of them. Collapsing certain edges of a tetra-
hedron may change the topological type of ¢, but Yokota excluded such cases
by Assumption 1.1.—1.3. on the shape of the knot diagram (Assumption
1.1.-1.2. roughly means the diagram has no redundant crossings and As-
sumption 1.3. means the two non-boundary endpoints of I and J do not
coincide). Therefore, the result of the collapsing makes the neighborhood of
oo = —o0 = £ to be the tubular neighborhood of the knot, and we obtain the
ideal triangulation of the knot complement (see [18] for a complete discussion).

2.2. Thurston triangulation

Thurston triangulation, introduced in [14], uses the same octahedra and the
same collapsing process, so it also induces an ideal triangulation of the knot
complement. However, it uses a different subdivision of each octahedra. In Fig-
ure 2(a), Yokota triangulation subdivides each octahedron into four tetrahedra.
However, Thurston triangulation subdivides it into five tetrahedra, A, B, D, F,,,
B,C,D,F,, A,B,C,D,, A,B,C,E, and A,,C,,D,E,, (see the right-hand side
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of Figure 4(a) for the shape of the subdivision). In this subdivision, if we ap-
ply the collapsing process, then some pair of tetrahedra shares the same four
vertices (see the first case of (Case 2) in the proof of Observation 2.1 for an
example). For the convenience of discussion, when this happens, we remove
these two tetrahedra and call the result Thurston triangulation.

To see the relation between these two triangulations, we define 4-5 mowve of
an octahedron and 3-2 mowve of a hexahedron as in Figure 4.

1
1
1
1
1 C
Pnf¢ 1 Aon Pnf Z2x==3Cn
s N -
1 \S -
., ~ -
: 6 ) "’ \\\
7 ~ .
! 20 ~~.
A 4 A ke
n H Bn n Bn
1
“
D 0
E Ep

(a) 4-5 move

(b) 3-2 move

FIGURE 4. 4-5 and 3-2 moves

Before the collapsing process, two triangulations are related by only 4-5
moves on each crossings. However, the following observation shows they are
actually related by 4-5 moves and also by 3-2 moves on some crossings after
the collapsing.

Observation 2.1. For a hyperbolic knot K with a fized diagram, if the dia-
gram satisfies Assumption 1.1.—1.4. and Assumption 2.2. in [18], then
Yokota triangulation and Thurston triangulation are related by 3-2 moves and
4-5 moves on some crossings.
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Proof. First, for a non-trivalent vertex n of G, we show only one horizontal
edge in Figure 2(a) can be collapsed. If any of two horizontal edges are col-
lapsed, then the (1,1)-tangle diagram should be Figure 5(a) or Figure 5(b) for
some tangle diagrams K; or K5 because the collapsed edges should lie in the
unbounded regions. However, Figure 5(a) is excluded because, if we close up
the open side, then K = K1# K5 and K cannot be prime. We can also exclude
Figure 5(b) because it violates Assumption 1.1. in [18]. Actually, in the later
case, we can reduce the number of crossings as in Figure 5(b).

(a) (b)

FIGURE 5. When two horizontal edges are collapsed

Because of this and Yokota’s Assumptions, all possible cases of collapsing
edges in Figure 2(a) are as follows:

(Case 1) if n is a non-trivalent vertex of G, then none or one of the horizontal
edges is collapsed.

(Case 2) if n is a trivalent vertex of G, then

(1) D,E, is collapsed and none or one of A, B, B, C,, is collapsed,
(2) B,E, is collapsed and none or one of C,D,,, D, A,, is collapsed,
(3) A,F, is collapsed and none or one of B,,C,,, C,D,, is collapsed.

(Case 1) is trivial, so we consider the first case of (Case 2).

If D,E, and A,B, are collapsed, then the survived tetrahedron is
B,C,E,F, in Yokota triangulation, and B,,C,D,F, in Thurston triangula-
tion. They coincide because D,, = E,, by the collapsing of D, E,.

If D,E,, is collapsed and no others are, then the survived tetrahedra are
A,.B,E,F,, and B,C,E,F, in Yokota triangulation, and A,B,D,F,,
B.C,D,F,, A,B,C,,D,, and A, B,,C,E,, in Thurston triangulation. However,
in Thurston triangulation, two tetrahedra A, B,,C,,D,, and A,B, C,E, cancel
each other because they share the same vertices A,,, B,, ,C,, and D,, = E,,. The
others coincide with the tetrahedra in Yokota triangulation because D,, = E,,.

Other cases of (Case 2) are the same as the first case, so the proof is com-
pleted. O
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3. Potential functions

3.1. The case of Kashaev invariant

In the case of Kashaev invariant, Yokota’s potential function V'(z1,...,z2,)
is defined by the following way.

For the graph G, we define contributing sides as sides of G which are not
on the unbounded regions. For example, there are 5 contributing sides and
4 non-contributing sides in Figure 6. We assign complex variables zy,..., 24
to contributing sides and real number 1 to non-contributing sides. Then we
label each ideal tetrahedra with ITy, IT5,...,ITs and assign ¢; (I = 1,...,s)
to the horizontal edge of IT; as the shape parameter. We define ¢; as the
counterclockwise ratio of the complex variables z1, ..., z,.

FIGURE 6. G with contributing sides

For example, in Figure 6,

25 21 23 1 24 21
=, tg= =, tg= =, tg = —, ty = —, tg = —,
! 1 2 1 3 z1 4 z3 g 1 6 zZ4
1 29 24 1 25 23
t7:77 t8:77 t9:77 t10:77 tllzia t1o = —.
21 1 Z29 z4 29 25
For each tetrahedron IT;, we assign dilogarithm function as in Figure 7.
Then we define V(z1,...,24) by the summation of all these dilogarithm func-

tions. We also define the sign o; of I'T] by

_J1 if IT; lies as in Figure 7(a),
9E= Y =1 if IT) lies as in Figure 7(b).

Then V(z1,...,24) is expressed by

V(z1,..2) =Y oy (LiQ(t;”) - 7:) .

=1



OPTIMISTIC LIMITS OF THE COLORED JONES POLYNOMIALS 653

\ — Lis(t;) — W—Q

6
IT;

(a) Positive corner

IT,

(b) Negative corner
FIGURE 7. Assigning dilogarithm functions to each tetrahedra

For example, in Figure 6,

0'1:0'320'620'9:0'11:1, 0'2:0'420'520'7:0'8:(710:0'12:71,
and
. .1 . /%3 . 1
V(Zl, .. .725) = L12(25) - L12(7) + L12(7) — LIQ(Zg) — ng(f)
21 z1 24
.2 ) .1 . 2 .
+ Lig(Z2) — Lig(21) — Lig(—) + Lig(=2) — Lia(24)
Z4 Z9 Z9
2
. /1?5 . /1?5 ™
Lizs(22) — Lis(Z2) + —.
+ 12(22) 12(Z3)+ 3

It is shown in [17] that V(z1,...,z4) can be obtained by the formal substi-
tution of the Kashaev invariant.

3.2. The case of colored Jones polynomial

For each region of G, we choose one bounded region and assign 1 to it. Then
we assign variables wyq, ..., w,, to the remaining bounded regions, and 0 to the
unbounded region (see Figure 8).

For each vertex of G, we assign the following functions according to the type
of the vertex and the horizontal edges. For positive crossings:

! 1 Pr(wj, wy, wy, wy) = —Lis(3-) — ng(;l—’;) + LIQ(J;JS;)
w Wi . ), . ) 2 ), .
" +Lip (=) + Lia (%) — % +log % log 1,
W

1V\/eiremaurk that the Kashaev invariant of a knot K defined in [17] is the one of the mirror
image K defined in [11]. This paper follows the definition of [17].
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FIGURE 8. Assigning variables to each region

wy

Wm W
wy
wy

Wm W
W
wy

Wm W
W

For
wy

Wm W
wj
wy

Wm W
wj
wy

Wm W

D Po(wj, wy, wy, W) =

1 Py(wj, wy, wy, wy) =

: P4(wj7wk7wla wm)

negative crossings:

: Nl(wijkywl:w1n) =

D No(wy, wi, wi, Wy,) =

: N3(wj7 WE, W, wm) =

LiZ(”f;l"f) L12(””)—L1 (‘jﬂ’f]'fu';)
+Lip (%) — Lip(%2) + % — log 2 log 2%,

Lip () + Lia (%) + Lia(5255)

wy W Wi

~Lip () — Lis() — % + log = log %,

—Lig(5) + Lia(3F) — Lig(55x)

wjwy

Wm
w;

—Liz(54) + Lip (%) — log = Jog Y

Lip (- )+L12( ) Lig (221

Wk W,

. ) . . 2 wj w;
_L12(7”1LTT]”) - ng(%) + %& —log ;= log 7,

—Lig() + Lia () + Lia(55)

_L12( w; ) + LIQ(:z) 6 + lOg W lOg wk
*Ll (wm ) _ L12(711‘7/k) _ 1 (“l/uk:yu )
+Lig 2+ )+L12( ]) ——log Lo og L
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1 ¢ Na(wj, wg, wy, wyy) = Liz(3-) —le(j’u—’l“)—i-LlQ(ll“i]vlt;)
w Wi L ws . wn 2 .
m +L12($T1)7L12($—’;) — %Jrlogﬁlog %
wj

If no horizontal edge is collapsed at the positive nor the negative crossing, we
assign any of Py,..., Py or Ni,..., N4 to the crossing, respectively. In Lemma
3.1, we will show this choice does not have any effect on the optimistic limit of
the colored Jones polynomial.

For the endpoints of I and J, we use the same formula disregarding whether
certain horizontal edge is collapsed or not. For the endpoint of I:

: Pl(wj7wjawlawm) = PQ(wjawj7wl;wm)
= L12(171:)7m) — ng(ﬂ)7

wy

: Nl(wjuwkvwlij) - N4(wj7wkvwlij)

= —Lip(%) + Lip(12).

