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DERIVATIONS OF THE ODD CONTACT LIE ALGEBRAS IN
PRIME CHARACTERISTIC

YAN CAO, XIUMEI SUN, AND JIXIA YUAN

ABSTRACT. The underlying field is of characteristic p > 2. In this paper,
we first use the method of computing the homogeneous derivations to
determine the first cohomology of the so-called odd contact Lie algebra
with coefficients in the even part of the generalized Witt Lie superal-
gebra. In particular, we give a generating set for the Lie algebra under
consideration. Finally, as an application, the derivation algebra and outer
derivation algebra of the Lie algebra are completely determined.

0. Introduction

In this paper, we consider a family of non-simple modular Lie algebras,
called the odd contact Lie algebras, which are actually the even parts of the
odd contact simple Lie superalgebras that are also closely related to the contact
simple Lie algebras. The main purpose is to compute the first cohomology of
the odd contact Lie algebras with coefficients in their adjoint representations.
In other words, we determine the derivation algebras and the outer derivation
algebras.

As is well-known, the theory of modular Lie algebras has undergone a re-
markable evolution. In the super-case, the theory of modular Lie superalgebras
has also obtained many interesting results in the past decade. For example,
one can find work on the classification of classical modular Lie superalgebras
[1, 2] and on the structures and representations of modular Lie superalgebras
of Cartan type [6, 7, 9, 16, 17, 18]. Recently, one can also find work on the
representations of the classical modular Lie superalgebras (see, for example,
[14, 15]). For the simple modular Lie algebras and simple modular Lie super-
algebras of Cartan type, the (super)derivation algebras have been sufficiently
studied (for example, see [3, 4, 8, 9, 10, 11, 12, 13]). In [4, 11], the superderiva-
tion algebras of Lie superalgebras of Cartan-type H, W, S, K, HO and KO
were determined. For the derivations of the even parts of Lie superalgebras
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of Cartan type W, S and HO, we refer the reader to [8, 10]. Our work is
essentially motivated by the work on modular Lie algebras of Cartan type (see
3, 12, 13)).

This paper is organized as follows. In Section 1, we recall some notions and
basic facts and state the main results (Theorems 1.1 and 1.2). The rest of
the paper covers the proofs of Theorems 1.1 and 1.2. In Section 2, we give
a generating set of the odd contact Lie algebra and recall the so-called Z-
grading structures, which will be frequently used, and establish some technical
lemmas pertaining to transitivity for computing derivations. In Section 3, we
determine the derivation space from the odd contact Lie algebra into the even
part of generalized Witt superalgebra as module. As an application, we finally
complete the characterization of the derivation algebra and the outer derivation
algebra.

1. Notation and main results

Throughout the present paper, F is a field of prime characteristic p > 2,
and N and Ny are the sets of positive integers and non-negative integers, re-
spectively. Let Zs := {0,1} be the additive group of order 2. We first give
a description of the graded Lie superalgebras of Cartan type. For an n-tuple
a:=(a1,...,a,) € NJ, put |af := > | ;. Fixt:= (t1,t2,...,t,) € N* and
write 7 := (m1,m2,...,m), where m; := p'i — 1,7 € 1,n. Let A(n,t) := {a €
NG | a; < m;,1 € 1,n}. Denote by O(n;t) the divided power algebra over F with
F-basis {z(o‘) | « € A(n,t)}. For g; := (01, 0i2, .-, 0in), we write z; for z(E),
i € 1,n. Let A(n + 1) be the exterior superalgebra over F in n + 1 variables
g1y Tpt2y -« Tont1. The tensor product O(n,n+1;t) := O(n;t) p A(n+1)
is an associative superalgebra in the natural way, which is called a divided
power superalgebra. For g € O(n;t) and f € A(n+ 1), we simply write fg to
mean f ® g. Recall the multiplication in O(n,n + 1;1):

