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Abstract
The use of pooled standard deviation can reduce the efficiency loss in optimum allocation when strata stan-

dard deviations are estimated and several of them are equal. Also shown is that the pooled standard deviation is
useful in optimum allocation under a multivariate setting. In addition to theoretical development, we provide the
result of simulation study to support the theory.
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1. Introduction

We use optimum allocation to minimize the estimator variance for population parameters under con-
straints of total survey cost or to minimize cost with a fixed variance. Optimum allocation is directly
proportional to the size and the standard deviation for each stratum and inversely proportional to sur-
vey costs. Neyman (1934) first proposed the problem of optimum allocation without a cost function.
Mahalanobis (1944) imported the concept of cost function and Stuart (1954) verified the optimality
using Cauchy inequality.

In practice, there is a limitation on the use of optimum allocation. The efficiency of the estimators
from optimum allocation can be decreased when strata standard deviations are absent and subse-
quently estimated. Alternative allocation methods using other measures (such as the strata range and
the strata total of survey variable) instead of standard deviation, have been researched. The power
allocation using auxiliary variables and the coefficient of variation of strata was also proposed by
Bankier (1988); however, the problem of estimation occurs also in alternative allocations. The vari-
ance of an estimator based on the optimum allocation using estimated strata standard deviations has
been studied by Evans (1951). The lower bound of the size of preliminary samples to estimate strata
standard deviations for optimum allocation was presented by Sukhatme and Sukhatme (1970). Park
et al. (2007) proposed a method of compromise allocation where optimum allocation using estimated
pooled standard deviation is first employed and proportional allocation is used within the combined
strata.

In this paper we analyze the optimum allocation using pooled standard deviations among strata
and variables. We use the pooled standard deviations in the general case where the number of strata is
more than three and the number of the strata with an equal variance is arbitrary. A lower bound of the
size of the preliminary sample is also proposed. The use of pooled standard deviation is considered for
optimum allocation when the study variable is multivariate. This method proposes a very reasonable
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and practical criteria for multivariate optimum allocation that is superior to classical methods (such as
optimum and proportional allocations) and that can be verified for specific cases.

This paper is organized as follows. Section 2 uses the pooled standard deviation among strata for
optimum allocation and calculate the variance of the estimator using the proposed allocation. Section
3 suggest the use of pooled standard deviation among variables for optimum allocation as well as
derives the variance of the estimator of the proposed allocation when the variables have the same
variance within each stratum. Section 4 provides the results of the simulation study to investigate the
efficiency of the proposed estimators.

2. Optimum Allocation Using Pooled Standard Deviation among Strata

Let the parameter of interest be the population mean Ȳ = N−1 ∑N
i=1 yi, where yi is the study variable

of unit i and N is the size of the finite population. An unbiased estimator under the stratified simple
random sampling is ȳst =

∑L
h=1 Whȳh, where Wh = Nh/N for h = 1, . . . , L, Nh is the population size of

stratum h, L is the number of strata, ȳh = n−1
h

∑nh
i=1 yhi, and yhi is the study variable of the ith unit in the

sample of size nh from stratum h. The subject of allocation is of main concern of stratified sampling.
Let S h and ch denote the population standard deviation of study variable and the survey cost per

unit of stratum h for h = 1, . . . , L, respectively. The optimum allocation is to decide nh so that the
variance of ȳst can be minimized under the condition that the total sample size n =

∑
nh and the total

survey cost C =
∑

nhch are fixed. Note that ch = c for all h is assumed throughout this paper.
In many cases population standard deviations S h’s are unknown and subsequently estimated by

sample standard deviations that increase the variance of the estimator after optimum allocation using
estimated standard deviations. It is true that optimum allocation often reveals poorer efficiency than
proportional allocation. Sukhatme and Sukhatme (1970) suggested that the variance of the estimator
after optimum allocation with estimated standard deviations and the size of the preliminary samples
for the optimum allocation were more efficient than proportional allocation.

We often observe or assume a situation that some of the strata share a common standard deviation
that can be taken into account for the estimation of strata standard deviations to reduce the efficiency
loss of estimators. Park et al. (2007) have considered a simple situation where two of three strata have
an equal standard deviation.

In this paper, we study an optimum allocation using pooled standard deviation, where the number
of total strata is arbitrary. We assume that there are L strata and S 1 = S 2 = · · · = S E for E < L. The
first E strata are combined and the pooled estimate for S 1 is provided by

Ŝ P =


(
n′1 − 1

)
Ŝ 2

1 +
(
n′2 − 1

)
Ŝ 2

2 + · · · +
(
n′E − 1

)
Ŝ 2

E∑E
h=1 n′h − E


1
2

,

where n′h and Ŝ 2
h respectively are the preliminary sample size of stratum h and the usual sample

variance based on the preliminary sample of stratum h for h = 1, . . . , L. The allocation equation is
given by

nh = n
WhŜ P(∑E

h′=1 Wh′
)

Ŝ P +
∑L

h′=E+1 Wh′ Ŝ h′
, 1 ≤ h ≤ E,

nh = n
WhŜ h(∑E

h′=1 Wh′
)

Ŝ P +
∑L

h′=E+1 Wh′ Ŝ h′
, E + 1 ≤ h ≤ L. (2.1)
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The following theorem calculates the variance of the stratified sample mean under the proposed allo-
cation (2.1) in the stratified sampling with replacement.