,
wm\ /:Uk s Poy(wy, Wy, ey W) = P3(wy, we, wh, Wy,
AN = Lis(2) - Lin(22),
Soow

s % : N3(wj, wi, wy,wy) = Na(wj, wi, wy, wp)

k
. w . sw;
)/wj\\ = —Lia(3E) + Lia(32).

In Appendix, we show that the assigned functions above are, in fact, obtained
by the formal substitution of certain forms of the R-matrix of the colored Jones
polynomial.

Now we define the potential function W(wy,...,w,,) of the knot diagram
by the summation of all functions assigned to the vertices of G. For example,
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the potential function W(wy,...,ws) of Figure 8 is
1
w = — Lig(—
(w1, ,w4) 12(w3)
1 w1 T 1}
+ { Lig(— ) + Lis(—) — — + log — log —
{ 2( 2) 2(w2) g Tlos~log
2
(5) + {le() + Lip(2) - T +10g110g4}
2 2 w2
. W3 4 3
+ {ng() + Lis(—) — — + log — log }
2 w2 wa
1
+{Lin() - a2
2 w2

We end this section with the invariance of the optimistic limit under the
choice of the four different forms of the potential functions of a crossing.

Lemma 3.1. For the functions Py, ..., Py, N1,..., Ny defined above, let

oP ON
Prg := Pr— Z (waé)wf) log wa, Nyo:=Ny— Z (wa 8wf> log wg.

a=j,k,l,m @ a=j,k,l,m a

Then
P10 = P20 = P3Q = P40, NlO = Ngo = N30 = N40 (mod 47'1'2)7

and for a = j,k,l,m,

“ Owg “ Ow, * Ow, “Owg )’
exp <w 8Nl> = exp <w 8N2> = exp (w 8N3> = exp <w 8N4> .
* Ow, * Ow, “ Owy, “ Ow,

Proof. For a given complex-valued function F(w;, wg, wi, wm ), let

(6) F\(wj,wk,wl, wp) = F+ Z 2ngmilog we + 4nm?
a=j,k,l,m

for some integer constants n;,ny, n;, nm,n. Then by a direct calculation,

ﬁo = FO (mod 471'2)

IF _ oF
exp | wq ow, =exp | w, ow, |

These show F and F' define the same optimistic limit, so we define an equiva-
lence relation ~ by F' ~ F' for F' and F' satisfying (6).
For

P = _Ll2(wfl)_ng(wJ)+ng L) 4 Lia( ™) + Lia(
m k k'Wm J J

and

w; Wy Wk
(—— —)
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2
— T log UM og Lk
6 W .

fi Wy
2
P,=1L L Li Lis(—) — Lig(— —
y = Lia(* l) ia( k) 2( ]wz>+ lz(wj) lz(wk)+ 5
—log—log—7
wy w;

using the well-known identity Liz(z) + Liz(1) =~ —%2 - %1og2(—z) for € Cin
[6], we obtain

WEWm
P—-P=—-L Lis Lis Lisg(————
L= P = —Lia() — Lia(o) 4 Lia (00 4 i)
72 m Wk
L + Lis — 1 log — | log —
() + Lin(2) — T (log 2 4 log 2 ) og 22
2 1 9, W 1 9, WrWm 1 9, Wk
~ — —+ =1 ——)—=1 ——) = =1 -
5 T 5 los( wm) 5 log™( ijl) 5 log™( wj)
+<log m4—log> log %
Wy wj
For any integer n, some integers nq,...,ns and indices a,b € {i,j,k, 1}, we
have
2nmilog Yo _ onmi (logwg — logwy, + 2nymi) = 0,
Wy
1 Wi 1 Wi 2
~log?(— =) = = {log —= + (2ny — )i
5 108%(~2) = 5 fiog 2 4 (20 — 1)}
1 2
:§log2%+(2ng—1)7ri10g%’;—2n2(n2—1)7r2—%
1 ) 2
xflog2%—m'log%—7L
2 wj wj 2
and

1 _Wpw 2
= {log —log b m)}
2 w;wy
1 2
=3 {log - +2n3m}
1 22
= 5 (——) + 2ngmi log — 4+ (2n4 + )i p — 2037w
wm m
~ Dlog? (=)~ ony(ng + 1) o L logh(—2L),
2 Wiy, 2 Wiy,
Therefore, we obtain
1 wy 1. 5, wrwy 1. 5wy
P — Py~ =log?(——) — =1 ———) — =log®” —
! 2 20g( wm) 2og( u)jwl) 20g wj
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+ milog il + log Wrtm log Wk
ws

J wjwy W
1 9, Wy 1 9, WrWm 1 9 Wi
~ -1 ——)—=1 — — —log™ —
20g(wm) 20g(ijl) p Lo o
+log(—wkwm)lo bl
wjiwy W
1 wy 1 W WEW 2
= Zlog?(——) — = < log — — log(— ke
5 1087 () — 5 { o 2 — log(— 22}
1 2 wl ]. 2 'lUl
~ =1 ——)—=1 ——)=0.
3 108%(—20) = S log?(—-) =0
Other equalities P, =~ P3 =~ P, and Ny = N> ~ N3 ~ N, can be obtained by
the same method or by the symmetry of the equations. (I

4. Geometric structures of the triangulations

For Yokota triangulation and Thurston triangulation, we assign complex
variables to each tetrahedra and solve certain equations. Then one of the
solutions gives the complete hyperbolic structure of the knot complement. We
describe these procedures in this section.

First, consider the positive and negative crossings in Figure 9, where z,, 2p,
Zc, 24 are the variables assigned to the sides of G and wj, wg,w;, w,, are the
variables assigned to the regions of G. Note that z,, 2p, 2¢, 24 and wj, wi, Wy, Wy,
are used for defining the potential functions V' (z1,. .., z¢) and W(w1,...,wn),
respectively.

Zd Zc Zd Zc

\UZ wV
Wi \wk wV Wk
w; w;

Zb Za b

z

Zq
FIGURE 9. Assignment of variables

Then consider Figure 10. We assign -, z—z, = z—: to the horizontal edges
C,D,, D,A,, A,B,, B,C,, respectively. This assignment determines the
shape parameters of the tetrahedra of Yokota triangulation. Also, for the pos-

-1 -1
itive crossing, we assign (Z;)—J) Wy Wi (“’l ) to C,,Fpn, DnE,, ApF,,

Y w0 wg? W

B,E,, respectively, and assign (%) to B,D, and A,C,, for the pa-

wy
rameter of the tetrahedron A,B,,C,D,. For the negative crossing, we assign
-1 -1
B (%) , (%) » wk to BuE,, CoFp, DuEy, AuF,, respectively, and

Wy ? w wy

assign (%) to B,D,, and A, C,, for the parameter of the tetrahedron
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A, B, C,D,,. These assignments determine the shape parameters of the tetra-
hedra of Thurston triangulation.

(a) Positive crossing (b) Negative crossing

FIGURE 10. Assignment of shape parameters

We do not assign any shape parameters to the collapsed edges. Also, in the
case of Thurston triangulation, we do not assign any shape parameters to the
edges that contain the endpoints of the collapsed edges. For example, if C,,D,,
is collapsed, then we do not assign any shape parameters to C,F,, D, E,, nor
B.D,. Also, if D,,E, is collapsed in Figure 10(a), then we do not assign any
shape parameters to B,,D,,, B,E,, C,,D,, nor D,A,,.2

Yokota and Thurston triangulations are ideal triangulations, so by assigning
shape parameters, we can determine all the shapes of the hyperbolic ideal
tetrahedra of the triangulations. Note that if we assign a shape parameter
u € C—{0,1} to an edge of an ideal tetrahedron, then other edges are also
parametrized by u,u’ := - and uv” := 1 — 1 as in Figure 11.

So as to get the hyperbolic structure, these shape parameters should satisfy
the edge relations and the cusp conditions. The edge relations mean the prod-
uct of all shape parameters assigned to each edge should be 1, and the cusp
conditions mean the holonomies induced by the longitude and the meridian
should be translations on the cusp. These two conditions can be expressed by
a set of equations of the shape parameters, and we call this set of equations
hyperbolicity equations (for details, see [15, Chapter 4]). We call a solution
(21,...,24) of the hyperbolicity equations of Yokota triangulation essential if
none of the shape parameters of the tetrahedra are one of 0,1,00. We also

2The edges C, D, and D, A, are horizontal edges, but are identified to non-horizontal
edges. When this happens, we do not assign shape parameters to these edges.
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FIGURE 11. Parametrization of a hyperbolic ideal tetrahedron
with shape parameter u

define an essential solution (w1, ..., w.,,) of Thurston triangulation in the same
way. It is a well-known fact that if the hyperbolicity equations have an essen-
tial solution, then they have the unique solution which gives the hyperbolic
structure to the triangulation® (for details, see [16, Section 2.8]). We call this
unique solution the geometric solution, and denote the geometric solution of

0

Yokota triangulation by z(®) = ( .y zéo)) and that of Thurston triangula-

tion by w(® = (w§0), e 711)7(7(1))). We remark that, in Theorem 1.3, we assumed
the existence of the geometric solutions z(®) and w(©).
Yokota proved in [18] that, for the potential function V' defined in Section 3.1,

Hi = {exp (zk %) =1|k=1,... ,g} becomes the hyperbolicity equations
of Yokota triangulation. In other words, each element of H; becomes an edge
relation or a cusp condition for all k = 1,...,g, and all other equations are
trivially induced from the elements of H;.

Proposition 1.1 shows the same holds for the potential function W defined
in Section 3.2 and Hy = {exp (wl%) =1|l=1,... ,m}. We prove this in
this section.

Let A be the set of non-collapsed horizontal edges of Thurston triangulation
of 3 — K. Let B be the set of non-collapsed non-horizontal edges A, E,,, B,E,,
C,E,, D,E,, A,F,, B,F,, C,F,, D,,F,, in Figure 10, which are not in A.%
Finally, let C be the set of edges A, C,,, B,D,, in Figure 10, which are not in
AUB.