(@B = <a + ﬂ) @B for a, B € A(n,t),

@
rx; = —x;x; fori,jen+1,2n+1,

x(o‘)xj = xjx(o‘) fora € A(n,t), j en+1,2n+1,

a+B\ _ yr (ot Bi

("27) 1)
Let By := {<’i1,’i2,...,ik> |7’L+1 < <ig < - <ty < 2n—|—1} and

B:=B(n+1) := Ut By,
where Bg := 0. Set B® := {u € B | |u| is even} and B! := {u € B | |u] is odd}.
For u := (i1,42,...,%) € By, put |u| := k, {u} := {i1,42,...,ix}, and 2* =
Ti1Tio -+ Ty, We write @] := 0, 2 .= 1 and w = (n+1,...,2n 4+ 1). Note
that {z(®2" | a € A(n,t),u € B(n + 1)} is a Zy-homogeneous F-basis of

where
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O(n,n + 1;t). Denote the Zy-degree of a Za-homogeneous element x by p(z).
Let Dy, Ds, ..., D2yt be the linear transformations of O(n,n+ 1;t) such that
Di(z(®gv) = glo—edgv if 4 € T,n and z(o‘)% ifi € n+1,2n+ 1. Then
D1, Do, ..., Doyy1 are superderivations of the superalgebra O(n,n + 1;¢) and
p(D;) = pu(i), where u(i) :==0if i € I,n and 1 if i € n + 1,2n + 1. Recall the
generalized Witt superalgebra

2n—+1
Wn,n+1;t) := { Z a;D; | a; € O(n,n+ 151),1 € 1,2n+1},
i=1

which is a finite-dimensional simple Lie superalgebra (see [16]). The even part
of W(n,n + 1;t) is denoted by W(n,n + 1;t). Note that W(n,n + 1;t) is a
free O(n,n + 1;t)-module with a basis {D1, Da, ..., Dapy1}. Put i/ :==i+n if

i€l,nandi—nifi € n+ 1,2n. Define
Tk : O(n,n+1;t) — W(n,n+ 1;1)

2n
Tx (a) := Y _((=1)*TP@Dya + (—1)P@) (Dyp 4 1a)a) D;
=1
2n
+ <Z xl(Dla) — 2a> D2n+1.
=1

Then Tk is an odd linear mapping and the following formula holds for a,b €
O(n,n + 1;1):

(11) [Tk (a), Tic (0)] = Tic (T (a) (b) = (=)™ 2(Dansra)b)
It follows that the image of Tk,
KO(n,n+1;t) :={Tk (a) | a € O(n,n + 1;1)},

is a finite-dimensional simple subalgebra of W (n,n + 1;t), known as the odd
contact Lie superalgebra (see [4]). The even part of this Lie superalgebra is
called the odd contact Lie algebra, denoted by &(n,n + 1;1).

For simplicity, in the sequel, the parameter tuple (n, n+1;t) will be omitted.
For example, we usually write O, 20 and & for O(n,n + 1;t), W(n,n + 1;1)
and £(n,n+ 1;1), respectively. View 20 as a - module by means of the adjoint
representation. The primary results of this paper are:

Theorem 1.1. The derivation space from K into 2T is

Der (£, 20) = ad(20) & spang{ (adD;)?""

i€T,n, 1<k <t}
In particular, the first cohomology space of & with values in 2 is of dimension
Yimiti— .

Theorem 1.2. The derivation algebra of the odd contact Lie algebra is
Der(R) = ad(8) ® spanF{(adDi)pki

iEl,—n,lgki<ti}.
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In particular, the outer derivation algebra is an abelian Lie algebra of dimension
Z?:l ti —n.

2. Generating set and grading structures
2.1. Generating set

A derivation of a Lie algebra L is completely determined by its action on a
generating set of L. Thereby we first give a generating set of the odd contact
Lie algebra, which will be frequently used in this paper. Put

M= {T (anss) | i € T}

N = {TK (x(kaﬂgggnﬂ) lieT,n,0<k< m},

P= {TK (Tn41TnttTont1) | 1t € L_n} .
Theorem 2.1. M UN UP is a generating set of .

