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Delay—dependent Robust Stability of Discrete—time Uncertain Delayed Descriptor
Systems using Quantization/overflow Nonlinearities

) * 1t
AEA-eE

(Jong-Hae Kim * Do-Cang Oh)

Abstract - This paper considers the problem of robust stability for uncertain discrete-time interval time-varying delayed
descriptor systems using any combinations of quantization and overflow nonlinearities. First, delay-dependent linear
matrix inequality (LMI) condition for discrete-time descriptor systems with time-varying delay and quantization/overflow
nonlinearities is presented by proper Lyapunov function. Second, it is shown that the obtained condition can be extended
into descriptor systems with uncertainties such as norm-bounded parameter uncertainties and polytopic uncertainties by
some useful lemmas. The proposed results can be applied to both descriptor systems and non-descriptor systems. Finally,

numerical examples are shown to illustrate the effectiveness and less conservativeness.
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1. Introduction
When designing a discrete-time system using

computers or special-purpose hardware with fixed—point
arithmetic, the occurrence of various nonlinearities due to
finite wordlength, namely quantization and overflow are
These
instability. Therefore, the stability analysis of discrete

generated [1-5]. nonlinearities may lead to
systems using various combinations of quantization and
overflow nonlinearities has drawn attentions [6-8].
Kandanvli and Kar [6] addressed the problem of global
asymptotic stability of a class of uncertain discrete-time
state-delayed systems employing saturation nonlinearities.
and Kar [6] just
nonlinearities. Also, Kandanvli and Kar [7] presented the

Kandanvli considered  saturation
global asymptotic stability of a class of uncertain
discrete-time state-delayed systems using combinations of
quantization and overflow nonlinearities by LMI based
result  [7]
parameter uncertainty and time-invariant delay. Therefore,
Kandanvli and Kar [8] extended the result [7] to

time-varying delay systems. The result [8] proposed the

criterion.  The considered norm-bounded

global asymptotic stability of norm-bounded uncertain
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discrete-time time-varying state delayed systems using
combinations of quantization and overflow nonlinearities
on the basis of LMI criterion. However, Kandanvli and
Kar [6-8]
possible reason is the difficulty in managing the resultant

considered non-descriptor systems. One
constraints related to the descriptor matrix.

Recently, a great deal of attention has been devoted to
the study of descriptor systems over the past decades.
descriptor systems are referred to as descriptor systems,
implicit systems, generalized state-space systems, or
semi-state systems [9]. Therefore, the first aim is to
extend the results of non-descriptor systems [6-8] into
the stability analysis method of discrete uncertain delayed
descriptor systems using quantization and overflow
nonlinearities. Also, Kandanvli and Kar [6-8] considered
norm-bounded parameter uncertainties. It is well-known
that the norm-bounded uncertainty is more conservative
than the

objective is to consider the polytopic uncertainties in the

polytopic uncertainty. Hence, the second

discrete uncertain descriptor systems with interval

time-varying delay and quantization/overflow
nonlinearities. Furthermore, it is shown that the proposed
stability analysis is a general method for both descriptor
systems and non-descriptor systems.

In this paper, the delay-dependent robust stability
conditions of discrete-time uncertain delayed descriptor
systems using any combinations of quantization and
overflow nonlinearities are presented by using LMI

technique. Two uncertainties, norm-bounded uncertainty
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and polytopic uncertainty, are considered. The proposed
stability conditions can be applied to both descriptor
systems and non-descriptor systems. Finally, it is shown
that the presented conditions are effective and less
conservative by comparisons of previous results.

The notations are standard. 7 and 0 stand for the
identity and the zero matrices with proper dimensions,
respectively. The symmetric term in a symmetric matrix
is denoted by *. <X> denotes X+X7.

2. System description

Consider the nonlinear discrete-time descriptor systems
with interval time-varying delay

Br(k+1) = O{Qy (k) }= f(y(k)) o))
=[£G (B)) £, (g, (R)) - £, (g, (R))]T

y(k) = Az (k) + Az (k—d(k) = [vy (k) v, (k) -y, (k)] "

k=—dy—d,+1,..,0

where z(k)ER" is the state vector, y(k)ER", ¢(t) is the
initial value at time k, £ is a descriptor(singular) matrix
satisfying rank(E)=r <n , and all system matrices have
proper dimensions. @ +) represents the quantization
nonlinearities, O(+) denotes the overflow nonlinearities,
and f(+) characterizes the composite nonlinear functions.
d(k) is a time-varying delay satisfying
0<d, <d(k) <d, <oo. Here, d, and d, are known positive
integers. In the event of @ +) being either magnitude
truncation or round off, f(«) turn out to be confined to
the sector [k,.k,] , ie.