For example, in Figure 3, A = { A7B7 = B6C6 = D2A2 = D2F2 = A2B2 =
BoFy = CoFy = A3F3 = B3F3 = D3F3 = DsE;5, DeAg = B5C;5, CsDg =

3Strictly speaking, we have unique values of shape parameters. However, these values
uniquely determine the solutions (z§0), R zéo)) and (wﬁo), e wﬁ,?)). This was explained in
[18] for Yokota triangulation, which will be discussed at the end of this section for Thurston
triangulation.

4Collapsing may identify some horizontal edges to non-horizontal edges. In this case, we
put these identified edges in A.
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CsD5 = C3D3 = D7A7 = A7Er = CrD7 = CrEr = Agly = Gy = BaEp =
{ D3E3 = B7F7 = D7F7 = AgFg = BeFg = DgFs = BsEs = C5E5 = AsE5 =
C3F3, A7F7 = CgFg, DgEg = BsF5 = DsFs5 = AsF5 = A3E3 = B3E; =
C3E3 = C7F7, B7E7 = D2E2 } and C - @

Lemma 4.1. For a hyperbolic knot K with a fized diagram, we assume the as-
sumptions of Proposition 1.1. Then the edges in BUC satisfy the edge relations
trivially by the assigning rule of the shape parameters.

Proof. If an edge A, C,, or B,,D,, of Figure 10 is in C, then the octahedron
A,.B,C,D,E,F, does not have any collapsed edge. By the assigning rule of
the shape parameters, all the edges in C satisfy edge relations trivially.

Now we show the case of B. Consider the following four cases of two points
n1 and ng in Figure 12 and the two regions between the crossings parametrized
by the variables w, and w (for the positions of the points A,,, By, ..., Fn,,
see Figure 2). First, we assume no edges are collapsed in the tetrahedra
A, B, Dy, Fp, and C,,,B,,,D,,Fy,. This means the two regions with w, and
wy in Figure 12 are bounded.

Wy Wp
< -~
ni T2 ni n2
Waq, Weq
(a) (b)
Wy Wp
< -~
ni T2 ni n2
Waq, Weq

(c) (d)

FiGURE 12. Four cases

In the case of Figure 12(a), we want to prove that the edge relation of the
edge A, F,, = C,,,F,, € Bholds trivially. We draw a part of the cusp diagram
in A,,B,, Dy, F,, UC,, By, Dy, Fpy, near Fp,, =F,,, as in Figure 13. Our tetra-
hedra are all ideal, so the triangles Aajasas and Aajagas are Euclidean. Note
that aq,...,as are points in the edges A, Fn, = Cpn,Frn,, Bn,Fny, DnFauy,
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Dy, Fn,, Bn,Fr,, respectively. Furthermore, edges ajas and ajag are identi-
fied to a1as and to gy, respectively.® On the edge A, F,, =C,,F,,, two
shape parameters w, /w, and w,/w, are assigned respectively by the assigning
rule, so the edge relation of A, F,,, = C,,F,,, € B holds trivially.

(%) (6751

aq

o3 Q4
FIGURE 13. Part of the cusp diagram of Figure 12(a)

In the case of Figure 12(c), we want to prove that the edge relation of
A, Fn, € B holds trivially. If ny is a positive crossing, then we draw a
part of the cusp diagram in A, B,, D, F,, UA,,C,, Dy, Ey, near ¥, =E,,,
and if ns is a negative crossing, then we draw a part of the cusp diagram in
A, B, D, F, UA,.B,,C,,E,, near F,,, = E,, as in Figure 14.

Qa2

aq

as

N/

Qg
FIGURE 14. Part of the cusp diagram of Figure 12(c)

Note that if ny is a positive crossing, then «, ..., a4 are points in the edges
Aann1 = Aann27 Bn1 Fnla Dn1Fn1 = Dann27 anEn27 respeCtiVQIYa and if ng
is a negative crossing, then oy, ..., a4 are points in the edges A, F,,, = C,,,E,,,
By, Fny, D Fn, = By, En,, A, E,,, respectively. Furthermore, the edge
s is identified to asay, so the diagram in Figure 14 becomes an annu-
lus. The product of shape parameters around a; = a4 in the annulus is

! "
e (ﬂ) (ﬂ) = —1, and the one around as = a3 is also —1. Therefore, if
b wp wp

we consider the previous annulus on the right of Figure 14, which shares the
edge ajay, then we obtain the edge relation of A, F,,, trivially.

We remark that the previous annulus always exists because, when we follow
the horizontal line in Figure 12(c) backwards, after meeting the under-crossing

5In fact, edges asas and asay are also identified, so the two triangles are cancelled by
each other. This means the corresponding tetrahedra Ay, BniDnyFrny and CnyBryDang Fry
are cancelled by each other.
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point ng, we let the next over-crossing point nz (see Figure 15) (If ng does
not exist, then A, F,, € A but this violates our assumption). Then a part
of the cusp diagram between ny and n3 also forms an annulus, and this is the
previous annulus.’

. ]

A

ni UP)
Wy

n3

FIGURE 15. Previous annulus

The cases of Figure 12(b) and Figure 12(d) are the same as the cases of
Figure 12(a) and Figure 12(c), respectively. Therefore, we find all the edges in
B satisfy the edge relations trivially by the method of parametrizing edges.

Now we assume one of the regions parametrized by w, or w;, in Figure 12
is an unbounded region. Then the cusp diagram in Figure 13 collapses to an
edge asas = asay and the one in Figure 14 collapses to an edge asag = ajay.
Therefore, our arguments for B still hold for the collapsed case.” O

Proof of Proposition 1.1. Consider the function P (w;, wg, w;, Wy, ), which pre-
viously appeared in Section 3.2. By direct calculation, we obtain

/ 1 "
(7) exp (wgapl> = (ijl) (wm) <wk> ;
ow; WEW wj wj
12 / /
(8) exp (wkapl> = (ijl) <wk> <wk> ;
Owy, Wk Wy, wy w;
/ 1 "
(9) exp (wlapl) _ (W) (wm) <wk> 7
owy WE Wy, wy wy
1 li !
(10) exp <wm on ) = (ijl) <wm> <wm> )
ow,, Wi Wy, wy w;

Note that (7), (8), (9) and (10) are the products of shape parameters assigned
to the edges C,D,, D,A,, A,;B, and B,C, of Figure 10(a), respectively.®

6As we have seen in the case of Figure 12(a), the crossing points between ngo and nz do
not have any effect on the part of the cusp diagram because the triangles in Figure 13 are
cancelled by each other. Also, as explained below, the existence of the previous annulus still
holds even if some regions between ns and ns are unbounded.

"What we need is to consider the next annuli on the left and the right side, and do the
same arguments.

8For example, consider equation (7) and Figure 10(a). The shape parameters assigned

wjwg

/ 1" 1"
to the edge C,D, are (w ) , (M) and <M) , which come from the tetrahedra
EWm, w; w;
CnDnAnBn, C,DnBLFy and C,, Dy Ay Ey, respectively.
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Also, after evaluating w; = 0 to P;, we obtain

(11) exp w-apl(wjawkao,wm) _ wim " % ”
J 8wj w; w; ,
(12) exp (wk apl(wj’wkao,wm)> _ U)im (’u}k)/

owy, w; \ Wy
(13)  exp (w, 2AEO0 W)Y ()
m Own, wj ) w;

Note that (11), (12) and (13) are the products of shape parameters assigned to
the edges C,,D,,, D, A,, and B,,C,, of Figure 10(a), respectively, after collapsing
the edge A, B,. Direct calculation shows the same relations hold for P, Pj,
P)47 Nl, NQ, N3 and N4.

Consider the first potential function for the endpoint of I in Section 3.2.
Direct calculation shows

(14)
aPl(wj,wJ,wl,wm B aPl(wJ,wj,wl,O) _(w "
P o 6101 N wg ’
(15)
ox 5‘P1(wj,wj,wl,wm B 8P1(wj,wj,0 W)\ _ (Wn '
P Own, N Ownm, S \wy )
(16)
exp( 8P1(w]7wjawlaw'm ) _ <u}j> (U)l)l _ (wm)// <’LU]> W
Wi, wj Wy wy wi
(17)
"
exp< OP1 (w0, 0, wm ) = ( > <wm> O (),
ow; w; W
(18)

exp (wj apl(wg:ﬁ,wl’())> _ <Zjl>/ _ <Z})J>, Wi (—1),
J 7 l wy
where (14) and (15) are the products of shape parameters assigned to the edges
A, B,, and B,C,, of Figure 10(a), respectively, after collapsing the edge D, E,,
without or with the collapsing of a horizontal edge.
To explain that (16), (17) and (18) are still parts of edge relations, we need
different arguments. First, consider Figure 16.

In Figure 16(a), the product of all shape parameters assigned to the edge
expressed by dots is

(%) (%) (&) (1) -
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] 2

) From Figure 13 (b) From Figure 14

F1GURE 16. Parts of the cusp diagrams from Figure 13 and
Figure 14

and in Figure 16(b), the product is

I "
() ()5
Wy Wy Wy

To see the meaning of (16), consider the following two cases in Figure 17,
where n is the endpoint of I and ns is the previous over-crossing point. Figure
17(a) means the case when there is no crossing point between ny and ng, and
Figure 17(b) means the other case.

w; ni wy N2
(a)
I Wi, Wy wy ‘
w; n gy We We n2

FIGURE 17. Two cases after the endpoint of I

Because n; is the endpoint of I, the edge D,,, E,,, of the octahedron on n; in
Figure 10(a) is collapsed to a point D,, = E,;, and becomes two tetrahedra as
in Figure 18 (if one more horizontal edge is collapsed here, the result becomes
one tetrahedron. This is the cases of equations (17) and (18)).

The part of the cusp diagrams of each case are in Figure 19 (see Figure 9
and Figure 10 for the assigning rule of the shape parameters).
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FIGURE 18. Figure 10(a) after collapsing the edge Dy, Ep,

(a)

<]z

F1GURE 19. The parts of the cusp diagram corresponding to
Figure 17

In the case of Figure 17(a), the product of shape parameters assigned to
!

