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THE PRIMITIVE BASES OF THE SIGNED CYCLIC
GRAPHS

ByEoNG MooON KiM AND BYuNG CHUL SONG*

ABSTRACT. The base [(S) of a signed digraph S is the maximum
number k such that for any vertices u, v of S, there is a pair of
walks of length k& from u to v with different signs. A graph can be
regarded as a digraph if we consider its edges as two-sided arcs. A
signed cyclic graph C,, is a signed digraph obtained from the cycle
C,, by giving signs to all arcs. In this paper, we compute the base
of a signed cyclic graph C when C is neither symmetric nor anti-
symmetric. Combining with previous results, the base of all signed
cyclic graphs are obtained.

1. Introduction

A sign pattern matriz A of order n is the n X n matrix with entries
1, 0 and —1. When we compute the entries of the powers of A, we use
the operation rule that continues to hold the sign of the usual addition
and multiplication, that is for any a € {1,0, —1}

1+1=1; (-1)+(-1)=-1; 140 =0+1=1; (-1)40
0ca=a-0=0;1-1=(-1)-(-1)=11-(-1)=(—

1) =-1

0-+(—
1)-1=-1.
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In this case we contact the ambiguous situations 1+ (—1) and (—1) + 1,
which we will use the notation "4” as in [3]. Define the addition and
multiplication involving the symbol § as follows:

(-)+1=14+(-1)=4 a+i=8+a=4fforanyac {1, -1, 4, 0}
0-4=4-0=0; b-f=4-b=tforanybe {1, —1, t}.

A generalized sign pattern matriz A of order n is the n X n matrix
with entries 1, 0, —1 and the ambiguous sign f. A least positive integer
[ such that there is a positive integer p satisfying A = A™? is called the
base of A, and denoted by I(A). And the least such positive integer p is
called to be the period of A, and denoted by p(A). A generalized sign
pattern matrix A is called powerful if there appears no g entry in any
power of A. And A is non-powerful if it is not powerful. If a sign pattern
matrix A is non-powerful and there is a number [ such that every entry
of Al is #, then the least such integer [ is the base of A.

In [3], Li, Hall and Stuart showed that if the sign pattern matrix A is
powerful, then [(A) = [(|A|) where |A| is the matrix by assigning each
non-zero entry of A to 1. If A is non-powerful, then the § entry appears
and we have a different situation. We introduce a graph theoretic method
to study the powers of a sign pattern matrix.

A signed digraph S is a digraph where each arc of S is assigned a sign
1 or —1. The sign of the walk W in S, denoted by sgn(W), is defined to
be the product of signs of all arcs in W. If two walks W; and W5 have
the same initial points, the same terminal points, the same lengths and
different signs, then we say Wy and Wy a pair of SSSD walks. A signed
digraph S is powerful if S contains no pair of SSSD walks. So every
non-powerful primitive signed digraph contains a pair of SSSD walks.
Let A = A(S) = (ai;) be the adjacency matrix of a signed digraph S,
that is sgn(i, j) = « if and only if a;; = a where a = 1, or —1 for an arc
(i,7) of S. In this case A is a sign pattern matrix which satisfies that
(i,j)— entry of A¥ = 0, if and only if there is no walk of length k from
i to j. Moreover (i,7)— entry of A¥ is 1 (or —1), if and only if all walks
of length k from 4 to j are of sign 1 (or, —1). Also (i,j)— entry of A*
is f if and only if there is a pair of SSSD walks of length k from i to j.
Thus we see from the above relations between matrices and graphs that
each power of a signed digraph S contains no pair of SSSD walks if and
only if the adjacency sign pattern matrix A(S) is powerful. A signed
digraph S is also said to be powerful or non-powerful if its adjacency
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sign pattern matrix is powerful or non-powerful respectively. There is an
important characterization for powerful irreducible sign pattern matrices
given in [2] which will be the starting point of our study on the bases
of non-powerful irreducible sign pattern matrices. Let S be a strongly
connected signed digraph and h be the index of imprimitivity of S (i.e.,
h is the greatest common divisor of the lengths of all the cycles of S).
Then S is powerful if and only if S satisfies the following two conditions:

(A1) All cycles in S with lengths even multiples of h (if any) are
positive.

