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ON THE MINIMAL GRADED FREE RESOLUTION OF
POWERS OF LEXSEGMENT IDEALS

ANDA OLTEANU

ABSTRACT. We consider powers of lexsegment ideals with a linear resolu-
tion (equivalently, with linear quotients) which are not completely lexseg-
ment ideals. We give a complete description of their minimal graded free

resolution.
Introduction
Let S = K|[x1,...,x,] be the polynomial ring in n variables over a field K
and <., the lexicographical order with respect to x1 >jex> -+ >ier Tn. Fix

an integer d > 2 and let u and v be two monomials of degree d in S such
that u >je; v. The lexsegment ideal determined by the monomials u and v,
(L(u,v)), is the monomial ideal generated by all the monomials w in S of degree
d which have the property that u >c; w >er .

Defined by H. Hulett and H. M. Martin [8], lexsegment ideals have been
studied in several papers [1, 4, 5, 6, 9]. Their properties such as being Gotz-
mann, normally torsion-free or sequentially Cohen—Macaulay have been com-
pletely characterized [9, 10, 11]. All the characterizations are in terms of the
numerical data of the monomials that determine the lexsegment.

It is known that any ideal with linear quotients generated in one degree has a
linear resolution, but the converse does not hold (see, for instance, [3, Lemma 1
and Example 4.2]). In [5, Theorem 1.2 and Theorem 2.1], it is proved that these
two notions are equivalent for the class of lexsegment ideals. Moreover, for the
case of completely lexsegment ideals with linear quotients, the minimal graded
free resolution can be described. It is natural to ask whether the powers of an
ideal with linear quotients have again linear quotients. Conca’s example shows
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that this is not true in general [2, Example 3.2], but for lexsegment ideals, this
property is preserved by their powers [6, Theorem 2.10 and Corollary 3.9].

We will consider powers of lexsegment ideals with a linear resolution which
are not completely lexsegment ideal and we describe their minimal graded free
resolution by proving that their decomposition function is regular and using the
result of J. Herzog and Y. Takayama for this case [7]. In this way, the minimal
graded free resolution of lexsegment ideals with linear quotients is completely
described.

The paper is organized in three sections. In the first section, we define all
the notations and the terminologies and we recall some known results which
will play a key role in the proofs.

In the second section, we consider powers of a lexsegment ideal I with linear
quotients which is not a completely lexsegment ideal. We describe the decom-
position function associated with the increasing reverse lexicographical order
and we show that this is regular. By using the results of J. Herzog and Y.
Takayama [7], we write the minimal graded free resolution of I* for all k > 1.

In the last section, we consider an example in order to illustrate the results.

1. Preliminaries

Let S = K|[x1,...,2,] be the polynomial ring in n variables over a field K
and we fix the lexicographical order, <., on S with respect to the order of the
variables ©1 >1ey> -+ >lex Tn. For a monomial m = z{* - - - 2%, we denote by

v;(m) the exponent of the variable x; in the monomial m, that is, v;(m) = a;.
The set supp(m) = {i : v;(m) # 0} is called the support of the monomial m.
Let us denote min(m) := min(supp(m)) and max(m) := max(supp(m)). If T
is a monomial ideal in S, then G(I) will be the set of its minimal monomial
generators.

For d > 2 an integer, we denote by Mg(S) the set of all monomials of degree
din S. Let u,v € My(S) be two monomials such that u >, v. The set

L(u,v) ={w e Mg(S) : U >z W >ex v}

is called the lexzsegment set determined by the monomials u and v. A lexsegment
ideal is a monomial ideal generated by a lexsegment set. An important notion
in the study of the lexsegment ideals is the shadow of a set of monomials.
For a set of monomials 7" C S, one may define its shadow as being the set
Shad(T') = {z;w : 1 <i<mn, weT}. Moreover, the ith shadow is recursively
defined as Shad*(T) = Shad’~*(Shad(T)).

A lexsegment set is called a completely lexsegment set if all the iterated shad-
ows are again lexsegment sets. An ideal generated by a completely lexsegment
set is called a completely lexsegment ideal.