"
the edges C,,D,, = Dy, A,, of Figure 18 is (‘fu—m) (ﬁ) . These edges are

wy

J
identified to C,,,F,,,, and -2 is assigned to this edge. This explains that (16)

Wm,
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is the product of shape parameters assigned to the edges C,,D,,, = Dy, A, =
Cp,Fo,.
In the case of Figure 17(b), the product of shape parameters assigned to the

" !/
edges Cp, Dy, = D, Ay, of Figure 18 is (Tu—m) (%) . In Figure 19(b), these
edges are identified to the edges drawn by the dots, and the product of shape
parameters assigned to the edges is

/ "
<wI) (wz> K1 x (=) = ¥m
Wi, Wi wy

by (19) and (20). This also explains (16) is the product of shape parameters
assigned to Cp, Dy, = Dy, A, and some other edges identified to this. This
fact is still true” even if some of the regions assigned by we, wq, . . . , We, w ¢ are
unbounded regions because the collapsing of the horizontal edges makes the
cusp diagrams of Figure 13 and Figure 14 into edges. If the cusp diagram
of Figure 13 becomes an edge, then ignoring the diagram is enough for our
consideration, and if that of Figure 14 becomes an edge, then considering the
previous annulus is enough. The previous annulus always exists because, by
the same argument as in the proof of Lemma 4.1, if we choose the next over-
crossing point ng by following the horizontal lines backwards, the cusp diagram
between ny and ns becomes the previous annulus.'°

Now we describe the meaning of (17). Let ny be the endpoint of I, ny be
the previous over-crossing point and n3 be the previous under-crossing point.
Also, let 7 be the previous point of n;. Assume the edges D, E,, and A,,, B,

1

of Figure 10(a) are collapsed. Then C,,D,, = B,,D,,, and (’Z—’J”) 7;’0—’]' is
assigned to this edge. If n = ng, then the edges identified to C,,, Dy, = By, Dy,
appear between the points 7 = mo and ng3 as the dots in Figure 16, and if
7 # ng, then the edges appear between n and ny in the same way. Particularly,
Figure 16(a) may appear many times, but Figure 16(b) appears only one time
at the points ns or ns, respectively. By (19) and (20), the product of all
shape parameters assigned to the dots is —1, so (17) is the product of shape
parameters assigned to the edges C,,, D,,, = B,,,D,,, and some others identified
to these. This fact is still true when some of the horizontal edges or non-
horizontal edges of the octahedra are collapsed because of the same reason
explained above for the case of (16).

The same relations hold for (18) and the cases of other potential functions
of the endpoints of I and J by the same arguments.

9ven if the endpoint of J lies between the crossings n; and ng, this fact is still true
because the collapsing of the non-horizontal edges does not change the part of the cusp
diagram we are considering.

10T here is a concern that the previous annulus is collapsed to an edge, and all the previous
annuli, following the horizontal line, are collapsed to edges. However, this cannot happen
because Thurston triangulation is a triangulation of the hyperbolic knot complement S3 — K
and we assumed the existence of the geometric solution.
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Therefore, we conclude that Ho becomes all the edge relations of A except
the one horizontal edge whose region is assigned as 0 instead of the variables
W1, ..., Wy, For an ideal tetrahedron parametrized with u € C as in Figure 11,
the product of all shape parameters assigned to all edges in the tetrahedron
is (uu'u”)? = 1. This implies the product of all edge relations becomes 1.
On the other hand, from Lemma 4.1 and the above arguments, we found all
but one edge relation by Hs. Therefore, the remaining edge relation holds
automatically.

Finally, we prove Hs contains the cusp condition. Note that edges a; a4 and
asag in Figure 14 are meridians of the cusp diagram. The same shape param-
eter %Z is assigned to the corners Zasajas and Zajasay, so one of the cusp
conditions is trivially satisfied by the method of assigning shape parameters to
edges. If we have all the edge relations and one cusp condition of a meridian,
then we can obtain all remaining cusp conditions using these relations. There-

fore, we conclude Hy are the hyperbolicity equations of Thurston triangulation

of $3 — K. O

We remark one technical fact. For Thurston triangulation, let the shape
parameters of the ideal tetrahedra be s1,...,s,. These parameters are defined
by the ratios of a solution wi,...,w,, of Ha, so if the values of wy,..., wy,
are fixed, then the values of si,...,s, are uniquely determined and satisfy

the hyperbolicity equation. Likewise, if the values of si,..., sy satisfying the
hyperbolicity equations are fixed, then we can uniquely determine the solution
of wy,...,wy, of Hy as follows: First, we can determine some of the values of
w1, ..., Wsn, which are assigned to the regions adjacent to the region assigned
with the number 0. Once a value w; of a region is determined, then all the
values of the adjacent regions can be determined. Therefore, all wy, ..., wn,
can be determined. Furthermore, those values are well-defined and become a
solution of Hs because of the hyperbolicity equations.

In the next section, we will show the shape parameters of Yokota triangu-
lation determines that of Thurston triangulation, and with certain restriction,
vice versa. By the above discussion, this correspondence means each essential
solution of H; determines a unique solution of Hs. Furthermore, if all the
determined solutions of H, are essential, then each essential solution of Hs
determines a unique essential solution of Hj.

5. Proof of Theorem 1.3
We start this section with the proof of Lemma 1.2.

Proof of Lemma 1.2. For a hyperbolic ideal octahedron in Figure 20, we assign
shape parameters t1, to, t3, t4, u1, ug, ug and uy to the edges CD, DA, AB,
BC, CF, DE, AF and BE, respectively. Let us := —— = —— which is also a

uu uguy’

shape parameter assigned to the edges AC and BD of the tetrahedron ABCD.
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FIGURE 20. Assignment of shape parameters

Then we obtain the following relations.

ur =1, b = wfuul,
ug =ty to = ububuy,
(21) us = ts = wuu,
uy = thtl, ty = ujuiuy,
us = (tt5tsty) ", | titatats = 1.
Note that t1,...,t4 and uq, ..., us are the shape parameters of the tetrahedra

in Yokota triangulation and in Thurston triangulation, respectively. According
to Observation 2.1, we know these two triangulations are related by 3-2 moves
and 4-5 moves on collapsed octahedra and non-collapsed octahedra, respec-
tively. Equation (21) shows the correspondence between the shape parameters
under 4-5 moves, so if t1,...,t4 ¢ {0,1,00}, then we can determine the values
of uy,...,us from the left side of (21). Also, the equation corresponding to
3-2 move can be obtained easily (see (40) for example). This implies that the
shape parameters of Yokota triangulation determine that of Thurston triangu-
lation. Furthermore, if all uy,...,us ¢ {0,1, 00}, then the shape parameters of
Thurston triangulation recover that of Yokota triangulation by the right side
of (21). This completes the proof. O

Our goal of this section is to prove
Vo(z1, ..., 29) = Wo(wa, ..., W) (mod 4%)

for any essential solution (z1,...,%4) of H; and the corresponding essential
solution (wq, ..., wm) of Ha. To prove this, we introduce the dilogarithm iden-
tities of an ideal octahedron in Lemma 5.1. Note that the functions Lis(z) and
log z are multi-valued functions. Therefore, to obtain well-defined values, we
have to select a proper branch of the logarithm by choosing arg z and arg(1—z).
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Let D(z) := ImLis(2) 4 log|z| arg(1 — z) be the Bloch-Wigner function for
z € C—{0,1}. Tt is a well-known fact D(z) is invariant under any choice of
log-branch and that D(z) = —D(1) = vol(T%.), where T. is the hyperbolic ideal
tetrahedron with the shape parameter z. Therefore, from Figure 20, we obtain

(22) D(t1)+D(t2)+D(t3)+D(t4) = D(U1)+D(U2)+D(U3)+D(U4)+D(u5)

Lemma 5.1. Let t1,to,t3,t4,u1, Uz, ug, ug, us & {0,1,00} be the shape param-
eters defined in the hyperbolic octahedron in Figure 20 satisfying (21) and (22).
Then the following identities hold for any choice of log-branch.

Lig(tl) L12( L ) + L12(t3) LIQ(%)

(23) = L12(u1) + LIQ(’LLQ) - L12(1;13) LIQ( L ) + LIQ(’LL5)
2

1
- % + loguy logug — ( log(1 — 1) + log(1 — t)) log us
4

1
log(1 — t1) + log( l—t—

+ log(1 —t1) + log(1 —

+ [ —log(1 —t3) + log(1

1
log(1 — t3) + log( lit

+ _
4

_|_

-

(-
+—<—bg1—¢1-+bg

(

(-

(

log(1 —t1) — log(1 — —)
ta

+log(1 —t3) — log(1 — tl4)> log(1 — us) (mod 47?)

(24) ELMMJ—UA;) mx:)+mgm) mxi)

2 1
+ % — logus log us + (— log(1 — t3) + log(1 — t)) log ug
2

1

+ [ —log(1l —¢1) + log(1 — t)) log us
2
4

(
+ <10g (1—t;) +log(1 — tl)) log(1 — u1)
(-

1 1
+ [ —log(1 —¢1) + log(1 — )) log(1 — —)
t2 U2
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us

+ <— log(1 — t3) + log(1 — tlg)) log(1 — i)

+ (— log(1 —t3) + log(1 — ]514)) log(1 — uy)

+ <10g(1 —t1) —log(1l — %)

+log(1 —t3) — log(1 — 1)> log(1 — i) (mod 47?)
t4 us

1 .1 . . .
(25) = — le(;) - LIQ(U;) + ng(Ug) + LIQ(U4) + LIQ(U5)
1
2 1
% + logusloguy — [ —log(1l — t3) + log(1 — t—) log us
4
1
- (—log(l —t3) +log(l — — ) log uy4
1
+ <—10g 1—1t1) + log( 1—— )log
1
+<10g (1 —t1) + log( l—t— )log 1——
2
1
—|—< log(1 — t3) + log(1 t)logl—ug
1
+<—10g1—t3 + log(1 t)logl—U4
4
+ <log 1—1t1)—log(1— —)
to
1
+log(1 —t3) — log(1 — t)> log(1 — us) (mod 47?)
4
.1 . . .1 .1
(26) = —ng(*)+L12(U2)+L12(U3) —ng(*) —ng(*)
Uy Uy Us