(A2) All cycles in S with lengths odd multiples of h have the same
sign.

From now on we assume that S is a primitive non-powerful signed
digraph of order n. For each pair of vertices v;,v; of S, we define the
local base lg(v;,v;) from v; to v; to be the smallest integer [ such that
for each k > [, there is a pair of SSSD walks of length k£ in S from v;
to vj. The base I(S) of S is defined to be max{ls(v;, v;)|v;,v; € V(S)}.
It follows directly from the definitions that [(S) = [(A) where A is
the adjacency matrix of S. You et al. [7] found upper bounds for the
bases of primitive nonpowerful sign pattern matrices and completely
characterized extremal cases. Gao, Huang and Shao [1], Shao and Gao
[6] and Li and Liu [4] studied the base and local base of the primitive
non-powerful signed symmetric digraphs with loops. Liang, Liu and
Lai [5] gave the bounds on the k—th multiple generalized base index
for a class of non-powerful generalized sign pattern matrices. They also
characterized the extremal graphs for the (generalized) base for primitive
anti-symmetric sign pattern matrices.

Let us assume that C), is a signed digraph of order n which is the
cyclic graph C,, on n vertices by assigning signs to each arc such that
it becomes a signed digraph. Liang, Liu and Lai [5] proved that the
base of anti-symmetric signed cyclic graph C,, on n vertices is 2n — 1.
In this paper we find the base of C),, when C,, is neither symmetric nor
anti-symmetric.

Let @ be the canonical cycle in C),,. We then can summarize the main
contributions of the present paper as follows:

(C1) If the cycle @ and its inverse cycle —@ have the same sign, then
the base of C,, isn + 1.

(C2) If the cycle @ and its inverse cycle —@Q have distinct sign, then
the base of C,, is n.
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Consequently the base of all signed cyclic graphs are obtained.

2. Main theorem

In this section we assume that n is an odd positive integer, C, =
(V, E) where V = {vg, vy, -+ ,vp—1} and E = {{v;,v,;}|j = i+1 (mod n)}.
Thus C,, is a cyclic graph of odd order. If A = {(v;,v;)|{vi,v;} € E}
and f : A — {£1}, then C, = (V, A, f) is a signed digraph. If
a = (v,w) € A, then a=! = (w,v) is the inverse of a and e = {v,w} is
the underlying edge of a. If W = wqw; - - - wy where wq, wy, -+ ,w € V
is a walk of length k in C),, then —W = wywy_1 - - - wiwq is the inverse
of W. If Wy = vyvy---v, and Wy = v,0,41 - - v, are two walks in a
graph, then we use W; + W5 to be the walk vgvy - - - v,,. We also use the
notation kW =W + W + .- + W (k-times) for a circuit W.

The sign f(W) of W is f(wown) f(wiws) -+ fwr_ywy). If e = {v,w},
then the sign of e is f(vw)f(wv). Note that C, is symmetric when
the sign of every edge is 1, and anti-symmetric when the sign of every
edge is —1. If W = wow; ---wy is a cycle of length k, then W’ =
WiW;iy1 -+ - WewWowy - - - wj; is a rotation of W for 0 < i < k.

LEMMA 1. If W = wow; - - - wy, is a walk of length k in an odd cycle
C, with wy = wy, then for each e € FE, the number of ¢ such that
{w;, w;11} = e is congruent to k modulo 2.

Proof. Since C,, — e is isomorphic to the path P,, which is bipartite,
there are Vo, Vi C V such that VoJVi =V and V5 (Vi = ¢ and every
edge except e joins a vertex of Vj and a vertex of V;. We may assume that
the two vertices incident to e belong to V. For each i =0,1,--- , k —1,
the membership of w; and w;,; among V; and V; is changed if and only if
{w;, w1} # e. Since wy = wy, the number of ¢ such that {w;, w1} # e
is even. So the number of ¢ such that {w;, w;11} = e is congruent to k
modulo 2.. ]

LEMMA 2. Every even cycle in an odd cycle C,, is a 2-cycle.