Proof. Denote by L the subalgebra of & generated by M UN UP. For Tk (a),
Tk (b) € L, if neither a nor b contains xa,41, then the Lie bracket of Tk (a)
and Tk (b) equals to that of Ty (a) and Ty (b) in the even part of the odd
Hamiltonian superalgebra HO(n,n;t) (see [11]). By [8, Proposition 2.4], the
even part of HO(n,n;t) has a generating set A :

{Tu (zrzi2q) | K, l,g € n+1,2n}
U {Tu (J:(qm)xk) |i€e1,n,0<q <m,ken+1,2n}.
Since [TK ($(kj8j)$2n+1) , Tk (anﬂ =Tk (x(kfgf)xnﬂ-) whenever j,i € 1,n
with j # i, [Tk (z*)20,41) , Tk (2p4i)] =Tk (ki Veas, 4 + 2kisd g, 1)

for i € 1,n, [Tk (zxz172041) , Tk ()] = Tk (zpxi24) fOr Kyl € N+ 1,20, all
the elements in A may be generated by M UN UP. Therefore,

Tk (z<5>x“) €L forall§ € Aln,t) and all u € B(n) with |u| odd.

One can easily verify that Tk ($(6)$2n+1) € L. Thus in order to complete the
proof, it is sufficient to show that

Tk ($(6)$u$n+j$2n+1) el

for all j € 1,n, § € A(n,t) and u € B(n) with |u| odd.
For every u € B(n), since |u| > 1, there exists n+¢ € u. Then one computes

[TK (x(‘s)x“) , Tk ($n+i$n+j$2n+1)}

= TK((-T( S,y iont1 — 0L L, e

+ (Z 0 + |u| — 2)x(5)x“zn+ixnﬂ-)
i=1
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=Tk (z(‘s*”)z“xnﬂxgwrl) .
It follows that Tk (:c(‘s*si)x“znﬂscgnﬂ) € L. So it remains to show that
Tk (z(“)z“xnﬂzgnﬂ) € L forall j€1,nand u € B(n) with |u| odd.
A routine computation shows that
[TK (ac(”_ai)xgnﬂ) , Tk (.T(Ei)muxn+j$2n+1)i|

(2.1)
= (n+ul+3)Tk (z(”)zuxnﬂ-xgnﬂ) )

Here we have used the identity in the underlying field:

n tk_l ti_2 ti_l
Z (pl )-i—(pl )—|u|—2 (pl )En+|u|+3 (mod p).

k=1, ki

A similar computation gives
[TK (-T(W_Qai)ZCQn—i-l) ,» Tk (-T(2Ei)xu$n+j$2n+1)i|

(2.2)
= —(n+|u+5)Tk (z(”)x“xnﬂ-zgnﬂ) )

It follows from (2.1) and (2.2) that Tk (ZC(F).’L'UZC”J,_J‘ZCQ”J,_l) € L since p > 2.
Summarizing, we have proved that Tk (1(5)x“) € L for all § € A(n,t),u €
B!. Hence £ = &, completing the proof. O

2.2. Principal gradings and transitivity

In order to compute the derivations, let us introduce a Z-grading structure
of R Write £ := |r| +n+1 = Y, p" + 1. In what follows, the symbol
deg(z) always implies that = is a Z-homogeneous element with respect to the
Z-grading under consideration and deg(z) is the Z-degree of x. By letting
deg(2(®) := |a| for a € A and deg(u) := |u| + dant1cu for u € B, the divided
power superalgebra has a Z-grading structure, known as the principal grading,

0= EBfi&Oi, O; = spanp{z@z" | deg(2¥z") =i, o € A, u € B}.

Here, d2p41¢4 1S, by definition, 1 if 2n + 1 € u and 0 otherwise. In particular,
deg(x;) = 1+ 6;2n+1 for all i € 1,2n + 1. By assigning deg(D;) = —1 — §; 241
for ¢ € 1,2n + 1, the principal grading of O induces a Z-grading structure on
the generalized Witt superalgebra, known again as principal:

W = @;>_oW;, W, :=spang{fD;s | f € O,s € 1,2n+ 1,deg(f)+deg(D,)=1}.