In [7, pg. 278], the class of ideals with linear quotients is considered.
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Definition 1.1 ([7]). A monomial ideal I C S has linear quotients if there
exists an ordering of its minimal monomial generators my, ..., m, such that
the ideal (my,...,m;—1) : (m;) is generated by a set of variables for all i > 2.

If I is a monomial ideal which has linear quotients with respect to the se-
quence my,...,Mm,, then one may consider the sets

set(m;) ={j : x; € (m1,...,mi—1): (my)}

for all 7 > 2.
The following result collects known results on lexsegment ideals.

Theorem 1.2 ([1, 5, 6]). Let u = %" --- 2% with a; > 0 and v = 2 .. 2br
be monomials of degree d with w >jep v and let I = (L(u,v)) be a lexsegment

ideal. Then the following statements are equivalent:
(1) I has a linear resolution.
(2) I has linear quotients.
(3) All the powers of I have linear quotients.
(4) All the powers of I have a linear resolution.

If we restrict to the case of lexsegment ideals which are not completely
lexsegment ideals, we have the following result which combines [1, Theorem
2.4], [5, Theorem 2.1], and [6, Corollary 3.9]:

Theorem 1.3. Let u = 7" -+ - 2% witha; > 0 and v = xl2’2 -2 be monomi-

als of degree d with u >y v, and let I = (L(u,v)) be a lexsegment ideal which
is not completely lexsegment. Then the following statements are equivalent:

(1) u and v have the following form:

d

ap41 Qn —1
n

U=y ey

for somel, 2 <1<n-—1.
(2) I has a linear resolution.
(3) I has linear quotients.
(4) All the powers of I have linear quotients.
(5) All the powers of I have a linear resolution.

and v = x;x

The order of the minimal monomial generators for which I* has linear quo-
tients for all k > 1, where [ is a lexsegment ideal with a linear resolution which
is not completely lexsegment ideal, is the increasing reverse lexicographical or-
der. We recall that my <jpeyiex M2 if there is some s, 1 < s < n, such that
vi(my) = vi(me) for all i > s and vs(my) > vs(me).

Remark 1.4. Let u,v € My be two monomials, u >, v, and I = (L(u,v))
be the corresponding lexsegment ideal. Note that we may always assume z; | u
and z; tv. Indeed, if z1 | v, then we denote u = z* --- 2% and v = 2% ... 2br
with a; > by > 0. If ay = by, then I = (L(u,v)) is isomorphic, as an S-module,
to the ideal generated by the lexsegment £(u/z{*,v/z") of degree d — a;.
This lexsegment may be studied in the polynomial ring in a smaller number of
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variables. If a; > by, then I = (£(u,v)) and (L(u/z"",v/2b")) are isomorphic
as S-modules and we have vy (u/az5') > 1 and vy(v/2}') = 0. Therefore, we
will always assume that z1 | v and 1 1 v.

2. Powers of lexsegment ideals with a linear resolution which are
not completely lexsegment ideals

In the sequel, we show that all the powers of lexsegment ideals with a linear
resolution which are not completely lexsegment ideals have a regular decom-
position function with respect to the increasing reverse lexicographical order.
For two monomials u,v of degree d, we denote by L(u,v) the corresponding
lexsegment ideal. We will consider only the case when 1 | u and 1 1 v.

By using Theorem 1.3, we will assume that v and v are monomials of degree
d > 2 such that I = (L(u,v)) is a lexsegment ideal which is not a completely
lexsegment ideal, and that v and v have the following form:

d—1
n

a
u=xx ey

for some [, 2 <1 <n—1.

For a lexsegment L£(u,v), we assume that the elements are ordered by the
increasing reverse lexicographical order. We denote by I = (L(u,v)) the lexseg-
ment ideal, and by I Qrev 1. w> the ideal generated by all the monomials z € G(1 )
with 2z <j,evlex W. Iﬁreumw
z € G(I*) with 2 < epler -

In order to describe the decomposition function, we need some preparatory
results.

and v = 7z

will be the ideal generated by all the monomials

Lemma 2.1. Let I = (L(u,v)) C S be a lexsegment ideal with a linear resolu-
tion which is not a completely lexsegment ideal and m € G(I*) a monomial. If
s € set(m), then s > min(m).

