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G-frames as Sums of Some g-orthonormal Bases
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ABSTRACT. In this paper we show that a g-frame for a Hilbert space H can be written as
a linear combination of two g-orthonormal bases for H if and only if it is a g-Riesz basis
for H. Also, we show that every g-frame for a Hilbert space H is a multiple of a sum of
three g-orthonormal bases for H.

1. Introduction

The concept of frame was introduced by Duffin and Schaeffer [5] in 1952 while
studying some problems in nonharmonic Fourier analysis. Let H{ be a Hilbert space.
A countable family {f;}72, C H is a frame for 3, if there exist two positive constants
A, B such that

(1.1) AIFIZ <3 £ < BIFIP,

i=1

for all f € H.Ifin (1.1), the right hand inequality holds for all f € H then {f;}$2; is
called a Bessel sequence. In [9] the authors give a necessary and sufficient conditions
on Bessel sequences {f;}2, and {¢;}32, and bounded operators L; and Lo on a
Hilbert space H such that {L; f; + L2g; }5°, is a frame for H, in other words, under
some conditions sum of two Bessel sequences can be a frame. Also they show that,
one can get a new frame by adding a frame to any of its dual frames. Casazza
proved that every frame for a Hilbert space H can be written as a sum of three (but
not two) orthonormal bases [1].

Frames in Hilbert spaces have several generalizations [2, 7, 6, 4]. But the concept
of g-frames, the most recent generalization of frames, introduced by Sun [10].

Throughout this paper, H is a separable Hilbert space and {3{; };¢; is a sequence
of separable Hilbert spaces, where I is a countable subset of N.

Definition 1.1. We call a sequence {A; € B(H,H;) : i € I} a g-frame for H with
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respect to {H; };cr, if there exist two positive constants A and B such that

(1.2) AP < D IAAIP < BIAP,

icl

for all f € H. We call A and B the lower and upper g—frame bounds, respectively.
We call {A;}ier a tight g-frame, if A = B and Parseval g-frame, if A = B = 1. The
sequence {A; € B(H, ;) : ¢ € I} is called the g-Bessel sequence if the right hand
inequality in (1.2) holds for all f € K.

Let A; € B(H,H,;) be given for all i € I. Let us define the set

<Z @j{i>l2 = {{fz‘} (fi € 5‘@',2 Ifill? < oo}

i€l icl

with this inner product given by ({f;}, {g:}) = Z<f“ gi)- It is clear that (3, EBiHi)l2
i€l

is a Hilbert space with respect to the poitwise operations. It is proved in [8], if

{A; € B(H,H;) : i € I} is a g-Bessel sequence for H then the operator

T <Z@%i)12 — 9

el
defined by
(1.3) T{f:3) =D Ai(f)
el

is well defined and bounded and its adjoint is T*f = {A;f}ier. Also, a sequence
{A; € B(H,H;) : i € I} is a g-frame if and only if the operator T defined in (1.3), is a
bounded and onto operator. We call the operators T" and T, synthesis and analysis
operators, respectively. Also in [10], it is proved that, if {A; € B(H,H;) :i € I} is
a g-frame for J, then the operator

S H—H, Sf=> AAf
il
is a positive bounded invertible operator and every f € H has the expansions
F=Y STUANAf =) AASTUS.
i€l iel

The operator S is called the g-frame operator of {A;}icr. If {A;}ier is a g-Bessel
sequence then S = TT*.

Definition 1.2. A sequence {A; € B(H, ;) : i € I} is called
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(1) a g-Riesz basis for H with respect to {J;}ics, if there exist two positive
constants A and B such that for any finite subset F* C I and ¢; € H;

AY gl < 1Y Aal® < B llill?

i€F i€l ieF

and {A; € B(H,H;) : ¢ € I} is g-complete, i.e.,
{fIAif =0,i €I} ={0}.

(2) a g-orthonormal basis for H with respect to {J;}ics, if for all f € XK,
Sier A fIIP =1 f]1?, and

(1.4) (Afgi, Njgj) = 0ij{9i,95), 9i € Hi, g5 € Hy, 4,5 €.

We call condition (1.4), the orthogonality condition of g-orthonormal basis {A;}ic;.

2. Main results

The following theorem is proved in [10] and we use this result in the rest of
paper.