£0)=0. Ky, (k) < f(y, )y, (k) < kg, k), i=12..n (2)

k= {1 for magnitude truncation (3)
e |2 for 0 off
0 for zeroing saturation
1
k,=— 3 for triangular (4)

—1 for two's complement

The following Finsler's lemma is needed in the proof
of main results.

Lemma 1.[10] Let z€R", Q=QT€R"*" and BER™™"
such that rank(B)<n. The following statements are
equivalent:

i) 27Qr <0, VBr=0, 2#0
i) B+7QB* <0
i) JueER: Q—uB <0
) JXER™: Q+XB+BT'Xx"<0

v
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Here, B* is a basis for the null space of B.

Lemma 2.[11] Let X, A, and M be real matrices of
appropriate dimensions with M satisfying M= M7, then

M+ XF(k)A+ATFE)TET <0 (5)

for all F(k)TF(k) <1, if and only if there exists a scalar
e€>0 such that

M+e 'ZxT+eATA <0 (6)

Definition 1.[7] The =zero solution of the system
described by (1)-(4) is globally asymptotically stable if
the following holds:

i) it is stable in the sense of Lyapunov, ie., for every
>0 there exists a ¢=¢(u) such that llz(k)ll<p for
all k=0,1,2,... , whenever l[z(0)l<¢ ;

ii) it is attractive, i.e., z(k)—0 as k—oo.

3. Main results

In this section, a new delay-dependent Bounded Real
Lemma (BRL) satisfying Definition 1 is derived using
LMI approach. To get a globally asymptotic stability LMI
condition for discrete delayed descriptor systems with
quantization and overflow nonlinearities, we make use of
proper Lyapunov function, Finsler's lemma, and LMI
approach.

Theorem 1. The descriptor system described by (1)-(4)
is globally asymptotically stable if there exist positive
definite matrices P, @, @, @, S, S, a positive definite
diagonal matrix G, matrices (j=12..,12) , and X,
(k=1,2,..,5) such that

x &, &y &y —ATXT &, M d M
f ok Py Dy — My Xy — M, dzj%T dlj%T
b= ¥ ok ox Py — M, X,— M dMT d M <0 (7
Xk ok ox Dy D5 M A ME

7451 452 453 454 Dy 456 dZ M le dl ‘/LZ7T

ok ok ok ok g LM dM)

X% ok ok ok x  —dS 0

%k % k% * x  —d (88
where

&, =—E"PE+d Q + Q,+ Q,+d,,S, +d, S, +< M, >+< M, >
By= My+M,— X, A, — ATX]
Dy = My~ M+ My~ ATX]



&, = — M +M,+M,—

AT‘XZLT
Dy = M, + M, — A TX:)T_ diy 5 —dy S,

Go= M+ M,+X, —ATX], & =-0Q-<X4,>

& =— M- A/X], &= —M—ALX]T
D, =X,—A/X], &,=—-Q —<M >
Dy == M =My, Dy =—Q—<M, >

®,,= P—2G+d,,5 +d,S,
=X, +(k, k)G, = <X, > 2k kG
dyy =dy —d,, d= dyy +1, n(k) = flyk) —2 (k).

Proof. Choose a Lyapunov functional candidate as

Vk) =V, (k) + V, (k) + V; (k) + V, (k) ()

k=1 —dig k-1

Vy(k) = (i) "Qx (i) 20 7Qu (1)
i=k—dlk) (j==d+2)(=k+j—1)
k=1 k=1

Vak)= Y a(i)TQu (i) + 2 (i) 1Qqx (i)
i=k—d, i=k—d,
] k=1 0 k=1

Vik)= Y oG EaG+ X n(5) %Sm ()
(B==dyuy)(j=k=1+0) (B=—dy s j=k—1+9)

where n(k) = f(y(k)) —z (k)
P Q, @, @, S

and positive-definite matrices
, and S, are to be determined. Taking

the forward difference AV(k)= V(k+1)— V(k)along the
trajectories of system (1) yields
AV, (k)= fly(k) " Pf(y(k)) —z (k) " P (k) (9)