Proof. Since m € G(I*) and s € set(m), there exists a monomial w € G(I*),
W <peplex M such that xsm = xyw for some ¢, 1 < t < n. Obviously, m # w
implies s # ¢t and x; | m. Moreover, w = xsm/xim <repiez M gives s > t. The
statement follows since z; | m implies ¢ > min(m). O

One may note that, once we fix an integer [, 2 < [ < n — 1, a monomial
m € S may be uniquely written as m = mm with m € K[zy,...,2;] and
m € K[xi11,...,2,]. In particular, we have max(m) < ! < min(m). On the
set of all monomials of degree kd in S, Myq(S), we define the order < as
follows: for my,ma € Myq(S), we say that my < mq if deg(m7) < deg(mz) or
deg(my) = deg(mz) and my <jex Ma.

If I = (L(u,v)) with 21 | w and 21 t v is a lexsegment ideal with a linear
resolution which is not a completely lexsegment ideal, then u = xlx?ﬁ‘l .
and v = xlszl for some integer [, 2 < [ < n — 1. Therefore, through this
paper, we will assume that the fixed integer which will be used in the order <
is [.

An

..:L'n
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Remark 2.2. If m € G(I¥), then deg(m) > k since u = z1a; ()" - - 2% and v =

zxd=1 for some [, 2 <1 <n—1.

Lemma 2.3. Let I = (L(u,v)) C S be a lexsegment ideal with a linear resolu-
tion which is not a completely lexsegment ideal and m € G(I*) a monomial. If
s € set(m) and xsm/Tmin(m) < v*, then s > min(m).

Proof. By the hypothesis, we have zsm/Tmin(m) < v*. Writing m as m = mm,
we get that the only possible case is when deg(zsm/Tmin(m)) < deg(vF) =

deg(xfxﬁ(dfl)) = k. Indeed, if we assume that deg(zsm/Tmin(m)) = deg(vF) =
k, then xsm/Tmin(m) <iex oF = zfzﬁ(d_l). In particular, 2sm/Zmin(m) <iex
xf_leii71)+1 since

k—1 k(d—1)+1 k. k(d—1
) le(rl 1 _ max lex{w € Mpa(S) @ w <jez 7 :L'n( )},

a contradiction. Therefore, we have deg(xsm/Tmin(m)) < k which implies that
deg(m) =k and s > 1.
Since s € set(m), as in the proof of Lemma 2.1, we have zsm = z,w for

some w € G(I*), w <,epiex m, t € {1,...,n} and s > t. One may note that
since w € G(I*¥) and =y | m, we must have ¢ > min (/) because otherwise, we
get that w = xym/x; has deg(w) = k — 1, which is impossible. O

In [7], J. Herzog and Y. Takayama defined the decomposition function of a
monomial ideal with linear quotients. We recall their definition.

Definition 2.4 ([7, Definition 1.9]). Let I C S be a monomial ideal with
linear quotients with respect to the sequence of minimal monomial generators
UL, ..., Uy and set I; = (u1,...,u;) for j =1,...,m. Let M(I) be the set of
all monomials in I. The map ¢ : M(I) — G(I) defined as g(u) = u;, where j
is the smallest number such that u € I, is called the decomposition function
of I.

By using the above results, we may completely describe the decomposition
function associated to the increasing reverse lexicographical order. Note that
since I is a lexsegment ideal with a linear resolution which is not a completely
lexsegment, I has linear quotients with respect to the increasing reverse lexico-
graphical order. Moreover, I* has linear quotients for all k& > 1 by [6, Corollary
3.9].

Proposition 2.5. Let I = (L(u,v)) C S be a lexsegment ideal with a linear
resolution which is not a completely lexsegment ideal and g : M (I*) — G(I*)
the decomposition function with respect to the increasing reverse lexicographical
order. Then
g(:csm) _ { xsm/xm?n('riz); -’L'sm/xmi'n(m) = 'U];a
xsm/xmm(m)a -Tsm/xmm(m) =

for any m € G(I*), s € set(m), and m = mm
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We divide the proof into a sequence of lemmas.