It is routine to verify that the odd contact Lie superalgebra KO is a Z-graded
subalgebra of W with respect to the principal grading, that is,

KO:@iZ_QKOi, KO;:=KOonWw,.
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Correspondingly, 2J and K have the principal grading structures:
W= D>1W;, W, =WNW,,
R=®>18, R :=K8NKO;.
In particular,
A1 = spang {Tx (z4) [ i € 0},
fo = spang {TK (@ant1) s Tk (Ti%nts) | 0,5 € L_n} )

We should note that Tk is of degree —2 with respect to the principal gradings.
For convenience, we list some formulas for later use (i,j € 1,n):

Tk (Tn+ti) = —Di — TpyiDonta,
2n

Tk (Z2n41) = — E 2Dy — 2x9n41Don+1,
k=1

Tk (zitn+j) = Tu (TiTntj) = TntjDnyi — 2:D;.

Since both K and 20 are finite dimensional, viewing 20 as a f-module by
the adjoint representation, the derivation space Der(R&,20) inherits a Z-grading
from the principal gradings of & and 20 in the usual fashion:

Der(R,20) = @;czDer; (8], 20).
In particular, Der(R) is a Z-graded Lie algebra:
Der(fi) = @iezDeI‘i (R)

Here we should mention that, to determine the derivations of K, we shall
first determine the derivations from R into 2J. This will largely simplify our

computations since the elements in 2 possess more concise expressions.
Write G for the centralizer of R_1 in 2, that is, G := Cy(8_1). By a
lengthy but straightforward computation, we can verify the following;:

Lemma 2.2. Ifn is odd, then
(2.3) o
G = spang {x“Di,x“’Di,x”DgnH licT,m2n+1¢gucB2n+1¢ve Bl} :

If n is even, then
(2.4)
G =spang {qui7wa2n+17va2n+l lieT,n,2n+1¢uecB®2n + 1§Zv€IB31} .

Similarly, one may easily give the centralizer of £_; in K:
Lemma 2.3. If n is odd, then
(2.5) Cg(R-1) = spang {Tk(z") [2n+ 1 € u € B'};
If n is even, then

(2.6) Cg(R_1) = spang { Tk (z*), Tk (z*) | 2n + 1 ¢u € B'} .



DERIVATIONS OF THE ODD CONTACT LIE ALGEBRAS 597

Remark 2.4. We should mention that Lemma 2.3 implies that the principal
grading of R is not transitive and that R is not simple.

Remark 2.5. Tt is a standard fact that G is a graded subalgebra of 20 with
respect to the principal gradings. By Lemma 2.3, G = >, Gai11, that is,
Ga; = 0 for all i. The same conclusion holds for Cg(f-1).

We close this section by introducing two technical lemmas. The first one is
straightforward while the second is from [10, Proposition 2.1.6].

Lemma 2.6. Let ¢ € Der(R,20) and ¢(R-1) = 0. If E is an element of R
such that [E,8_1] C ker ¢, then ¢(F) € G.

Lemma 2.7. Any nonnegative Z-homogeneous derivation from K into 20 mod-

ulo an inner derivation vanishes on f_1.

3. Proof of Theorems 1.1 and 1.2

In this section, we completely determine the derivations from R into 2J
(Theorem 1.1). We treat separately the derivations of nonnegative degree and
of negative degree and obtain the following intermediate results:

Proposition 3.1. All the nonnegative homogeneous derivations from K into
2 are inner. That is,

Der="(8&,20) = ad(20=°).

Proposition 3.2. The negative homogeneous derivations from R into 2 are
described as follows:

Der<(&,20) = adW_; & spang{(adD;)?" |i € T,n, 1 < k; < ;}.

These two propositions will be proved in Subsections 3.1 and 3.2, respec-
tively. Then we can give:

Proof of Theorem 1.1. This follows immediately from Propositions 3.1 and 3.2.
O

Every derivation of £ is a derivation from R into 20. Thereby Theorem 1.1
can be used to determine the derivation algebra of {.