2 1
+ % — loguy logug + (— log(1 —t1) + log(1 — t)) log uy
4

1
+ [ —log(1 —t3) + log(1 — t)) log uq

4

4 U1

(
+ <10g (1—t1) + log(1 — tl)) log(1 — )
(-

1
+ [ —log(1 —¢1) + log(1 — t)) log(1 — us)
2
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+ <— log(1 — t3) + log(1 — tlg)) log(1 — ug3)

+ (— log(1 — t3) + log(1 — ]514)) log(1 — u%)

+ <10g(1 —t1) —log(1l — %)

+log(1 —t3) — log(1 — 1)> log(1 — i) (mod 47?).
t4 us

Furthermore,

. .1 .1 2
(27) L12(t1)_L12(7) _L12(7)+7
to ty4 6

2

Lig(uy) + Lig(ug) — % + log uq log usg

+ (—1og(1 —t1) + log(1 — ;4)) (—logus +log(1 — uq))

1
+ (—log(l —t1) + log(1 — t)) (—loguy +log(1 — ug)) (mod 47?)
2

when AB is collapsed to a point,

(28)  Lis(t1) — Lis(-) + Lin(ta) —

to 6
1 1 2
= — Lig(u—Q) — Lig(u—g) + % — log us log ug
1 1
+ <— log(1 — t3) + log(1 — )) <loguz + log(1 — ))
t2 us

+ (= 1oa(1 ) + tog(1 = 1)) (log s + (1 = 1)) (mod 477

when BC' is collapsed to a point,
o1 . 1w
(29) —ng(*)—f—ng(tg,) _L12(7)_|_7
ta ty4 6
2
Lig(usz) + Lig(ug) — 3 + log uz log uy

+ (— log(1 — t3) + log(1 — tl4)> (—logus + log(1l — ua4))

+ <log(1 —t3) + log(1l — t1)> (—loguy +log(1 — u3)) (mod 472)
2

when CD is collapsed to a point, and

7T2
(30)  Lia(t1) + Lia(ts) — LiQ(%) —
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1 1 2
= — Lis(—) — Lig(— — =1 1
12(u1) 12(u4)+ ¢ loguilogus

+ (—log(l —t1) + log(1 — t14)> (logw +log(1 — ul))

1

(- toe(1 = ta) (1 = 1)) (togur +log(1 — 1)) (mod 477

when DA is collapsed to a point.

Proof. For a function F consisting of dilogarithms and logarithms with certain
fixed log-branch, we denote by F* the same function with different log-branch
corresponding to an analytic continuation of F. It is a well-known fact that

(31) Li}(2) = Lis(2) + 2amilog z (mod 47?)
for certain integer a. Let A := Liz(2) — (zaLgii(Z» log z. Then using (31), we
have
A* =1i5(2) — (zW) log* =
= Liz(2) + 2amilog z — (z OLia(2) + 2a7ri> log* z
z
Li
= Lis(2) — <2812(2)> log* z (mod 47?%)
0z
and
Li
(32) A*—A=— (za 52(,2)) (log* z —log z) (mod 47?).
z

Similarly, for B := Lis(1/2) — (z%) log z, we have

(33) B*—B=-— (zalea(l/z)) (log* z —log z) (mod 47?).
z
Now, we consider (23). Let
. o1 . .1
X(tl, e 7754) = ng(tl) — LIQ(?) —|— ng(t3) — L12(i),
2
4
X
XO(tla---7t4) =X — (tka) lOgtk,
Oty
k=1
. . .1 .1 i
Y(ui,...,us) = Liz(u1) + Liz(uz) — Ll2(u*3) - le(uj) + Lia(us)

2
5 + log u1 log ug,

oY
Yo(ui,...,us):=Y — Z (“laul) log u;,

=1
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and
Z := (right side of (23))—(left side of (23)).
Then by using (32), (33) and
log™ u1 log™ us — loguy logus

= log™ uy (log™ ug — logug + logus) — (log™ uy — log™ uy + log uy ) log ug

= loguy (log* uy — loguy) + log uz(log* uy —loguy) (mod 47?),
we obtain

(34)  (X§ —Xo) — (Yo —Yo)

5

4
0X Y

= — Z tr— (log™ tr, — logty) + Zul—(log* u; — log ) (mod 47?)
Pt Oty = ouy

and

Y * Y
(35) uy %Ul - ulthl =0 (mod 27i)
forl=1,...,5.

First, we will prove Z is invariant modulo 472 for any choice of log-branch
by showing

(36) (Z+ Xo—Y0)" = (Z+ Xo —Yp) = (X5 — Xo) — (Y — Yo) (mod 47°).
Note that

(37) Z+Xo—Yo
1 Y
= (—log(l —t1) +log(1 — a) - 10%”1) (_Ul%)
1 )4
(- 101~ 1)+ 1og(1 = 1)~ og ) (-ua )
1 oY
+ < log(1 — t3) + log(1 — E) logu?,) (fu;;a—ug)
1 )4
+ < log(1 — t3) + log(1 — —) logu4) (—ua5—)
ty Ouy
+ (101~ 1) = tog(1 — )+ 1og(1 — 1)
log(1 l) 1 Zt 1 t
og t og Uus ko, 108Tk.

From (21), we know

1
—log(1 —t1) + log(1 — t—) —loguy
4

1
= —log(1l—t1) + log(1l — t—) —logus
2
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1
—log(1 —t3) + log(1l — t—) —log us
2

1
—log(1 —t3) + log(1l — t—) —log uy
4

1 1
= log(1 —t;) — log(1 — t7) +log(1 — t3) — log(1 — t—) — log us
2 4

= 0 (mod 27%).
Therefore, from (37) and the above, we have
(38)
(Z+Xo—Y0)*
1 )4
= (—log*(l —t1) +log*(1 — a) — log* u1> (—ula—m)
1 oY
“log*(1 —t1) +log*(1 — —) — log* g
+ (St ) o1 - ) = og" e ) ()
1 « oY
+ < log"(1 — t3) + log™ (1 — E) —log US) (_ud%)
1 Y
log™ (1 — t3) +log*(1 — —) — log" _u 9
+< og”( 3) + log™( t4) og 7.L4)( u4au4)
1
+ <log (1—1t1) —log"(1— t—) + log™ (1 — t3)
2

4
X+

)=t ——log* t; (mod 47?).
; Oty

)4

* 1 *
—log*(1 — t—) —log U5) (—u s

4
Combining (37) and (38), we obtain
(39) (Z +Xo—Yo)" = (Z+ X0 - Y0)

5

oY
= Zul—(log* u; — log uy)

3ul

1=1
X 0

+ (log"(1 —t1) —log(l — 1)) (w1 =— + ug— —

u U

" 1 1
+ (log™(1 — t*) —log(1 - If))(—uzaT2 —usgo—+ U587u5)

2 2 us
N oY oY oY
+ (log™(1 — t3) — log(1 — 163))(u38—u3 + U4a—u4 — usa—us)
. 1 1 oY )4 oY
+ (log™(1 — a) log(1 — a))(—ul D - U4a—u4 + u58—u5)

4
oxX* 0X
-N ¢ log* t tr — logt d 472).
;kﬁtk 0g k+;katk ogty (mod 477)
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From (21), we know

WOV oy oy
1811,1 28’11,2 58U5
= —log(1 —uy) + logug —log(1 — ug) + log us + log(1 — us)

—log™ t1 (mod 2mi),

and
87Y oY oY

- —us 2 s 2 = log* ty (mod 2ri
25, U3 s + us D og™ to (mod 27i),
1) 4 oY oY
I v us 2t = Clog*ty (mod 2mi
U3 9us + Uy us Us u og” t3 (mod 2mi),

oy oy oy

8u5

Applying (34) and (35) to (39), we obtain
(Z+ Xo—Yo)" = (Z+ X9 —Yp)

= —log™ t4 (mod 27%).

5
Y
= Zulg—m(log* u; — log uy)
=1
SUNN) CEE) ¢ L oaxr Lox
- th—— —tr——)(—log" tg) — ty—— log*t ty—=— logt
Z(kf)tk katk)( og” tx) Zkatk og k+2 T 08 Lk
k=1 k=1 k=1
= (X} — Xo) — (Yy — Yp) (mod 47?),

which shows (36).
Now we will prove Z = 0 for certain log-branch. Direct calculation shows
the imaginary part of (23) becomes

D(t1) - D(%) + D(ts) — D(%) —log |t1|arg(1l — 1)

1 1
— log |to] arg(l — t—) — log |ts| arg(1 — t3) — log |t4] arg(1 — t—)
2 4

1 1
= D(u1) + D(ug) — D(u—3) — D(u—4) + D(us) + log |u1| arg us + argu; log |us|

1
—log |uy | arg(1l — uy) — log |uzg| arg(1 — us) — log |us| arg(1 — u—)
3
1
—log |ug| arg(1 — u—) —log |us| arg(1 — us)
4
— log |uy| arg us — log |ug| arg uy

1
+log Jua arg (1 — u1) + log [ual arg(1 — uz) + log g arg(1 — —)
3

1
) + log fus| arg(1 — us)

+ log ] arg(1 — —
Uy
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—arg(l —t1) log ‘u;lufl(l —up) (1 —ug) (1 —us)™"|

1 1
—arg(l — —)log |uy (1 —up) ™ (1 — —)71(1 — us)
t2 u3
1 1 )
—arg(l —t3)log |(1 — —)(1 — —)(1 — us)
us Uy
1 1,
—arg(l — —)log|ua(l —ug) (1 = —) (1L —us)|.
t4 Uy
Using us = U11u3 = u21u4, we obtain

uy tur (1 —up) (1 —ug)(1 — us) ™! = wfufuy =ty

1
up (1 —ug) " (1 — —) " 1 — us) = uhuhul = to,

U3
1 1 1 ", .1, 1
(1373)(1*174)(1*%) = uzugus = t3,

1
ug (1l — u1)71(1 - 17)71(1 —up) = uyujul = ty.
4

677

By applying these, we can verify the imaginary part of (23) is equivalent to

1 1

D(t1) ~ D) + D{ts) = D(-) = D{us) + D(uz) = D(-) = D(--) + Dl(us),

2 4 us Uq

which is also equivalent to (22). On the other hand, (23) is an analytic function
on certain 3-dimensional open set, so the real part is some real constant. After

evaluating (23) at tl = tQ = t3 = t4 = U] = U2 = U3 = Ug = i and us =
we find the real constant is zero. Therefore, we complete the proof of (23).