Lemma 2.6. Let I = (L(u,v)) C S be a lexsegment ideal with a linear res-
olution which is not a completely lexsegment ideal and g : M(I¥) — G(I*)
the decomposition function with respect to the increasing reverse lexicographi-
cal order. If m € G(I¥) and s € set(m) such that LM/ Tiin(m) = V¥, then
g(‘rsm) = ‘Tsm/xmin(m)-

Proof. Let m € G(I¥) and s € set(m). We need to show that zsm/Tmin(m) €
G(I*) and that

Tsm

: ky . k
=min reviec{w € GUIY) 1 W <pevtea m, xom eI 1.

Lmin(m)

If z5m/Tminmm) = v®, then it is obvious that LM/ Trin(m) € G(I%). Let
us assume that x,m/@minm) = v*. By Lemma 2.1, we have s > min(m).
Since xm/Tumin(m) = v*, we have either deg(zsm/@min(m)) > deg(vF) = k or
deg(zsm/Tmin(m)) = deg(v_k) =k and zsm/Tmin(m) >iex vk,

In order to show that zsm/Zmin(m) € G(I*), we split the proof into two
cases:

Case I: We assume that deg(zsm/Tmin(m)) > deg(vF) = k. Since m €

G(Ik), there exist mq,...,mi € L(u,v) such that m =my ---my. Let 1 <i <
k be such that min(m) = min(m;). Then
s m; k
=TsMyp - Mj—1———— M1 Mg Z v,
Tmin(m) Tmin(m;)

If 25m;/Tmin(m,) € L£(u,v), then we are done. Now let us assume that

xsmi/xmin(mi) ¢ E(uv ’U),

that is, 2smi/Tminm,) <tex vV = 7271 since s > min(m;) = min(m). In

particular, supp(zsm;/Tmin(m,)) € {l +1,...,n} and s > [+ 1. Since

deg(zsm/Tmin(m)) > k,
there exist 1 < j,r <l and 1 < « < k such that z;2, | mq. In particular, we
must have j,r > 2 by using the form of the monomials v and v. Then

Tsm TsMa, zim; K
=mq--- "'melez’U;
Lmin(m) Zj Lmin(m;)

where v <lex :iji/zmin(mi) Slex Mi Siex U and v <lex xsma/zj <lex Ma Slex
. This implies 2sm/Tmin(m) € G(I*).

Case II: We assume that deg(zsm/Tminm)) = deg(v®) = k. Therefore, we
must have 2,m/Zmin(m) >iex v®. Since deg(2sm /T min(m)) = k, we have either
s<lors>Ilanddeg(m)=k+1.

Since m € G(I*), there exist my, ..., my € L(u,v) such that m = my - - - my.
Let 1 < ¢ <n be such that min(m) = min(m;).

If s <, then since m = my - - - my, and using the above notations, we get
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Tsm Tsmy
A ml"'mi—l#mi—i—l"'mk > ,Uk c G([k)
Lmin(m) Lmin(m;)
because min(m) = min(m;) < s <.
Analysis similar to that in the Case I shows that if s > I, then zsm/Tmin@m)

€ G(I*).
We need to prove that
Tsm .
2 = min pevtea{w € G(I®) © W <peviee M, TLM E Iﬁreumw}.
Lmin(m) -

Then there
exists w1 € G(I¥), w1 <revlex w, such that zym = x.w; for some t, 1 <t < n.
As m # wy, we have s # t, and hence x; | m. Thus ¢ > min(m). Therefore,

Let w € G(I*) be such that w <,epiex m and zsm € IE

Sreviex W

s
W Zpepler W1 = - 2 revlex

as desired. O

Lemma 2.7. Let I = (L(u,v)) C S be a lexsegment ideal with a linear res-
olution which is not a completely lexsegment ideal and g : M(I¥) — G(I*)
the decomposition function with respect to the increasing reverse lexicographi-
cal order. If m € G(I*) and s € set(m) such that xsm/Tminim) < v*, then
g(zﬁm) = xsm/xmin(ﬁl)'

Proof. As in the proof of Lemma 2.3, we see that deg(2sm/2min(m)) < k which
implies that deg(m) = k. By Lemma 2.3, we have s > min(m) > [.