Proof. Let Z = wowy - - - wy, be an even cycle. If e = {wp, w; }, then by
Lemma 1 the number of i such that {w;, w;;1} = e is even. Hence there
is a t such that ¢ > 1 and {wy, w41} = e. Since Z is a cycle, w; # w;
for i # j except t = 0,5 =kori=k,j =0. Hence t = 1 and wy = wy.
Hence we have k£ = 2 and Z = wowwy. O
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Let @@ be the canonical n-cycle vgvy - - -v,_1v9 in C,. Then —Q =
VoUn—-1Un—2 * - - Vp-

LEMMA 3. Let C, be a cyclic graph of odd order. Then there are
exactly two odd cycles () and —() up to a rotation in C,,.

Proof. If Z = wow; ---wy is an odd cycle, then by Lemma 1, for
each edge e, the number of ¢ such that {w;, w;11} = e is odd. Since Z
doesn’t visit the same vertex twice, except wyg = wy, for all edge e of
C., there is exactly one ¢ such that {w;,w;+1} = e. Thus k = n and
{wp,wy,--+ ,wp_1} = V. We may assume that wg = vy. Since v; and
v,_1 are only two vertices adjacent to vy, wy are vy or v,_1. If wy = vy,
then ws is vy or vy. Since Z is a cycle, wy # vg. Hence wy = vy. Similarly
we have w; = v; for any 3 <7 <n — 1 and w, = vy. Therefore Z = Q.
If w; = v,_1, then by the same method we have Z = —(Q). O

PROPOSITION 1. If a signed odd cyclic graph 5; is symmetric, then

C,, is powerful.

Proof. 1t Z is an even cycle, then by Lemma 2 Z is a 2-cycle. Hence
Z = wowywy for some wy, w; € V. Thus f(Z) = f(wewy)f(wiwp) is the
same with the sign of edge {vo, v, }. Since C,, is symmetric, f(Z) = 1. So
there is no even cycle of sign —1. By Lemma 3 the odd cycles of C,, are
Q@ and —(Q up to translation. Since O, is symmetric, we have f(—Q) =
fwowy—1) f(wn—1wn—) - - - f(?/lewo) = fwowr) f(wiws) -+ f(wp—1wp) =
f(@Q). Thus all odd cycles in C,, have the same signs. Hence every even
cycle in 6’; has sign 1 and every odd cycles, () and —(), have the same
signs. By the characterization of powerful signed digraph provided in

introduction, C,, is powerful. O]

It is known [3] that the base of a primitive powerful signed digraph S
is equal to the exponent of S. Hence we have the following Corollary.

COROLLARY 1. If a signed odd cyclic graph 6’; is symmetric, then
the base of C,, isn — 1.

The following Proposition is due to Liang, Liu and Lai [5].

PRrROPOSITION 2. If a signed odd cyclic graph CN*n is anti-symmetric,

—

then I(C,,) = 2n — 1.

LEMMA 4. There is only one walk of length n — 1 from vg to v,_1 in
an odd cycle C,,.
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Proof. If W = wowy - - - wy, is a walk of length n — 1 from vy to v,,_1
in C,,, then since |E| = n, there is e € E such that {w;, w;11} # e for
alli=0,1,--- ,n—2. If e # {wo, w,_1}, then since C,, — e is bipartite,
there is no walk of even length from vy to v, ;. This contradicts to
the fact that W is a walk of even length n — 1 from vy to v,,_;. Thus
e = {v,_1,v0}. Since the distance from vy to v, 1 in C), — {vg, v,_1} is
n — 1, we have W = vgvy « - - v,,_1 ]

LEMMA 5. There are exactly two walks () and —(@Q of length n from
vp to vg in an odd cycle C,,.