Theorem 2.1. Let {A; € B(H,H;) : i € I} be a sequence of bounded operators
and {gi;};ics, be an orthonormal basis for H; where J; is a subset of Z and i € I.
Then {A;}icr is a g-frame (resp. g-Riesz basis, g-orthonormal basis) for H if and
only if {Afgi;ticrjes, is a frame (resp. Riesz basis, orthonormal basis) for H.

Proposition 2.2. {A;}icr is a g-frame for H with respect to {H;}ier if and only
if there is a g-orthonormal basis {Q;}icr and a bounded onto operator T on H such
that A; = Q; T for alli e I.

Proof. Let {g; j}ics, be an orthonormal basis for Hilbert space H;. If {A;}ier is a
g-frame for H then by Theorem 2.1,{A¥g; ;}icr jes, is a frame for H and we have

Aif =D (A 9i5)915

JjeJi

for all f € H. We can take an orthonormal basis {v; ; }ier jes, for 3 and surjective
bounded operator T : H — H so that Afg; ; = Tv;; [3, Theorem 5.5.5]. Let us
define
Qi H =i,  Qif = (f,vi3)9i5
JE€J;

Then A;f = Q;T*f for all f € H and ¢ € I and again Theorem 2.1 implies that
{Qi}iecr is a g-orthonormal basis for H. Conversely, if {Q;}ics is a g-orthonormal
basis for H and A; = @Q;T* for some bounded onto operator T, then we can find
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orthonormal basis {u; ;}ier jes, for H such that Q;f = ZjeJi<f’ u;,5)9i,; for all
f € H. Since

MNf = QT f =Y (T"fouiggiy = Y (- Tui;)gi,

JEJ; J€J;
by Theorem 2.1, {A;};cs is a g-frame for K. O

We mention that, if {e,, }52; is an orthonormal basis for 3 then the orthonormal
bases for H are precisely the sets {Ue,, 152 ;, where U : H — H is a unitary operator
[3]. Using this fact and Theorem 2.1, we have the same situation for g-frames.

Proposition 2.3. Let {Q;}icr be a g-orthonormal basis for H, with respect to
{H;}icr. Then {A; € B(H,H;)} ier is a g-orthonormal basis for H if and only if
there is a unitary operator T : H — H such that A; = Q;T for alli € I.

Proof. Suppose that {A;};cr is a g-orthonormal basis for H. If {g; ;}ics, is an
orthonormal basis for 3;, then {A} gi,;}ier,je s, and {Q] gij }ier,je s, are orthonormal
bases for 3. So A}g; ; = T1Q} g: ;, where T} is a unitary operator. We have

Aif = Z<f» A7 9ij)9i5 = Z<f7 11Q7 9i,5) i,

Jj€J; jed;
= Z (T7 £, Q7 gij)gi; = QiTY f
J€J;

for all f € H and i € I. One can consider T' = T5. Then T is unitary and A; = Q;T
for all ¢ € I. For the inverse implication, assume that there is a unitary operator T’
and A; = Q,;T, for i € I. Then

<Af9m/\;gj> = <T*Qfgi7T*Q;9j> = <Q?gin;gj> = 0ij(9i» 95)
for all 7,5 € I, and g; € H;, g; € H;. Also we have
DOIAIE =D IQT 1P = ITAP = 1117, feot
iel el
So {A;}icr is a g-orthonormal basis for H. O

Proposition 2.4. A g-frame {A;}icr for H can be written as a real linear combi-
nation of two g-orthonormal bases for H if and only if {A;}ier is a g-Riesz basis
for 3.

Proof. Let {A;}icr be a g-Riesz basis for H. Then there is a g-orthonormal basis
{A;}ier for H and a bounded invertible operator T' on H such that A; = Q,T, for
each ¢ € T [10]. Since T is invertible, there are unitary operators Uy, Us such that
T = a1Uy + axUs for some aj, a2 € R [1]. So

A = a1Q;Ur + a2Q;Us, el
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Proposition 2.3 implies that {Q;U; }ier and {Q;Us}icr are g-orthonormal bases.