Proof of Theorem 1.2. Let us show that
Der(f) = ad(8) @ spang{ (ad D;)?""

First, consider the inclusion “ C 7. Let ¢ be a homogeneous derivation. If
¢ is of degree t > —1, then by Theorem 1.1, there is an E € 20 such that
¢ = adE. Note that £ is self-normalizing in 20, that is, Norgy(R) = K. One
sees E € 8 and ¢ € ad(R). If ¢ is of degree t < —1, then by Theorem 1.1,
¢ € spanF{(adDi)pki i€l,n, 1<k <t;}. Hence “C” holds. The converse
inclusion is immediate since (adD;)P" = (adTk (zn4:))?" for any positive
integer k;. The dimensional formula for the outer derivation algebra is obvious
and the proof is complete. (I

icTn, 1<k <t}
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3.1. Derivations of nonnegative degree

For convenience, write for ¢ € 1,n,

Ai = TK (:L'Z:L'z/> = :L'Z'/Di/ — :L'Z'Di,
2n

Agpy1 =Tk (Tant1) = — Z T Dy — 2x9n41D2n41.
k=1

Note that
T = spang{A;, Agyi1 | i € T,n}
is a maximal torus of dimension n + 1 of Ry, known as standard. We also point

out that —adAsg, 41 is the degree derivation of & with respect to the principal
grading, that is,

(31) [7A2n+1, E] =kE forall E e Rk

In particular, the degree derivation is inner for this Lie algebra. We state a
formula for later use: for i € 1,n,

[TK (z(o‘):c“) ,AZ} = (a; — Onticu) Tk (z(o‘)x“) .

In order to prove Proposition 3.1, we first give a result pertaining to deriva-
tion vanishing:

Lemma 3.3. A nonnegative homogeneous derivation from K into 20 vanishes
if and only if it vanishes on the non-positive part of K.

Proof. Suppose ¢ € Der;(8&,20) with ¢ > 0 and ¢ (R_1 ® £) = 0. In view of
Theorem 2.1, we have to show that ¢ (N) =0= ¢ (P).
Case 1. We first check that ¢ (V) = 0 or equivalently,

(3.2) 10) (TK (m(asi)$2n+1)) =0 foralliel,n, 0<a<m.

For a = 1,2, as in [8, Lemma 3.1], it is easy to see that (3.2) holds. Now we
proceed by induction on a > 2. Note that by induction hypothesis,

[6 (T (#903041) ) Tic (2n45)] =0 forall j € T

By Lemma 2.6, it is sufficient to treat the following Subcases 1.1 and 1.2.
Subcase 1.1. Suppose

1) (TK (z(asi)zgnﬂ)) = Z Curx"D,, wherecy, €F.
rel,n, u€B(n+1)

Applying ¢ to the equation that [TK (x(“ai)zgnﬂ) ,Ai} =aTk (x(“ai)xgnﬂ),
one gets

E CurZ' Dy, 2y Dy — ;D | = a g Curx" D,

rel,n, ucB rél,n, u€B
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and therefore,

- Cui T Di - 6i’€u Cyr® DT =a Cyr® Dra

ueb re€l,n, u€B re€l,n, u€B
where 0;/¢,, means that it is 1 if ¢/ € u and 0 otherwise. Comparing the
coefficients, we have
(3.3) (a+6ircu)cur =0 forrel,n\{i}, ueB;
(3.4) (a+1+dycy)cui =0 forueB.

We distinguish two cases: (i) a =0 (mod p), and (ii) a Z 0 (mod p).
(i) Suppose @ =0 (mod p). By (3.4), cy; = 0. Then

¢ (TK (:C(agi)z2n+1)) = Z Curl'uDr + Z CvT:CUDr-

i/ EueB i/ ZueEB
rel,n\{i} rel,n\{i}

By (3.3), one gets

) (TK (z(asi)xznﬂ)) = Z Cor’ D,

i/ gveB
reT,n\{i}

For any fixed v satisfying that i’ € v, since |v| > 3, there exists ¢ € v, ¢ # 2n+1
and g # 4,4’ such that [Tk (:C(agi)l'QnJrl) , Ayl = 0. Applying ¢ to the above
equation, we get ¢, = 0 for r € 1,n\ {i}. This proves (3.2).