Theorem 1. . Assume that

S 1 = S 2 = · · · = S E = S (2.2)

and that the moments of ϵh = Ŝ 2
h − S 2

h higher than 2 can be neglected. Then,

Varpool(ȳst) = n−1


 E∑

h=1

Wh

2

S 2 +

L∑
h=E+1

W2
h S 2

h

+

L∑
h=E+1

L∑
h′=E+1,h,h′

WhWh′S hS h′

(
1 +

3
8

D2
h′ −

1
8

D2
h

)

+

E∑
h′=1

Wh′

L∑
h=E+1

WhS hS

2 + 1
4

E∑
j=1

(
n′j − 1

)2(∑E
i=1 n′i − E

)2 D2
j +

1
4

D2
h


 , (2.3)

where the subscript ‘pool’ denotes the proposed allocation using Ŝ P and Dh = Var(Ŝ 2
h)1/2/S 2

h for
1 ≤ h ≤ L.

Proof: Note that E(ϵh) = 0, Var(Ŝ 2
h) = E(ϵ2

h ) and E(ϵhϵh′ ) = 0 for h , h′. Observe that

Varpool(ȳst) = E
[
Varpool

(
ȳst |Ŝ P, Ŝ E+1, . . . , Ŝ L

)]
+ Var

[
Epool

(
ȳst |Ŝ P, Ŝ E+1, . . . , Ŝ L

)]
.

Replacing nh of (2.1), we obtain that

Varpool

(
ȳst |Ŝ P, Ŝ E+1, . . . , Ŝ L

)
=

L∑
h=1

W2
h

S 2
h

nh

=
1
n

 E∑
h=1

WhŜ P +

L∑
h=E+1

WhŜ h


 E∑

h=1

Wh
S 2

Ŝ P
+

L∑
h=E+1

Wh
S 2

h

Ŝ h


=

1
n


 E∑

h=1

Wh

2

S 2 +

L∑
h=E+1

W2
h S 2

h +

L∑
h=E+1

L∑
h′=E+1,h,h′

WhWh′
Ŝ h

Ŝ h′
S 2

h′

+S 2
E∑

h′=1

Wh′

L∑
h=E+1

Wh
Ŝ h

Ŝ P
+

E∑
h′=1

Wh′

L∑
h=E+1

WhS 2
h

Ŝ P

Ŝ h

 . (2.4)

Using the Taylor expansion to the extent of the second order, we can see that

Ŝ h

Ŝ P
=

S h

S

1 +
1

2S 2
h

ϵh −
1

8S 4
h

ϵ2
h


1 − 1

2S 2
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)
ϵ j∑E
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 + 3
8S 4
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S
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1 +
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2S 2


∑E

j=1

(
n′j − 1

)
ϵ j∑E

i=1 n′i − E
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and for E + 1 ≤ h, h′ ≤ L and h , h′

Ŝ h

Ŝ h′
=

S h

S h′

1 +
1

2S 2
h

ϵh −
1

8S 4
h

ϵ2
h


1 − 1

2S 2
h′
ϵh′ +

3
8S 4

h′
ϵh′

 .
Then, assuming that the moments of ϵh higher than 2 can be ignored, we have

E
(

Ŝ h

Ŝ P

)
=

S h

S

1 + 3
8

E∑
j=1

(
n′j − 1

)2(∑E
i=1 n′i − E

)2 D2
j −

1
8

D2
h

 ,
E

(
Ŝ P

Ŝ h

)
=

S
S h

1 − 1
8

E∑
j=1

(
n′j − 1

)2(∑E
i=1 n′i − E

)2 D2
j +

3
8

D2
h


and for E + 1 ≤ h, h′ ≤ L and h , h′

E
(

Ŝ h

Ŝ h′

)
=

S h

S h′

(
1 +

3
8

D2
h′ −

1
8

D2
h

)
.