AV, (k) < dz (k)" Qua (k) — 2 (k—d(k)) " Qa (k— d(k))

AV, (k) = (k)T Qu (k) —z(k—d,) ' Qu(k—d,)
+2(k)" Qu (k) — 2 (k—dy) " Qu (k—d,)

k=1
AV, (k) = d127](k)Tb'17](k)+ 2 7](]')T*5V17](]')

j=k—d,

S w6+ dm () S (k) — X 0 () S ()

=k, =R

n(5) "8y () + dyn (k) "Syn (k)

By finite sum inequality like Lemma 1 of [12], the last
some terms of the right hand side in AV,(k) can be
changed to get the delay-dependent BRL. It is clear that

5 Y (10)
vivis S

<0 11
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where ¥, = [M M, M M, M V] and
= [, 24 My My My, M), Hence,

LT sl a2
:L]d{g(%ﬂ%y_jsl s, A HZ((,Q]zO (13)

After some manipulations of (12) and (13), the following
relations can be obtained

= 2 a0 smG) = (TG + VST V) (14)
k—1
= X )8 5)n0) (15)

< C(k)TTL¢(R) +d, (k) T YT (S, — 57 ¥y¢ (k)

where
<M My My — M+ M, M M
x 00 —-M° 0 o0
m=| * %0 M 0 0
Xk ok —<M, > =M~ M
ko ok x * 0 0
ko ok X * X 0
<M >N — M+ My My My M,
x 0 -M 0o 0 0
1L, = X X —<My> —My— M, —M,
>k X X 0 0 0
* X * X 0 0
| % x * X % 0
k) = [w () (h—d(k) "2 (k= d) (=) T f(y(k) "y () 7]

From the (9), (14), and (15), we have

AVE) < C) (02, +dy VISV, +d, VIS, — 8) 7 V,)¢k) =28 <0 (16)

where, 3= [ky(k)—f(y(k)]" Glf (y(k) = k,y(k)] = 0.
Using Lemma 1,
R +d, V8 Y, +d, Y (85, —5)

equivalent to

Yy ¢(k) <0in  (16)  is

Q+d, YIS Y +d, (8, —8) T Y, + X0, + 2] XT <0 (17)

where,
WALEN, 7 MM,
x —Q -m7 - M 0 0
0 —|* * —Q—<My> —M/—M, —M, —M,
1 * % * — Q<M >-M —M
% % * * o (k,+k,)G
% X * >k X —2qunG
dES 2ol otmy 531
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U, _—E"PE+d Q + Q+ Q,+d,S, +d, S, +< M, >+< M, >
U, = M, — M+ M,, ¥, =— M+ M, + M,
U, = P—2G+d,,S, +d,S,, 2,=[—A—4,000 1]

X= [)(IT/YZT)(?,TAX;T)%T&T]T.

Therefore, if the condition (17) is satisfied, then AV(k) <0
is also satisfied. Using Schur complements, the condition
(17) is changed to (7). |

Now, we consider system (1) with
polytopic uncertainty. The system matrices are supposed

a descriptor

to be uncertain and unknown but belonging to a known
convex compact set of

==(4,4,)€6 (18)
where
N V
o={E0=Y15, YN =1>0

where =, =(4,,4,)€0, i=1,.,N, which denotes the ith
vertex of the polyhedral domain Z=. In the following
Theorem 2, we consider the delayed discrete descriptor
with

quantization/overflow

system polytopic uncertainties and

nonlinearities using parameter-

dependent Lyapunov function.

Theorem 2. The descriptor system described by (1)-(4)
with polytopic uncertainty (18) is robust stable in spite of
polytopic uncertainties, time-varying delay, and
quantization/overflow nonlinearities if there exist positive
definite matrices P, @, @;, @, S, Sy, a positive
definite diagonal matrix G, matrices Jt@(j =1,2,..,12), and