(ii) Suppose a # 0 (mod p). Similar to (i), from (3.3) and (3.4) one can show
that (3.2) holds.

Subcase 1.2. Suppose

1) (TK (.’L'(agi)ZCQn-i-l)) = Z Cu2n+12" Dopy1, where cyont1 € F.
u€B!
Similar to Subcase 1.1, it is easy to show (3.2).
Case 2. Let us show that ¢ (P) = 0, that is,
(3.5) ¢ (Tk (TntjTnikTont1)) =0 forj, k € 1, nwithj # k.

We treat separately the two subcases of ¢ being even and ¢ being odd.
Subcase 2.1. Suppose t is even. By Lemma 2.6, ¢ (Tk (Zn+jTn+kTont+1)) is
of exactly one of the forms

§ w w
Cwr DT and Cw2n+1T D2n+1-

reT,n
2n+1€weB0

We only treat the first form since the other case can be treated similarly.
Applying ¢ to the equation

K\ Zn4+jTn+kl2n+1), 5] = — LK \Tn+jTn+kT2n+1) ,
[Tk ( ), Aj] =Tk ( )
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we obtain that c,; = 0. Consequently,

¢ (TK (xn+jzn+kz2n+1)) = Z erl'wDr-

2n+1cweh0
rel,n\{s}

By |w| > 3, |w| > 5, there exists s € w, s # 2n+ 1 and s # n+ j,n + k such
that [Tk (Tn4Tn+kTon+1), As] = 0. Applying ¢ to the above equation, we
have ¢, = 0 for r € 1,n\ {j}. Then (3.5) holds.

Subcase 2.2. Suppose t is odd. By Lemma 2.6, ¢ (Tk (Tn+jTntkTont1)) is
of exactly one of the forms

5 Cy 2n+1$uD2n+1 and 5 CurquT-

2n+1gueBt rel,n
2n+1¢ueck0

We only treat the first form since the other is similar. For any fixed u, by
|u| > 5, there exists ¢ € u, ¢ # 2n+ 1 and ¢ # n + j,n + k such that
[Tk (ZntTntrTont1), Ag] = 0. Applying ¢, one gets

E Cu2n+12" Dany1, xgDg —xy Dy | = 0.
2n+1€u€]B51

Consequently, 7227&1@631 Cuoni12*Dapy1 = 0 and so c¢yonr1 = 0. This

proves ¢ (TK ($n+j$n+k$2n+1)) =0. -

We need, in addition, a reduction lemma of which the proof is completely
analogous to [8, Lemmas 3.6 and 3.7]:

Lemma 3.4. A nonnegative derivation from 8K into 20 vanishing on K_1 mod-
ulo an inner derivation vanishes on the non-positive part R_1 ® Ko of R.

Proof of Proposition 3.1. The inclusion ad20; C Der; (R, 20) is immediate. On
the other hand, for ¢ € Der;(&,20), by Lemma 2.7, there exists E € 20, such
that (¢ —adE)(R_1) = 0. By Lemma 3.4, there exists D € G; such that

(¢ —adE — adD)(R-1 @ Ro) = 0.

Then Lemma 3.3 and Theorem 2.1 ensure that ¢ — adE — adD = 0. Conse-
quently, ¢ = adFE + adD € ad2J; and the proof is complete. (|

3.2. Derivations of negative degree

In this subsection, we determine the homogeneous derivations of degree —1,
—p? for any positive integer d and of the other negative degrees, respectively.

3.2.1. Degree —1. We first give a reduction lemma for degree —1 derivations.

Lemma 3.5. A derivation from K into W of degree —1 vanishes if and only if
it vanishes on Ry.
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Proof. The “only if” direction is obvious. For the “if” direction, in view of The-
orem 2.1, it is enough to show that ¢ (P) =0 = ¢ (N) for all ¢ € Der_; (&, 20).
Similar to [8, Lemma 4.2], it is easy to show that ¢ (N) = 0. Now let us show
that ¢ (P) = 0, that is,

(3.6) ¢ (Tk (TntjTnikTont1)) =0 forallj, k € 1, nwithj # k.