Conversely, let A; = a1Q; + a2Q) for ¢ € I, where {Q;}icr and {Q/}icr are g-
orthonormal bases. Again by Proposition 2.3, there is a unitary operator U : H — H
such that Q) = Q;U and A; = Q;(a1I + axU) for i € I and for some a1,a2 € R.
Since the operator a1 + aoU is invertible, {A;};cr is a g-Riesz basis for K. ]

It is proved in [1], if {z;};cs is a frame for H with upper frame bound B, then
for every € > 0 there are orthonormal bases {f;}icr, {gi}icr and {h;};cr for H and
a constant @ = B(1 + ¢) so that

zi=a(fi+gi+hi), i€l

We show g-frames have the similar property.

Theorem 2.5. Let {A; € B(H,H;)}ier be a g-frame for H with bounds 0 < A < B,
with respect to {H;}icr. Then for every € > 0, there are g-orthonormal bases
{T; € B(H,H;)} ier, {®; € B(H,Hi)ier and {©; € B(H,H;)}ier for H and a
constant a = B(1 + €) such that

Alf = a(sz—&-(I)Zf—i—@Zf), iel, f e H.

Proof. Let {g; j}ics, be an orthonormal basis for 3. Then {A}g; ;}tierjes, is a
frame for H and A, f = Zjeli<f7 A¥g; j)gi ;, for every f € H. So for given € > 0,
there are orthonormal bases { f;; ticr,jet., {€ij }ier,jes, and {hsj }ier jes, for H such
that

(2.1) Nf =D ([ A 90905 = Y (fralfis + eij + hij)gi s

JjeJ; JjeJi

for each f € H and a = B(1+¢). For given f € H, we define I'; f = ZjeJi (f, fij)9i;
and @;f =3 ., (f,ei)gi; and ©;f = > . ;. (f, hij)gij- Then (2.1) implies that

ANf = a(l“if+<1>if+@if), 1el, feXH.

We show that {T';}ier, {®;}icr and {©;};cr are g-orthonormal bases for H. If
gi € H;, then I'fg; = ZjEJ,- (94, 9:.5) fi; and it is easy to show that

and
Z T fII? = Z [ Z<f7 fin)gisll* = Z Z I )P = A1
i€l i€l jeJ; i€l jET;
This completes the proof. O

As the following example shows, in general, a g-frame cannot be represented as
a sum of two g-orthonormal bases.
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Example 2.6. Let {©; € B(H,H;)}ien be a g-orthonormal for H, with respect
to {H;}ien and dim(FH;) < co. We consider the g-frame {A; € B(H,H;)}ien by
Ay =0 and A;4q = O, for i € N. Assume that there are g-orthonormal bases {T'; €
B(H, ;) }bien, {®; € B(H,H;)}ien and scalars ¢,d # 0 such that A; = cI'; +d 7,
for all ¢ € N. Then, 0 = Ay = cI'1 + d V1. Therefore

span{I'} ()} = span{ ¥} (H1)}.
since {I'; };er and {®;},cs are g-complete, a result of [8] shows that
span{I'; (H;) bien = span{¥; (H;) bien = H.
The orthogonality condition of g-orthonormal bases {T'; };en and {®;};en implies
span{l'; (3;) }iz2 = span{W; (3)}ize # H.
But B
span{Af (j‘fﬁ},zg = Span{(EF;k + d\I’:)(j‘fl)}lZQ =X
and this is contradiction.

We recall that, a bounded operator T : H — X is a maximal partial isometry
if T or its adjoint is an isometry. Next proposition shows that every g-frame can
be written as a multiple of a sum of two Parseval g-frame. Note that if {©; €
B(H,3;)}ier is a g-orthonormal basis for H and T is an isometry, then {©;T};¢cr
is a Parseval g-frame.

Proposition 2.7. Let {A; € B(H,H;)} ier be a g-frame for H with respect to
{Hi}ticr- Then there are two Parseval g-frames {I'; € B(H,H;)}ier and {¥; €
B(H,H;)}ier for H and a scalar a such that

Azf:a(rzf+\111f)v ZEI? feg{

Proof. By Proposition 2.2, A; = ©,T* for i € I, where T is a bounded onto operator
on H and {©; € B(H,H;)}icr is a g-orthonormal basis for H. Then

=W ),

where W is a unitary and U ia a maximal partial isometry and (UW)* and (UW™*)*
are isometries [1]. So

_ Tl
2
for each i € I. Here {©,(UW)*};cr and {©;(UW*)*},cr are Parseval g-frames. O

A; ©;,(UW)* +0,(UW")"],
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