11
_1’

The 1dent1ty (24) can be obtained from (23) by substituting ¢, t2, t3, ts4 for

1 1
t27 t37 t4

= respectively, and applying the following identity

1 1 1
log — log — + (— log(1 — t3) + log(1 — )> log —
Ug ta U

1 1
+ ( log(1 —t1) + log(1 — t)> log —
2

us3

1 1 1
= (— log(1 — t3) + log(1 — —) + log ) log —
tg us u

1 1
+ (—log(l —t1) +log(l — t)> log —
2

us

1 1
- (— log(1 —t3) +1log(1 — —) + log ) log us
tg us

1 1
+ ( log(1 —t1) + log(1 — t)> log —
2

us

HNote that Lig(—1) = 7717—;.
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1
= - (— log(1 — t3) + log(1 — t)> log us
2
1 1
+ (— log(1 —t1) +log(1 — —) — log U2> log —
to us
1
= loguslogus — (— log(1 — t3) + log(1 — t)) log us
2

- (— log(1 —t1) + log(1 — tl)> loguz (mod 47?).
2

The identities (25) and (26) are directly obtained from (23) and (24).
Now we assume the edge AB is collapsed to a point (see Figure 21). Then
we obtain the following relations.

",
tl = ’U/l'U/Q,

uy = t/l Z, tg = ulu’z,

4
( 0) { Ug = t/l /2/3 t4 = u/1u27
titaty = 1.

uz

FIGURE 21. Assignment of shape parameters when the edge
AB is collapsed

The identity (27) and the relation (40) can be obtained from (23) and (21)
by sending t3 — 1 and using the following property

lim (logt log(1 —t)) = 0.
t—1

The identities (28), (29) and (30) can be obtained from (24), (25) and (26) by
sending t4 — 1, 1 — 1 and t5 — 1, respectively. O

Proof of Theorem 1.3. Now we prove the theorem by calculating the potential
functions on each crossing n. First, consider the case in which no edge of the
octahedron on the positive crossing n is collapsed. Let the variables assigned

to the contributing sides be zq,..., 24 as in Figure 9 and let ¢} = 2% £y = z—:,
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t3 =21ty = z—z as in Figure 10(a). Then the Yokota potential function of the
crossing becomes

X(2a,. .., 24) == Lia(t) — LIQ( )+ Lia(ts) - Liz(ti)

4
and
. .1
(41) Xo(za,---,24) = Lia(t1) — L12( ) + Lig(t3) — le(F)
4
1
+ < log(1 — 1) + log(1 — t)) log z,
4
1
( log(1 —t1) + log(1 — t)) log 2
2
1
+ ( log(1 — t3) + log(1 — )) log z.
t2
1
— | —log(1 —t3) + log(1 — t—) log z4.
4
Likewise, let the variables assigned to the regions be wj, ..., w,, as in Figure 9
and let u; = = up = 78, uz = T ug = Z’Z;L us = w;;”i as in Figure 10(a).
Then the potential function of the colored Jones polynomial of the crossing
becomes Py, which was defined in Lemma 3.1 for f =1,...,4, and
(42)

. . .1 1
P10 = ng(ul) —+ LIQ(UQ) — ng(u ) LIQ( ) + LIQ(U5) — F + IOg Ul IOg’UQ
3
+ (—log(1 —uq) — log(1 — ug) + log(l — us) + log u; + logus)log w;

1
+ | log(1 — ug) + log(1 — u—) —log(1 — us) — log ul) log wy,

3

(
+ (—log(l - uig) —log(1 — u%) +log(1 — u5)) log w
(

1
log(1l —uq) + log(1l — —) — log(1l — us) — loqu) log wyy,.
Uq

We define the remaining term Z, by the difference of two potential functions
Vo — Wy of the crossing n. In this case, Z,, = Xg — Pio.
Assume zg, ..., 24, Wj, ..., Wy satisfy the assumption of Lemma 5.1.12 Let

Uy := —log(1l —t1) + log(1 ti)
Us := —log(1l —t1) + log(1 — ?),
Us := —log(1 —t3) +log(1 — ;-),
Us := — log(1 — 13) + log(1 — 1),
12Any essential solution (zq,...,2q) of Hi and the corresponding essential solution

(wyj, ..., wm) of Ha satisfy this assumption.
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T1 :=log(l — uy) + log(1 — uz) —log(1 — us) — logu; — log us,
Ty := —log(1 — ug) — log(1 — i) +log(1 — us) + loguy,
T5 :=log(1l — u%) +log(1 — i) —log(1 — us),
Ty := —log(1l —up) — log(1l — u%) + log(1 — us) + log us.
Then by (21),
Uy =logu; = log wy, —logw; (mod 2mi),
Us = log up = logwy, — log w; (mod 2mi),
U; = logug = logwy, — logw; (mod 27i),
Uy = loguy = log w,, —logw; (mod 27%),
T, =logt; = log zp — log z, (mod 27i),
Ty = logts = log z. — log 2, (mod 273),
T3 = logts =log z4 — log z. (mod 27i),
Ty = logty =log 2z, — log z4 (mod 27i),
and Uy +Us =Us+ Uy, h + 15 + T3+ T, = 0. Applying these and (23) to
(41) and (42), we obtain the remaining term Z,, of the crossing n as follows.
Zn = Xo— Pro
= U logz, — Uslog zp, + Uslog z. — Uy log 24

+ T4 logw; + Tz log wy, + T3 logw; + Ty log wy, — Uy logug — Uz loguy
1
+ Urlog(1l — u1) + Uz log(1 — uz) + Us log(1 — 17)
3
1
+ Uy log(1 — 17) — (U1 + Us) log(1 — us)
4

= T logw; + T3 log wy, + T3 logw; + Ty log wy,

1
+U; <log zq— log zq + log(1 — uy) + log(1 — u—)f log(1 — us)— log uQ>
4
1
+ Us <—log zp + log zq + log(1 — ug) — log(1 — u—) — 1ogu1>
4

1 1
+Us <log ze — log zq + log( ) +log(1— —) —log(1 — u5)>

1— —
u3 Us
= Tr(logwy, — logw;) + T3(log w; —logw;) + Ty (log wy, — logw;)
+ Uy (logzq —logzqg — Ty) + Us (—log zp + log zqg — To — T3)
+ Us (log z. — log zq + T3)
= Th(logwy, — logw;) + Ts(logw; — logw;) + Ty (log wy, — log w;)
+ (log wy, —logw;) (log 2z, —log zq — T4)
+ (logwy — logw;) (—log 2z, + log zq4 — To — T3)
+ (log wy — logw;) (log z. — log zq + T5) (mod 4m?)

(
— (logwj — log wp,) log z, — (log wi, — log wj) log 2
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+ (log wy, — logwy) log z. + (log w; — log wyy,) log z4.

By the same method, we can prove that the remaining term of the negative
crossing in Figure 9 is the same as that of the positive crossing.

Now we consider the case in which only one horizontal edge is collapsed in
an octahedron on a positive crossing n. Let the region assigned to r; be the

unbounded region and z. = z4 = 1 in Figure 9. Also, let t; = 2, ¢, = Z—lb,

ty = zo and uy = T, uy = TE. Then the Yokota potential function of the
crossing becomes
. 1 o1 2
X(2as20) := Lia(t1) — Lia(—~) — Lia() + —
to ty 6
and
. .1 .1 w2
(43) Xo(za,zb) = L12(t1) — L12(7> — ng(*) + —
to ty 6
1
+ < log(1 — 1) + log(1 — t)) log 2,
4

1
— (— log(1 —t1) + log(1 — t)> log zp.
2

The potential function of the colored Jones polynomial of the crossing becomes
2
T
Y (wj, wg, wm) == Py (wj, wg, 0, wy,) = Liz(u1) + Lis(ug) — 5 + log uy log us
and
(44)

2
. ) s
Yo(wj, wk, wy,) = Lig(u1) + Lis(ug) — 3 + log uy log us

+ (—log(1l — u1) — log(1 — u2) + logu; + log uz) log w;
+ (log(1 — ug) — log uq ) log wy,

+ (log(1 — uq) — log us) log wyy,.
In this case, the remaining term is Z,, = Xy — Yy. Let

Uy == —log(1l —t1) + log(1 — i),
Us := —log(1 —t1) + log(1 — i),

Ty :=log(l — uy) + log(1 — uz) — logu; — logus,
Ty := —log(1 — us) + logug,
Ty := —log(1 — u1) + logus.

Then by (40),

U =logu; = log wy, —logw; (mod 2mi),
Us = log us = logwy, — log w; (mod 2mi),
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T =logt; =logz, — log z, (mod 27i),
Ty =logts = —log 2, (mod 27i),
Ty =logty = log z, (mod 27i),

and Ty + T + Ty = 0. Applying these and (27) to (43) and (44), we obtain the
remaining term Z, as follows.
Zn=Xo—Yo
= U log zq — Uz log z, + 11 log w; 4 15 log wy, + Ty log wyy, — Ui Ty — UaTo
= Uy log 2z — Uz log 2, + T (log wi, —log w; — Us)+T4(log wy, —log w; — Uy)
= Uy log z, — Us log zp
— log z(log wy, — logw; — Us) + log 2, (log w,y, — logw; — Uy) (mod 47?)
= — (logw; — log wy,)log z, — (log wi, — logw;)log 2.
By the same method, we can prove the remaining term of the negative crossing
in this case is the same as that of the positive crossing. On the other hand, the
remaining term becomes
Zp = —(log wi, —logw;)log z, + (log wi, — logw;) log 2.
when the region assigned to w,, is the unbounded region,
Zn = (logwy, — logw;) log z. + (log w; — log wy,) log z4
when the region assigned to w; is the unbounded region, and
Zp = —(logw; — logwy,) log 2z + (log w; — log wy,) log 24

when the region assigned to wy is the unbounded region.