Firstly, we prove that zsm/@mins) € G(I¥). Since m € G(I¥), there exist
mi,...,mg € L(u,v) such that m = mq---my. Let 1 < i < k be such that
Tmin(m) | Mi. Then

iy M ——— oy, € G(IF)

Lmin(m) Lmin(m})
since xsmi/xmin(m;) € L(u,v) because s > min(m) > + 1.
Next, we prove that
Lsh . k k
— — =min Tevlez{w € G(I ) W <pevlex M, TsM € I<

xmin(ﬁl) revzezw}‘

Let w € G(I*) be such that w <,eyier m and zsm € IETE which implies
that there exists w; € G(Ik), w1 <peplez W such that xgsm = xyw; for some t,
1 <t < n. Obviously, m # w; implies s # t. Hence we must have z; | m. In
particular, ¢ > min(m). Since deg(m) = k, s > min(m) > [, and w € G(I*),
we must have that deg(w) = k which implies that ¢ > min(m) since x; | m.
Therefore, wy = 2sm/2t >revice Ts™M/Tmin(m), Which ends the proof. O

viex W

Let I be a monomial ideal with linear quotients. We say that the decom-
position function g : M(I) — G(I) associated to the corresponding order of
monomials is regular if set(g(zsu))C set(u) for all s € set(u) and v € G(I). In
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the sequel, we show that for the powers of lexsegment ideals I with a linear
resolution which are not completely lexsegment, the decomposition function
g : M(I*) — G(I*) associated to the increasing reverse lexicographical order
of the generators from G(I*) is regular.

Theorem 2.8. Let I = (L(u,v)) C S be a lexsegment ideal generated in degree
d > 1 with a linear resolution which is not a completely lexsegment ideal. Then
the decomposition function g : M(I*) — G(I*) associated to the increasing
reverse lexicographical order of the generators from G(I*) is regular.

For simplicity, we divide the proof into a sequence of lemmas.

Lemma 2.9. Let I = (L(u,v)) C S be a lexsegment ideal with a linear reso-
lution which is not a completely lexsegment ideal and g : M (I*) — G(IF) the
decomposition function with respect to the increasing reverse lexicographical or-
der. Let m € G(I*) and s € set(m) be such that xsm/Tmin(m) = v* and let
t € set(g(xzsm)). Then t € set(m).

Proof. By Lemma 2.1, we have s > min(m). By hypothesis, xsm/@min(m) = vk,
Therefore, by Lemma 2.5, we have g(xsm) = Tsm/Tmin(m) = wi. Since t €
set(wy), we get xywy € Iﬁrwlmwl. Hence there exist w € G(I*), w < cpier w1,
and 1 < j < n such that x;w; = x;w, that is,

T4 TsM = TjTrmin(m)W-

One may note that j # ¢ (otherwise, w = wi, a contradiction), and hence
xj | zsm. Since t € set(w;) and by using Lemma 2.1, we obtain that ¢ >
min(wy) > min(m).

If j = s, then &ym = Tyyin(m)w and t € set(m).

Let us assume that j # s. We show that zyinm)w/zs € G(I*¥). We write
m = my---my with my,...,my € L(u,v). Let 1 < i < k be such that
xj | m;. Now, the fact that w <,eyles w1 implies that Tmin(m)W <reviex
Tmin(m)W1 = Tsm. Therefore, xmin(m)w/xs <reviez M and, taking into account
that Tyinm)yw/Ts = xem/x;, we get xm/xj <review M, that is, £ > j.

Firstly, let us assume that deg(7) > k and let 1 < ¢ < k such that z; | m,.
Then

—_— =My — M.