Proof. If W = wowy - - - w, is a walk of length n from vy to vy in C,,,
then w,_1 isv,_; orvy. lf w,_1 = v,_1, then by Lemma 4 wow; - - - w,_1 =
VU1 *+ - Up_1. Hence W = vgvy---v,_1 = Q. By the same method, if
W,_1 = v1, then we have W = —(Q). O

PROPOSITION 3. Assume that an odd cycle 6’; is neither symmetric

—~ —

nor anti-symmetric. Thenl(C,) =n+1if f(Q) = f(—Q), and (C,,) =n
it f(Q) = —f(=Q)-
Proof. Let v,w € V. We may assume that v = vy and w = v; for 0 <

t<n—1. Leta=n+1if f(Q) = f(—Q), and a = nif f(Q) = —f(—Q).
Let € = {vi,v;01} for all @ = 0,1,--- ;n —2 and e, 1 = {v,_1,00}.

Since (), is neither symmetric nor anti-symmetric, there is s such that
0 <s<n-— 2 and f(vsUerl)f(Uerlvs) = _f(vnfﬂ}O)f(UO/Unfl)- Let
7 = UgUp_1V0, Z1 = UsUs110s and Zy = vs110s0s41. Therefore f(Z) =
—f(Zy) = —f(Zy). Since n is odd, a = t(mod2) or « = n — t(mod2).
We may assume that o = t(mod2).

Ift>1and 0 <s <t then since « —t—2iseven and « —t — 2 >
n—(n—-1)—-2=—-1,a—t—2=2kforall k > 0. Let W} = vyvy - - - v
and Wy = vgvs11 - v Then (k+1)Z4+Wi+Ws and kZ+ Wi+ Z1+Ws
are SSSD walks of length o from vy to v;.

Ift>1landt <s<n—2,thensincen—t—1=(n—s—1)+(s—1),
s—t < ”’TH orn—s—1< ”’T’H Let X1 = vovy -+ - vg, Xo = 04041 -+ - U
and X3 = UgUp_1Un_2 - Vsy1. If s—t < ==L since o — 25+t —2 is even
and a —25+t—2>n—2s4+(2s+1—n)—2=—1, a—2s+t—2 = 2k for
some k > 0. Then (k+ 1)Z+ X1+ Xo—Xoand kZ+ X1+ Xo+ 721 — X5
are SSSD walks of length a from vy to v. If n —s—1 < 2==L by
the similar method with @ = 2k + 2(n — s) + ¢, we can show that
(k+1)Z+X3—X3+X1 and kZ+X3+ZQ—X3+X1 are SSSD
walks of length « from vy to vy.
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Ift =0and f(Q) = —f(—Q), then @ and —@ are SSSD walks of

length n from vy to v. So I(C,) < n = a. Ift =0 and f(Q) =
f(—=Q), then s < ”T_l orn—s—1< ”T_l Let Y7 = vov; ---vs and
Yy = vgUp_1Vp_2 - Vsy1. Since a = n + 1 is even, v — 2s — 2 is even.
If s < 21 then since « —2s —2 > n+1—(n—1)—2 =0, we
have a — 2s — 2 = 2k for some k > 0. Hence (k+ 1)Z +Y; — Y] and
kZ +Y,+ Z; —Y; are SSSD walks of length n+1 from vy to vy. Similarly
a—2n—2s=2lforsomel >0. Ifn—s—1< "T_l, then (I+1)Z+Y,—Y5
anf(\i/lZ + Y5 + Z5 — Yy are SSSD walks of length n + 1 from vy to vg. So

1(Cn) <n+1=q.

If f(Q)=—f(—Q), then by Lemma 4 [(C},) > n. So I[(C,) =n = «a.
If f(Q) = f(—Q), then by Lemma 5 @ and —@Q are only 2 walks of
length n from vy to vy. Since f(Q) = f(—@Q), there is no walk of length

n from vy to vy with sign —f(Q). Thus [(C,,) < n+1. As a consequence
we have I(C,) =n+1=a. O

From Propositions 1, 2 and 3 we conclude the following.

THEOREM 1. Let (’JZ be a signed odd cyclic graph of order n. Then

( P .
n—1, if C, is symmetric;

2n —1, if 5; is anti-symmetric;
I(C,) = n+ 1, if C, is neither anti-symmetric nor symmetric,
) =

andf(Q) = f(=Q);

n, if C, is neither anti-symmetric nor symmetric,

\ andf(Q) # f(=Q).
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