Since ¢ is of degree —1, by Lemma 2.6, ¢(Tk (Tn+jZTnt+kTont1)) is of exactly
one of the forms

E CurquT and § Cy 2n+1qu2n+1-

rel,n 2n+1¢uecB?
2n+1gueBo

We only treat the first form since the other is similar. Applying ¢ to the
equation
[Tk (TntjTntrTont1) s Aj] = =Tk (TntjTntkTant1)

we obtain that for any given u, ¢, = 0 for r € 1,n\ {j} if n +j € u and
cyj =0ifn+j€u.
Case 1. If n+ j € u, then

¢ (Tx (zn+jzn+kz2n+1)) = Z Cujx" Dj.
2n+1,n+jguecBO

Since |u| = 2, there exists r € u , r # n + j and r # n + k such that

[Tk (TntjTnirTons), D] =0.
Applying ¢, one gets ¢,; = 0. This proves (3.6).
Case 2. If n+ j € u, then
¢ (Tk (TntjTntrT2nt1)) = > Cur" Dy
2n+1¢ueB?, reln\{j}

Noting that

[TK (zn+jzn+kx2n+l> 5 Ak] - *TK (:Cn+jxn+k1'2n+1> 5

one gets, for any given u, ¢, = 0 for r € 1,n\ {k} if n + k € u. Thus

& (Tk (TntjTntrTont1)) = Z Cuk® Dy
2n+1ZueB0
Since n+k ¢ u and |u| = 2, there exists ¢ € u,q # n+j and ¢ # n+k such that
[Tk (TptTntkTont1), Dg] = 0. Applying ¢ to the equation, one gets ¢y = 0
and (3.6) holds. If n + k € u, then ¢y, = 0. Next we consider only the case
when n + j € u and n + k € u. Suppose

¢ (TK ($n+jxn+kx2n+1)) = Z Cur-ruDr-

n+j,nt+kcucs0
r€l,n\{j,k}
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For any fixed u satisfying n+j € u and n + k € u, choose any t € 1,n\ {j, k}.
Applying ¢ to the equation [Tk (Tn+jTn+kTant+1), A¢] = 0, we can obtain that
cut = 0 for t € 1,n\ {4, k}. This proves (3.6). O
Proposition 3.6. Any derivation from K into 00 of degree —1 is inner.
Proof. For ¢ € Der_; (R, 20), we may suppose
¢ (TK (:CQnJrl)) = Z CTDT + Z dsst2n+1;
rel,n s€n+1,2n
where ¢,.,ds € F. Let F := — (Zreﬂ cr Dy + Zsem dSZ'SD2n+1). Writing
1 = ¢ — adF, one sees ¢ (Tk (2n+1)) = 0. Then we have
[’lﬂ (TK (xixj)) , Tk (.T2n+1)] =0 forie 1,—7’L,j en+1,2n.
On the other hand, a simple computation shows that
[ (Tk (zizj)) , T (v2n41)] = = (T (wi25))  fori € In,j € n+1,2n.

Therefore, ¢ (Tk (ziz;)) = 0 for i € 1,n,j € n+ 1,2n. This implies that
¥(Ro) = 0. By Lemma 3.5, we get ¢ = 0. Consequently, ¢ = adE € ad20_;.
The proof is complete. (I

Next, we compute the derivations of degree less than —1.

3.2.2. Degree —p?. We need a reduction lemma for derivations of degree
less than —1.

Lemma 3.7. A homogenous derivation from K into 00 having degree t < —1
vanishes if and only if it vanishes on the elements of form Tk (.T(tsi)$2n+1)
with i € 1,n.