X, (k=1,2,.,5)such that for i=1,.,N

Fl?' FQ?‘ FS?‘ F4f F’SI Fﬁl d‘ZAJIT d]‘]L[7T
¥ Iy Ty Ty — AJX] Dy dyMy d M
¥ ok Iy @ — My Xy— My dyMy" dyMy"
r= * oxook Iy — My X, — M d2]‘[]i dlﬁ"flﬁ <0 (19)
* ok okook Ty D15 dyMMy dy My
Xk Kk X D6 dzlwﬁyv dlﬂflg
k ok kox * ko —dySy 0
X ok ok kK S S * = dy(Sy—8y)
where
I, =—FE"PE+d Q,+ Q, + Q,; +d,,S,, +d,S,, +< M, >+< M, >
Ly =M, + M~ X, Ay, 7Az‘TX2T
Y T, 7, T+ T
L, = My~ M+ 04— A,
Ly == M+ M+ My, — ATX]
_ Ty T
Iy =M+ My — AP XS —dypS), —dy Sy,
I, = M+ M, + X, _Ai,TXﬁT
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I =@, —<XA4, > Iy=— M;aT_ AA{X;T

Iy, == ]%T_ AdTXAiry Ly =X _AdzT'XeT

L= =@y —<My> &) =— A’@Tf M,

Ly == @y —<M, >, I;= P, —2G+d,,5,; +d, 5,

Dy =X, +(k, +k,)G, = <X, >2kFk,G
dyy =dy—d,, d = dp,+1, nk) = fly(k) —a (k).

Proof. The result can be directly derived by the proof
procedures of Theorem 1. When we apply the polytopic

N
uncertainty (18) to the system, we can get »,A\[I; <0 .

i=1

N
Therefore, if I, <0 holds, »,\I} <0 is guaranteed. |
i=1
Next, we will show that the proposed method can be
extended to discrete delayed descriptor systems with

parameter

uncertainties and quantization/overflow

nonlinearities. Consider the following discrete delayed
uncertain descriptor systems with same dimensions of the

descriptor system (1)

Er(k+1)= O{Qyk)}= f(y(k)) (20)
= [, (B) £, (w, (K)) .. £, (g, (K))]

y(k) = (A+AA(K))z (k) + (A4, + AA(K))x (k—d(k))

z(k)= ¢(k), k=—dp—d,+1,..,0

where the uncertain parameters are defined as
AA(k) = HF(K)D, AAy,, = H,Fy(k)D, @3]

Here, H, H;,, D, and D, are known real constant matrices
with appropriate dimensions. (k) and F,(k) are unknown

real matrices which satisfy

FR)TEk) <1, F,(k)TF, (k) <I (22)

Theorem 3. The descriptor system described by (20)
with parameter uncertainties (21) is robust stable in spite
of parameter uncertainties, time-varying delay, and
quantization/overflow nonlinearities if there exist positive
definite matrices P, @, @,, @, S, S, a positive definite

diagonal matrix G, positive real constants e, ¢;, matrices

M, (j=1,2,.,12) , and X, (k=1,2,..,5) satisfying
® 0, D, b, D, @,
X 557 458 ¢9 _AdTX5T ¢10
* ok @y Py — My Xy— M,
X ok ok @y —M X =D
X ok ox ok Py Py;
X ok ok ok ok Py
B S S X
X ok ok ok ok X
KoK K K X X
Kok ok ok X * 7




oM d M —XH - XH,
" d M —XH —X,H,
oM dM X H - XH,
&M dMyg  —XH - XH,
M A MY —XNH X H) g (93

G dML - XH X
—d,S, 0 0 0

x  —dy (8- S0 0

X X —el 0

P P X —e,d

where &, =&, +eD"D | and &, =d.,.e,D/D, .

Proof. By similar procedures of Theorem 1, the following
condition can be obtained

—< X AA> —AATX] - AATX—AATXT - AATX-AATX]T 00

* < X,AA, > —AATXT— AATXT—AATXT—AATXT 00
* S 0 0 0 0 00
* * * 0 0 0 00
o+ * * * * 0 0o o00|<0
* X X X X 0 00
* * X * * * 00
% X X X X * 00
* S X S S * *x 0
(24)
The condition (24) can be written as
&+ XF(k)A+ X, F,(k)A,; <0 (25)
where
= -"X"-0X]-HX] - a'Xx - B"x - 5"x]00|"
Xg= [_ HdTXlT_ HdTXzT_ HdTXsT_ HJTXF_ HdTXsT_ HdTXﬁT[) 0] !
A=[D 0 0 0 0 0 0 0]
A,=[0 D, 0 0 0 0 0 0]
By Lemma 2, (25) is equivalent to
O+ 5T+ eA A+ 8, 5T+ e, ATA<0 (26)

where, >0 and ¢, >0. Using Schur complement, (26) can

be expressed as (23). This completes the proof. ||

Remark 1. The stability analysis method in [6-8] cannot
be applied to the descriptor systems. However, the
proposed Theorems can be applied to both descriptor
systems and non-descriptor systems. In the case of E=1,
the problems of non-descriptor systems [6-8] can be
solved directly from the Theorem 1-3. Therefore, the
proposed methods are more general than [6-8].