If xym;/x; € L(u,v), then we are done. Thus let us assume that z;m;/z; ¢
L(u,v), which implies that x;m;/x; <jep v since zm;/z; <iex Mi <jex U
(t > 7). In this case, there exist 1 < p < kand 1 < o <[ such that deg(m,) > 2
and zo | mp. In particular, we must have o > 2 (by using the form of the
monomials v and v). In this case,

Tem TaMmi  Temy

—:ml...
Zj Zj T

Mg,

which implies z;m/z; € G(I*) since v <jex Tazd™! <jen Tam;/Tj <iez u and
d—1
v Slez Taly, Slez -Ttmp/xa <lex U-
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Let us assume that deg(7) = k. Since j < ¢, we get xym/x; <iez m. If
deg(xym/x;) = k, then we obviously have z;m/xz; € G(I¥). We assume that
deg(zym/x;) = k—1, that is, j < land t > [. We also have min(m) < !. Hence
deg(m) = k and the equality z:2sm = ;T yin(m)w imply

k < deg(w) = deg(m) + v1(zrxs) + - - + vi(xpas) — 2,

which yields vy (zixs) 4+ - - - + vi(zixs) = 2, that is, ¢, s < [, a contradiction.
We proved that Tmin(m)w/Ts <review m and that yimmyw/Ts € G(I*).
Hence t € set(m). O

Lemma 2.10. Let I = (L(u,v)) C S be a lexsegment ideal with a linear
resolution which is not a completely lexsegment ideal and g : M (I*) — G(I*)
the decomposition function with respect to the increasing reverse lexicographical
order. Let m € G(I*) and s € set(m) be such that Tsm/Tmin(m) < v* and let
t € set(g(xsm)). Then t € set(m).

Proof. According to Proposition 2.5, we have g(zsm) = Tsm/Tminim) = w-
Since t € set(w), we get zw € IE
zw = xjw for some w € G(I*), w <yevter w, and t > j > min(w). Therefore,

we get that

. Hence as in the proof of Lemma 2.1,

(%) TET M = T Tmin () W-
Also, one may note that the only possible case is that in which
deg(zsm/Tmin(m)) < k.

Indeed, since 2m/Tmin(m) < v¥, we have either deg(zsm/Zmin(m)) < deg(vF) =
k or deg(xsm/Tminim)) = deg(v_’“) and 2,m/Tminm) <tex vk = xfzﬁ(dfl). If
we assume that deg(sm/Tminm)) = deg(v*) and that LM/ Trin(m) <tea VF =
xfxﬁ(d_l), then we have xsm/:cmin(m) <lex zf‘lzfg_l)ﬂ and deg(zsm/Tmin(m))
< k, a contradiction. By Lemma 2.3, we have s > min(m). In particular,
deg(m) = deg(w) = k. Moreover, deg(w) < deg(w) implies deg(w) = k since
w € G(IF).

If j = s, then oym = Tin@m)w and t € set(m).

We assume now that j # s. By the equality (%), we also have 2 yinmyw/rs =
zym/x;. If W = ¥, then ¥ | m since s > min(m) > [ and ¢t > j > min(w) =
min(m). Now, equality () gives j > . Therefore, zym/z; € G(I*), and thus
Trmin(m)W/Ts € G(I%).

Let us consider the case when @ # x% and let w = wy - - - wy. Therefore, there
exists 1 <@ < k such that z1 { w;. If 25 | wy, then v <jer Tmingm)wi/Ts <iea
Wi Zpex U and T (myw/Ts € G(I*). TIf x4  w;, then let 1 < j < k be such
that zs | w; and

Twin(a)® _ - o) @] im0
Ts Zs Tmax(w;)
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Since deg(w) = k, we must have max(w;) > . Thus v <jeo Tmax(w,)W;/Ts <u
and v <jew Tmin(m)Wi/Tmax(w;) Stex U, and therefore, Tinmyw/zs € G(I%).
Moreover, Tyin(m)W/Ts = T4m/Tj <reviex M. Hence t € set(m). O

Lemma 2.11. Let I = (L(u,v)) C S be a lexsegment ideal with a linear
resolution which is not a completely lexsegment ideal and g : M (I*) — G(I*)
the decomposition function with respect to the increasing reverse lexicographical
order. Let m € G(I*) and s € set(m) be such that Tsm/Tmin(m) = v* and let
t € set(g(xsm)). Then t € set(m).