Proof. The “only if” direction is obvious. Conversely, let ¢ be a derivation
vanishing on the elements indicated above. By Theorem 2.1, it suffices to show
that ¢ (P) = 0 = ¢ (N). But this can be proved completely analogously to [8,
Lemma 4.5]. O

Proposition 3.8. Let t = p®, where d is a positive integer. Then
Der_;(R) = spang{(adD;)" | i € T,n}.
Proof. Let ¢ € Der_;(R). Given any i € 1,n, one may suppose
0] (TK (x(t“)xnﬂ)) = Z ¢;Dj + Z ¢z Dapy1, wherec; € F.
jeTm j'entizn
Since t =0 (mod p), we have

[TK (x(tsi)xnﬂ-) , Ai} = -Tk (.T(tgi)szri) .

Applying ¢ to the equation above, one gets
¢ (TK (x(tsi)anri)) =D + ¢itntyiDoanya.



DERIVATIONS OF THE ODD CONTACT LIE ALGEBRAS 603

To finish, we produce a new derivation ¢ := ¢ + > 77 ¢-(adD,)". One may
verify that

(3.7) b (TK (x(tsi):anri)) —0 forallicT,n.

Fixing any i € 1,n and picking any j € 1,n\ {i}, one gets

(3.8) Tk (x(tai)xnﬂ) = [TK (xin+;), Tk (x(tai)xnﬂ)} .
From (3.7) and (3.8), one may deduce that

(3.9) b (TK (:c<t€i>:cn+j)) —0 foralli,jeT,n.

Note that for any 7, € 1,n and any positive integer k,
(3.10)

[TK (x(k“)acgnﬂ) , Tk (mnﬂ)} =0;,; Tk (.T(k_l)gi$2n+1) + Tk (Jc(kai)xnﬂ) .
From (3.9) and (3.10), one may show that
[1/; (TK (:NE”:C%H)) Tx (znﬂ-)} =0 foralli,jeT,n,
that is, ¢ (Tk (¥ 22,41)) € G. Consequently,
" (TK (x“&i)xgnﬂ)) €EGNWy =Gy forallicT,n.

By Lemma 2.5, Gy = 0 and thus ¥ (N) = 0. By Lemma 3.7, ¢ = 0 and
therefore,

6=— Z cr(adD,)t € spang {(adD;)" | i € T,n}.
reln
The converse is obvious since a p-power of a derivation is again a derivation. [
3.2.3. Other negative degrees. In this subsection, we prove that the deri-

vations from K into 20U having degree —t are trivial, where ¢ > 1 is not a
p-power.

Proposition 3.9. Der_;(&,20) = 0, where t > 1 is not a p-power.

Proof. Let ¢ € Der_4(R,20). We distinguish two cases:
Case 1. Suppose t # 0 (mod p). Consider the degree derivation (3.1). We
have for any k,

(3.11) (k—t)¢(E)=[p(E),Aspt1] = k¢ (E) for all E € Ky.

Consequently, ¢ = 0.
Case 2. Suppose t =0 (mod p). We want to check that ¢ fulfills the condi-
tions of Lemma 3.7, that is,

(3.12) ¢ (TK (:c“ﬂ):cgnﬂ)) —0 forallieT,n.
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Consider the p-adic form ¢t = 22:1 asp®, where 0 < a5 < p and a, # 0.
Observing the Z-degrees, one gets

o s )) =0 (1 (57.2)

Note that ( ) #0 (mod p) and
[TK (x((t—pwnei)x% +1) Tk (x(pfanzi,)}

= (;T)TK (x(tei)$2n+1) + (t;l)T ( ((t+1)e:) g, /) .

Therefore, to show (3.12), it is sufficient to verify that

(3.13) P (TK (x((Hl)Ei)xi/)) —0.
To do so, we first assert that ¢ (TK (x(tei)xi/)) = 0. Indeed,

e 0a) (s 0m) = ((3) -, ) ) e (o).
0

The assertion follows since ) % 0 (mod p) and ( ) =
d p), one computes

(mod p). Now,
keeping in mind that ¢t =0

(i
(mo
e s 0) = e (o). e (50|

Consequently, (3.13) holds. The proof is complete. O
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