Now we consider the case when the crossing point n is the endpoint of I or
J. There are four cases as in Figure 22. We only prove the case of Figure 22(a)
because the others can be proved by the same method.

First, we assume all three regions in Figure 22(a) are bounded. Then in
Figure 10(a), the edge B, E,, is collapsed to a point and 2¢, 2z %m ZJ ape
assigned to the edges C, D, D, A,,, A, F,, C,F,, respectively. Also, we obtain

Ze? za) wy O’ wy
2 w;\” w w za\” 2
(45) dz(J) :1—landm:<a> =1-2
Ze wy w; w
Applying (45) to Yokota potential function X (24, zc, 2q) := Lig(22) — Lia(24),

we obtain

Xo = Lia(Z%) — Lis(Z*) + log(1 — =*) log 2, — log(1 — =) log z,

C a a C

— (—log(l — ﬁ) + log(1 — Zd)) log 24

Zc Za

= Lig(ﬁ)—LiQ(l - w—m)—l—log w—m(log za — log z4) +log ﬂ(log zq — log z.).
Ze w; w; w
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Ve N wl
Ve N
Ve N
w; w;

Za Zb Za Zb

(©) (d)

FI1GURE 22. Four cases of the endpoint of I or J

to the potential function of the colored Jones polynomial

Also, applying (45)
= Pi(wj,wj,wy, wp) = Lig(2=) — Liz(4), we obtain
J J

Y (wj, wi, w,) :

wy

j wy
1_w7m)

., Wm . Wy Wm
Yy = Lig(—2) — Lis(—) — (log(1 — —2) — log(1 —
o = Liy( w, ) lg(wj) (og( o) — log(

o

—log(1 — ﬂ) log w; + log(
Wy Wy

log Wy,

= Lig(w—m)—Liz(l — ﬁ)—log ﬁ(log wj — logwy,)—log ﬁ(logwl — log wj).
wj Ze Za Ze

Using the well-known identity Liz(z) 4+ Liz(1 — 2) = %2 —log zlog(1 — 2) for

z € C—{0,1} from [6], we obtain the remaining term

Zn=X0—-Y)
= flogz—dlogﬂJrlogw—mlogﬁ
Ze w; w Za

+ log w—m(log za — log zq4) + log ﬂ(log zq — log z.)
wj W
+ log ﬁ(log w; — log wy,) + log Z—d(log w; — log w;)
Za Ze
= log ﬂ(f log Zd + log z4 — log z.) + log w—m(log Zd +log z, —log z4)
wy Ze w; Za
+ log ﬁ(log w; — log wy,) + log Z—d(log w; — log w;)
Za z

C
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= (logw; — logw;) (— log ? + log zq — log zc>

C

+ (log wyy, — logw,) <log z—d + log z, — log zd>

a

+ log j—d(log w; — log w,,) + log z—d(log w; — logw;) (mod 47?)

(&
= — (logw; —log wy,) log z, + (log w; — logw;) log z.
+ (log w; — log wy,) log z4.
Finally, we consider the case when the region assigned with w; in Figure

22(a) is unbounded. Then the edges B, E,, and C,D,, are collapsed to points.
Furthermore, z. = 24 = 1 and w; = 0, and z,, ™ are assigned to the edges

D,A,, A,F, in Figure 10(a), respectively. Applying

W, _ Z(ll/ —1_ i
w Za
to Yokota potential function X (z,) := —Liz(1) + %2, we obtain
o1 2 1 o1 2 Wi
Xo = —Lis(—) + — +log(1 — —)logz, = —Lis(—) + — + log — log z,,
Za 6 Za Za 6 w;

and to the potential function of the colored Jones polynomial Y (w;, wy,) =
P (wj, w;,0,wy) = LiQ(%), we obtain

Yy = Lig(qfu—m) + log(1 — w—m)(logwm — log wj)
j j

1 1
= Lis(1 — Z—) + log Z—(logwm — logw;).

a a

Therefore, we obtain the remaining term

1 m m 1
Zn = X9 — Yy =log— log Ym 4 log Wm log 2z — log — (log wy, — log w;)
Za wy wy Za

1
= log — (log WYm _ log wy, + logw;) + log Ym log z,
Za w; Wi

= —log z,(log Ym log wy, + logw;) + log Ym log z, (mod 47?)
wj w;
= —(logw; — log wy,) log z,.
Likewise, we can show the remaining term becomes
Zn = (logw; — log wy,) log z4

when the region assigned to w,, in Figure 22(a) is unbounded. The remaining
three cases in Figure 22 can be obtained by the same method.
We complete the proof by proving

Z Zn = 0.

n : crossings of G
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Note that we defined a contributing side of G in Section 3.1. Assume the side
assigned by z, in Figure 23 is a contributing side of G (This means that z, # 1).

W

A

Za
wj

Fi1GURE 23. Contributing side assigned by z,

If the side goes out of the crossing point n1, then the coefficient of log z, in
Zp, is —(logw; —logwy), and if the side goes into the crossing point ng, then
the coefficient of log z, in Z,, is (logw; —logw;). They are cancelled by each
other, and this happens for all the contributing sides. O

Appendix A. Appendix

A.1. Formal substitution of the colored Jones polynomial and the
potential function

In this Appendix, we induce the potential function W (wy,...,w,,) defined
in Section 3.2 from the formal substitution (1) of the colored Jones polynomial.

The colored Jones polynomial is determined by the R-matrix and the local
maxima/minima (see [8] for reference). However, as seen in (1), the local
maxima/minima do not have an effect on the formal substitution. So we only
consider the R-matrix of the colored Jones polynomial:

- ila it
Rg,ﬁ :5m,'7h5l,k+h (q J _ k (_1)k+m+1q7kmf(k+m+1)/2’
bm ’ (@ alg1); (@ m

] (q)_l(q)k i+l il i+l
(R—l)mk = O it hOLk—h J (1) +EHAD)/2
b (@)n(@)i(@)m'
where j,k,I,m,h € {0,1,...,N — 1} and d; is the Kronecker’s delta. If
R} ok # 0, then h is uniquely determined by the formula h = j —m = [ —k, and

if (R71)]% #0, then h=m —j =k —L.

Note that this R-matrix is the inverse of the one in [8]. This implies the
colored Jones polynomial of a knot K here is the one of the mirror image K in
[8]. This choice is natural to [17] and Theorem 1.3.

Let K be the hyperbolic knot with a fixed diagram and G be the diagram
defined in Section 2.1 with the orientation from J to I. We assign 0 to one
bounded region of G, then assign variables rq,...,7r, € {0,1,..., N —1} to the
remaining bounded regions of G and r,,,+1 € {0,1,..., N—1} to the unbounded
region. We assign variables to each side according to the signed sum of variables
of adjacent regions with orientations modulo N (see Figure 24 for an example).
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'1°"5

FIGURE 24. Assigning variables to each region and side

For each non-trivalent vertex of G, we assign the R-matrix to the positive
crossing and the inverse to the negative crossing. Then we apply the formal
substitution (1) to each R-matrix and substitute ¢"" to w, as below. In the
substitution process, if r, = 0, then we put w,, = 1. Note that we apply
the same R-matrix or its inverse in different forms according to the position
of the collapsed horizontal edge. If none of the horizontal edges are collapsed
in the octahedron, then we choose any formal substitution among the four
possibilities. For positive crossings:

T —Tm Tk =T
T -1
(q)TL—Tm (q )rk—n (_1)rl+rj+1
: —1\—1
T'm Tk (Q)errTz*Tk*Tm (q l)rjfrm (q)rkfrj
) xq(rmfrj)(wfrj)f(%k7rlfrj+1)/2
’I"j —Tm T — Tj

. rw . rw . wiw, . ) s (wg w2 ) W
~ exp{% (leg(w;) — Lin(#2) + Lin( 22 ) + Lip(%2) + Lip () — & + log 2= log k)}’

W W, ) w w;

T —Tm T — T
8
-1 —1\—1
(q )TZ—Tm (q )1';077'1 (71)r1,+'r]+1
. _ —1\—1 —
T'm Tk (q 1)?"j+7“z*7";c*7‘m(q 1)7‘j —Tm (q 1)7%*7“]
rj Xq*(""k*""l)(rkf"’j)f(zrk77‘177ﬂj+1)/2
Ty —Tm Tk —T5

~ exp {24 (Lia(0) — Lia(2) — Lin(#22) 4 Lin(22) — Lin(%) + % — log 2 log 2+ ) },

wy Wy wjw; w Wy wy w
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T — Tm T — T
" -1 -1
. (q )Tl*Tm (:I)ka’r’l, (_1)7'l+7nj+1
fm "k (q)Tj‘i’Tl*Tk*Tm (q)':jfrm(q_l)hcfrj
) ><q(Tm—Tz)(Tk—Tz)—(2rk—m—rj+1)/2
Ty —Tm Tk — 75

~ exp {25 (Lia(2) + Lia(12) + Lia ({2425 ) — Lip () ~ Lin(122) — & +log % log 2 ) },

wy

L — Tm T — 7T

8 -1

(q)rzfrm (q)Tk*Tl (_1)7"l+7"j+1
: 1 —1
Tm Tk (q )7‘]'+Tl*’f‘k*7“m (q>’f‘j*7"m (q)rkirﬂ'

Ty x g~ (rm =) (rm=r;) = (ritr; =2rm+1)/2
i —Tm Tk =75
~ exp{% ( Lip () + Lia () — Lip(“%) — Lia(52) + Lia(32) — log = log “= )}

For negative crossings:

L — Tm T — 7T
T 1 -1
. (q>rlfrm (q )Tk*Tz - (_l)rl+rj+1
Tm Tk (q_l)’l‘k-i-’l‘m—’l‘j—’r‘z (q_l)’l‘j —Tm (q)’r_kf’l‘j
Tj Xq_(7 —7m) (15 —7k)F(ri+r; —2ry,+1)/2
Tj —Tm T — Tj