Remark 2. The proposed stability conditions in Theorem
1-3 are linear in terms of all finding variables. Thus, the
conditions can be easily solved by LMI Toolbox [13].
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4. Numerical examples

In this section, numerical examples are given to
illustrate the effectiveness of the proposed method. The
robust stability analysis for discrete-time descriptor
uncertainties and

systems with polytopic

quantization/overflow  nonlinearities is presented in
Example 1. To show that the proposed Theorems are
general including  both  descriptor  systems and
non-descriptor systems, comparisons between the existing
paper and Theorems for parameter uncertainty are

illustrated by Example 2.

Example 1. Consider the modified descriptor system
(1)-(4) in [8] with sector [k,k,] and polytopic uncertainty
(18)

o] [ 08 0 o1 0
£= [0 1]’ A= [0.05+61 0‘9]’ Ai= [70‘270.1%2}’ 27

A @) =05, 14,@) <05

The stability conditions [6-8] cannot be applied to the
descriptor system (27) because of descriptor system
matrix. According to Theorem 2, we can get the upper
bound of time delay in Table 1 for different sectors when
d, =2. According to the selection of sectors, the upper
bound of time-varying delay is different. In order to
apply Theorem 2 to non-descriptor systems, we take
E=1I in (27). Then, the d, can be calculated in Table 2
when d, =5 and E=17 . The existing results [6-8] cannot
be applied to the polytopic systems.

Example 2. To consider the norm-bounded parameter
uncertainty in Theorem 3, we treat the following

example.
_Joo _[08 0 _[-01 0 . _To0
b= [01}’ A’[0.050.9]’ Ad’[—o.z—o&]’ H*Hd*“[o.m]
D=1[0.010], D,=1[00.01]

where, o is a maximum uncertainty bound. To get the
upper bound of time-varying delay bound of « according
to the different sectors, we take d, =2 and a=10 in
Table 3. Also, we consider same example of [8] to
compare the existing result. We can get the maximum
uncertainty bound in Table 4 when FE=1 d, =2, and
d, =8. The maximum value of « is 1 in [8], while we
obtain 38 in the same sector. In other sectors, we obtain
the maximum uncertainty bounds in Table 4, while the
method [8] cannot be obtained with any a. In other
words, the condition in [8] fails as an asymptotic stability
in other sectors and given any uncertainty bound «. Also,
delay-independent condition in [6] fails as an asymptotic
stability in this example. It is clear that the presented
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condition of this paper gives better results than that the
previous result [8]. Also, the method of [8] cannot be
applied to the descriptor system. Therefore, the proposed
conditions can be applied to both descriptor and
non-descriptor systems.

Table 1 The upper bound, d,, for different sectors when
d, =2.

[k, k,] [0 1] [0 2] [-1/3 1] | [-1/3 2]

d, 64 7 23 4

Table 2 The upper bound, d,, for different sectors when
d,=5and E=1

[k, k,] 0 1] [0 2] (-1/3 1] | [-1/3 2]

d, 67 10 26 7

Table 3 The upper bound, d,, for different sectors when
d, =2 and a=10.

%, k,] [0 1] 0 2] (-1/3 1] (-1/3 2]

d, 20 18 18 16

Table 4 The maximum uncertainty bound of « for different
sectors when d, =2 and E=1

[k, *,1 0 1] o 2| [-1/3 1] | [-1/3 2]

Theorem 1

in (8] ! ] ] ]

Theorem 3
38 21 29 18

(proposed method)

5. Conclusion

stability  conditions  for

discrete-time uncertain delayed descriptor systems using

Delay-dependent  robust

various combinations of quantization and overflow
nonlinearities have been presented by LMI technique.
Moreover, we have considered two kinds of uncertainties
such as parameter uncertainty and polytopic uncertainty.
The proposed robust stability conditions have been
established without the decomposition of system matrices.
Finally, the conditions have been illustrated by numerical
examples to show the general tests and the effectiveness
for both descriptor systems and non-descriptor systems.
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