Proof. In this case, one can easily see that we can have either s < [, which
implies, in fact, that s =, or s > [ and deg(m) = k + 1.

By Proposition 2.5, we have g(xsm) = xsm/Tminm) = vF = w;. Since
t € set(wy), we get zywy € Iﬁmvzezwr
zywy = z;w for some w € G(I*), w <reviex w1, and t > j > min(w;) = I. Note
that deg(w) < deg(wr) = k, which implies deg(w) = k. Therefore, we get that

Hence as in the proof of Lemma 2.1,

T4 TsM = TjTrnin(m)W-

If j = s, then zym = z,w and ¢ € set(m). Therefore, we assume that j # s.
The case when s = [ is impossible. Indeed, if s = [, then we must have j > [
since j > min(w;) = and j # s. Thus j = n since z; | wy = v*. But this is a
contradiction since t # j.
If s > [, then s = n. In this case, deg(m) = k + 1, which implies that
deg(w) = k and | < j < n. Therefore, z;w/zs € G(I¥). Thus zym =
xn(zjw/zs) and t € set(m). O

By using the decomposition function, one may completely describe the res-
olution as shown by J. Herzog and Y. Takayama [7].

Lemma 2.12 ([7, Lemma 1.5]). Suppose deg u; < deg ug < -+ < deg .
Then the iterated mapping cone F derived from the sequence uy,...,Um S a
minimal graded free resolution of S/I, and for all i > 0, the symbols

flosu) with w € G(I), o Cset(u), |o| =i—1
form a homogeneous basis of the S—module F;. Moreover, deg(f(o;u)) =
o] + deg(u).

Theorem 2.13 ([7, Theorem 1.12]). Let I be a monomial ideal of S with linear
quotients and Fo the graded minimal free resolution of S/I. Suppose that the
decomposition function g : M(I) — G(I) is reqular. Then the chain map O of
Fo is given by
;S a(o;s TsU
O(f(osu) = = (~1)*" ¥z f(o\s;u)+»_(—1)* )mf(U\S;g(%U))
seo seo $
ifo#0, and
O(f(0;u)) = u,

otherwise. Here, a(o;s) =|{t € o | t < s}|.
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In our specific context, we get the following.

Corollary 2.14. Let I = (L(u,v)) C S be a lexsegment ideal with linear
quotients with respect to increasing reverse lexicographical order which is not a
completely lexsegment ideal and Fo the graded minimal free resolution of S/I*.
Then the chain map of Fe is given by

Wflow) = > ()" (o\s; - )

Lmin(w)

s€o:
TsW/Tmin(w) =0

.5 TsW
+ Z (71)0‘(0’ )zmin(ﬁ))f <U \ 53 >

Tmin(w)

s€o:
TsW/Trnin(w) <VF

= (=) f o\ s w)
se€o
ifo#0, and
o(f(Bw)) = w,

otherwise. For convenience, we set f(o;w) =0 if o € setw.

3. An example

Let u = 124 and v = z9x5 be monomials in the polynomial ring S =
k[$1,$2,$3,l‘4,$5]. Then