~ exp { 2 (Lia(2) + Lia () — Lia ({2280 — Li(22) — Lin(2) + & — log 22 log 22 )},

" —Tm Tk —Tl
" —1\—1 -1
. ((] )rlfrm (q )Tk*Tl 5 (_l)m+rj+1
T'm Tk (q)Tk+Tvvl_Tj_Tl (q_l)Tj_TWn (q_l)r_k—rj
T Xq('r'l—rk)('r'j—rk)+(2m—m—rj+1)/2
’I’j —Tm T — Tj

wjwy

Nexp{ (ng( =) + Lip () + Lip (20 ) — Lip (9= )+L12(w‘)——+log log )}
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L — Tm T — T

8

—1\—1
(q l)rlfrm (Q)Tk*n (_1)7~L+7-j+1
: — —1\—1
T'm Tk (q 1)m+1”m*7"j*7‘1 (q)rjfrm (q 1)rk—r]

Ty Xq—(n—rm)(n—Tk)+(rz+rj—2rm+1)/2

Tj — Tm T — Tj

~ exp {% (fLiz(i”TT) — Lig(2%) — Lip(22%0 ) 4 Lig(LL) 4 Lig(L)

2
T _ wy wy
wy WE W Wi wy 6 1Og W 10g Wy ) }7

T — Tm T — 7]
T .
(q)nfrm (Q)m*n (_1)TZ+TJ+1
r r ) -1
m k (q)rk+7"m7rjfrl (q)rj 7rm(q)rk,7~j
Tj ><q(n—rm)(rj—Tm)+(rl+r,-—2rm+1)/2
Ty —Tm Tk — 75

~ exp {% (Lig(%) — Lia(2) + Lip () 4 Lip( ) — Lip(2) — % + log 2 log Lm) }
For the trivalent vertices of G, we assign 0 to the sides in I or J, then apply
the same formal substitution to the R-matrix as follows (here, we use the same
form of the R-matrix disregarding whether certain horizontal edge is collapsed
or not).
For the endpoint of I:

TN —Tm

Tj*?"l

—1
. (q )Tj*'f"m, (71)”“1"’”3"5’1(1*(7}'*7"1“”1)/2
' (q_l)"‘j*”'l

~exp {2 (Lia(22) - Lia(2)) },

. (q)Tk—Tj (71)n+rj+1q(nfrjfl)/2

q T =T
~ exp { 2% (~Tia(2) + Lia(2)) }.

0 Tk =T

For the endpoint of J:



OPTIMISTIC LIMITS OF THE COLORED JONES POLYNOMIALS 689

rk—rm /O

-1
(q )m—T‘m (_1)rk+rj+1q—(rk—rj+1)/2

rm/ (7 P
\ NeXp{2ﬂ_Z (ng(“’m) Lig(ﬁj—i))},

T — 7"]
Tk — T
AN
\ q)m —T (_1)T1+Tj+1q(7‘]‘77‘l+1)/2
\ (@)r;—r
}/7‘] NeXp{ ( Lip(") + Lip(%2 ))}
— T Tk —T4

Note that the colored Jones polynomial is expressed by the products of var-
ious forms of the R-matrices of crossings or trivalent vertices of G (with slight
modification by the local maxima/minima) and summed over all the possible
indices r1, ..., m+1 (see [8] for the calculation of the colored Jones polynomial;
the description in [8] may look slightly different from ours, but removing the
sides of the tangle diagram assigned with 0 in [8] gives the diagram G). Now we
define a potential function W(wl, .+« Win+1) of the knot diagram by letting the

product of all formal substitutions of G to be exp { W(wl7 . ,wm_H)}. One

21
important property of W is that the variable Wp+1 assigned to the unbounded
region appears only in the numerator. Therefore, we can define another poten-
tial function W(wy, ..., wpy) = W(wl, <oy Wi, 0),13 which coincides with the
potential function W(wy, ..., wy,,) defined in Section 3.2.

For example, W and W of Figure 24 become

W(wr,. .., ws) = {Lig(;)—Lig(z}}‘;’)} {LIQ(w3) Lig(— )}

w3
WsW2 . Ws
L Lis Liy — Lisg(—
L) 4 Lia(2) 4 Lia(222) — Lig(22)
3 7T2 3
+Lis(—) — — + log — log —
2 6 2 2
WswW2 . ,Ws
+ { —Lip(—2) 4 Liy(—) + L — Lip(—
{ L)+ L) + L (222 — Lin22)
2
+L12(w)—ﬂ+logllog4}
6 2
wrW ., W
+{ Lig(ws) 4 Liz(— ) + Lig(——2) — Lig(—)
2 w1 w1

I3Note that Liz(0) = 0.



690 JINSEOK CHO AND JUN MURAKAMI

2 1
+Liz(ﬂ) -T g log — log wl} ,
wao 6 wao wo
and
. 1 ., Wy ., Wy . 1 71'2
W(wy,..., = 24 Lig(—) + Lig(—) + Lig(—) p — Lig(—) — —
(w1 vn) = 2 { i) + La(20) 4 Lia ()~ i 1) -
: 1
—i—log%log% —Hogﬂlog% —Hog—logﬂ.
Wo W2 Wo w2 w2 w2
This potential function W (wy, ..., w,) coincides with the one defined previously
in (5).
Note that using W instead of W does not violate the formulation of the
optimistic limit because, for a solution (w§°), . 711)7(,?)) of
ow
Ho = {exp(wl> = 11:1,...,771}7
awl
(w§0), ... ,wSS), 0) becomes a solution of
. oW
Ho = {exp <w1> =1|l= 1,...,m—|—1}.
3wl
We are considering only the solutions of ?—72 with the condition w41 = 0

because this condition corresponds to the collapsing process of tetrahedra of
Thurston triangulation in Section 2.2 and the solutions correspond to the tri-
angulation. However, other solutions with the condition w,,11 # 0 also have
good geometric meanings and this will be discussed in later papers.

A.2. Inessential solutions induced by essential solutions

Let z and w be the solutions in Lemma 1.2. In this Appendix, we determine
the condition when an essential solution induces an inessential solution. Note
that solutions z and w uniquely determine shape parameters of ideal tetrahedra
in Yokota triangulation and in Thurston triangulation, respectively, and that,
by definition, essential solution determines the shape parameters with none of
them belonging to {0,1,00}. Therefore, we focus on the shape parameters of
each triangulation. We call the set of shape parameters of ideal tetrahedra
essential when no elements of it belongs to {0, 1, 00}.

Note that the shape parameters of two triangulations are determined by
the local picture at each crossings and that, from Observation 2.1, what we
have to consider are 3-2 moves and 4-5 moves at the crossings. Consider the
two cases of Figure 20 and Figure 21, which correspond to 4-5 move and 3-2
move, respectively, and for which we have the determining relations of shape
parameters in (21) and in (40), respectively.
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Lemma A.1. (1) In Figure 21, if {t1,t2,t4} is essential, then {uy,us} is
essential. Conversely, if {uy,us} is essential, then {t1,t2,t4} is essen-
tial if and only if

(46) Uy + ug = 1.

(2) In Figure 20, if {t1,t2,t3,t4} is essential, then {uy,us,us, ug,us} is
essential if and only if

1 1 1 1 1 1
(47) tl_i#oa7_t37é07t3_77é077_t17é0at1_7+t3_77é0
to to ty tq to ty

Note that us = —— = —L-). Conversely, if {ui,us,us,uq,us} s
uius Uz Usg ) ) ) ) )

essential, then {t1,ta,t3,t4} is essential if and only if

Ll 1y,

Ul U U1uU2 1
ug + U3z — uguz # -,
(48) 1,1 1 °
= 4 = — U
us + U4q u3zuUg # 5

1
Ug + U — UgUy F e

Proof. From the relations (40) and (21), if one of the sets {t1,t2,t3,t4} and
{u1,ug,us, uq,us} is essential, then the shape parameters of the other set are
expressed by products of nonzero and non-infinity numbers. This implies any
shape parameter in the other set cannot be zero nor infinity. Therefore, what
we have to check is the case when t; = 1 or u; = 1 for some k, I.

Consider Figure 21. Assume {t1,t2,t4} is essential and uy = 1. Then from
up = tit) =1, we obtain t1t, = 1. Using t1taot4 = 1, this induces t3 = 1, which
contradicts the essentiality of {¢1,to,t4}. The case when uy = 1 is the same.

Conversely, assume {uy, us} is essential. By direct calculation from (40), we
obtain

th=uuy =1 < uitus=1 < ta=wuy =1 < ty =ujus = 1.

Now consider Figure 20. Assume {¢1,t2,%3,t4} is essential. Then direct
calculation from (21) shows (47) is equivalent to

u27é17 u37é17 u47é17 U]_?él, U/5751

For example, using t1t3 = ﬁ, we have
1 gyl 11\ —1 1 1
us = (titatsty) " =1 <= (1 - g)(l - a) =1 —t)(1—1t3)
1 1
<— t1— —+t3— — =0.
to ty

Conversely, assume {u1, us, us, uq, us} is essential. Then direct calculation
from (21) shows (48) is equivalent to

tl#latQ#lat37é1at47é1' O
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From the above, if the essential solution z in Lemma 1.2 determines the
shape parameters of Yokota triangulation that satisfy the conditions (47) in
Lemma A.1, then the corresponding solution w is also essential. Conversely, the
essential solution w in Lemma 1.2 determines the shape parameters of Thurston
triangulation that satisfy the conditions (46) and (48) in Lemma A.1, then the
corresponding solution z is also essential. We expect these conditions hold for
almost all cases. For example, the essential solutions z and w of twist knots in
[3] and [2], and the geometric solutions w of the two-bridge knots in [13] satisfy
these conditions. Furthermore, if every octahedron in the Yokota triangulation
has a collapsed horizontal edge, then the essential solution z always satisfies the
condition. Therefore, essential solutions z coming from the standard diagrams
of 2-bridge knots in [13] always induce the essential solutions w.
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