ﬁ(uav) = {£C1£E4, ZT1T5, wi, X2T3, 962964,962135}-

The ideal I = (L(u,v)) is a lexsegment ideal which is not completely lexseg-
ment. According to [6, Corollary 3.9], the ideal I? has linear quotients with
respect to the following order of the generators: u; = x%x%, Uy = :Clxgx%,
uz = ZL'%SC%, Ug = ZL'%ZL'4SC5, Us = T1X2T4T5, Us = SC%ZL'4ZL'5, u7 = 5631'3565, ug =
L1X2X3T5, Ug = 563565, U0 = ZL'1.CC§SC5, Uil = 1'%:6421, Ui = 5611'256421, U1z = x%xi,
U4 = ZE%$3$4, U5 = T1X2X3T4, Ule — $§$4, Urr = ZE1$§ZE4, u18 = :c%:c%, U9 =
2313, ugp = 3. We have set(uy) = 0, set(uz) = {2}, set(uz) = {2}, set(uq) =
{5}, set(us) = {2,5}, set(ug) = {2,5}, set(uy) = {4,5}, set(us) = {2,4,5},
set(ug) = {3,4,5}, set(uio) = {2,3,4,5}, set(u11) = {5}, set(u12) = {2,5},
set(ulg) = {2,5}, set(u14) = {4,5}, set(u15) = {2,4,5}, Set(U16> = {3,4,5},
set(ui7) = {2,3,4,5}, set(uig) = {4,5}, set(u19) = {3,4, 5}, set(uz0)={3,4,5}.
Note that in this case, the integer [ that we fix for defining the order < is [ = 2.
Let Fo be the minimal graded free resolution of S/I.

Since max{|set(w)| : w € L(u,v)} =4, we have F; =0 for all i > 6.

A basis for the S-module Fy is {f(@;u1),..., f(D;u20)}.

A basis for the S-module Fy is { f({i};u;) : ¢ € set(u;), 1 < j < 20} having
cardinality 44.

A basis for the S-module Fs is {f({i,5};uk), {4,5} C set(ux), 1 <k <20}}
having cardinality 37.
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A basis for the S-module Fj is

{f({Qa 4, 5}? u8)a f({3a 4, 5}? u9)a f({Qa 3, 4}? ulO)a f({Q’ 3, 5}; UlO)a
f({Qa 4, 5}; u10), f({S, 4, 5}; ulO)a f({Qa 4, 5}; u1s), f({S, 4, 5}; u16)’
f({2a 3, 4}; U17), f({27 3, 5}, u17)7 f({2a 4, 5}’ U17), f({37 4, 5}’ ’LL17)}.

A basis for the S-module Fy is {f({2,3,4,5};u10), f({2,3,4,5}; u17)}-
We have the minimal graded free resolution F,:

0 5(—8)2 % (-7 % 5(—6)37 B 5(-5)" A §(—4)20 B 5 5/T 0.

We will determine only the differentials dy and 0.
It is easily seen that the differential Jy is given by

Ao (f(B;u;)) = u; for 1 <4 < 20.

We determine now the differential d4. For 04(f({2,3,4,5};u10)), one may
note that %10/ Zmin(u,o) = v? for all s € set(u19). Therefore,

04(f({2,3,4,5};u10)) = 1 f({3,4,5};u9) — 21 f({2,4,5}; u7)
+21f({2,3,5};uq) — 21 £ ({2, 3,4}; us)
— 22 f({3,4,5};u10) + 23f({2,4,5}; u10)
—x4f({2,3,5};u10) + 5 £ ({2, 3, 4}; u10)
= x1f({3,4,5};u9) — 22 f({3,4,5}; w10)
+23f({2,4,5};u10) — 24 f ({2, 3,5}; u10)
+25f({2,3,4};u10)

since {2,4,5} ¢ set(ur), {2,3,5} € set(us), and {2, 3,4}  set(us).
For 04(f({2,3,4,5};u17)), one may note that zsu17/Tmin(u,,) = v* for all
s € set(uy17). Therefore,

04(f({2,3,4,5};u17)) = 21 f({3,4,5}; u16) — 1 f({2,4,5}; u14)
+21f({2,3,5}u1) — 21 f({2,3,4}; ua)
—x2f({3,4,5 s uar) + 23 f({2,4,5} wa7)
—x4f({2,3,5};u17) + x5 f ({2, 3,4} ua7)
= x1f({3,4,5};u16) — v2f({3,4,5}; u17)
+ 23 f({2,4,5};u17) — 22 f({2,3,5};wa7)
+ 25 f({2,3,4};w7)
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ce {2,4,5} € set(uia), {2,3,5} & set(u11), and {2,3,4} € set(uy).

0 0

X1 0

Is 0

—X4 0

0

0

0

oooooogﬁ
[\v]
8
S

—T9
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