From (2.4),

E
[
Varpool

(
ȳst |Ŝ P, Ŝ E+1, . . . , Ŝ L

)]
= n−1


 E∑

h=1

Wh

2

S 2 +

L∑
h=E+1

W2
h S 2

h

+

L∑
h=E+1

L∑
h′=E+1,h,h′

WhWh′S h′S h

(
1 +

3
8

D2
h′ −

1
8

D2
h

)

+

E∑
h′=1

Wh′

L∑
h=E+1

WhS hS

2 + 1
4

E∑
j=1

(
n′j − 1

)2(∑E
i=1 n′i − E

)2 D2
j +

1
4

D2
h


 . (2.5)

Finally, we have

Epool

(
ȳst |Ŝ P, Ŝ E+1, . . . , Ŝ L

)
= Ȳ ,

which, together with (2.5), implies (2.3). �
Remark 1. Similarly as in Sukhatme and Sukhatme (1970),

Varopt(ȳst) =
1
n

 L∑
h=1

W2
h S 2

h +

L∑
h

L∑
h′,h<h′

WhWh′S hS h′

(
2 +

1
4

D2
h +

1
4

D2
h′

) ,
where Varopt(ȳst) denotes the variance of the stratified sample mean under the usual optimum alloca-
tion using the sample standard deviations. Then, for E = 2 and L = 3, we obtain that

Varopt(ȳst) − Varpool (ȳst) =
1
4n

W1W2S 2
(
D2

1 + D2
2

)
+W1W3S S 3D2

1

1 − (
1 +

W2

W1

) (
1 +

n′2 − 1
n′1 − 1

)−2
+W2W3S S 3D2

2

1 − (
1 +

W1

W2

) (
1 +

n′1 − 1
n′2 − 1

)−2
 .
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If n′1 = n′2 = n′3 and W1 = W2, then

Varopt (ȳst) − Varpool (ȳst) =
1
8n

{
2W1W2S 2

(
D2

1 + D2
2

)
+W3S S 3

(
W1D2

1 +W2D2
2

)}
≥ 0.

For Dh = D for h = 1, 2, 3 and n′1 = n′2 = n′3, we see that

Varopt (ȳst) − Varpool (ȳst) =
1
8n

(
4W1W2S 2 + (W1 +W2) W3S S 3

)
D2 ≥ 0.

Thus, if there is reasonable evidence that some strata have a common standard deviation, we can use
the pooled standard deviation among strata to increase the efficiency of the stratified sample mean.

Remark 2. Assume simply that E = 2 and L = 3. Then,

Varprop (ȳst) − Varpool(ȳst)

=
1
n

3∑
h=1

Wh

(
S h − S̄ w

)2 − 1
4n

(W1 +W2) W3S S 3


(
n′1 − 1

)2(
n′1 + n′2 − 2

)2 D2
1 +

(
n′2 − 1

)2(
n′1 + n′2 − 2

)2 D2
2 + D2

3

 ,
where S̄ w =

∑3
h=1 WhS h and Varprop(ȳst) is the variance of the stratified sample mean under propor-

tional allocation. It can be seen that if the variations among strata standard deviations are large, our
proposed allocation is more efficient than proportional allocation.

Remark 3. We assume that Dh = D and n′h = n′ for all h. We can efficiently show that the size
of preliminary sample, so that the variance of the estimator under the proposed allocation becomes
smaller than that under proportional allocation, is

n′ >
β2 − 1

4

∑L
h=E+1

∑
h′=E+1,h,h′ WhWh′S hS h′ +

∑E
h′=1 Wh′

∑L
h=E+1 WhS hS

(
E−1 + 1

)
∑E

h=1 Wh

(
S − S̄ w

)2
+

∑L
h=E+1 Wh

(
S h − S̄ w

)2 ,

where β2 = µ4/S 4, µ4 is the fourth centered moment and S 4 is the square of variance (cf. chapter 1.10,
Sukhatme and Sukhatme, 1970).

3. Optimum Allocation Using Pooled Standard Deviations among Variables

In this section we consider the procedure of allocation under multivariate sampling setting. There
are K study variables and we define the population mean of the kth variable Ȳk = N−1 ∑N

i=1 yk
i for

1 ≤ k ≤ K, where yk
i is the kth variable of unit i. Under the stratified sampling technique, an unbiased

estimator for Ȳk is ȳk
st =

∑L
h=1 Whȳk

h, where ȳk
h is the sample mean of stratum h for the kth variable.

We propose the use of pooled standard deviations among variables for the allocation of sample.
The pooled standard deviation among variables of stratum h is defined by

Ŝ PM
h =


(
n′1h − 1

) (
Ŝ 1

h

)2
+

(
n′2h − 1

) (
Ŝ 2

h

)2
+ · · · +

(
n′Kh − 1

) (
Ŝ K

h

)2∑K
k=1 n′kh − K


1
2

,
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where n′kh and (Ŝ k
h)2 respectively denote the sample size and the usual sample variance of the prelimi-

nary sample of stratum h for the kth variable. The proposed allocation equation is

nh = n
WhŜ PM

h∑L
h′=1 Wh′ Ŝ PM

h′
(3.1)

for 1 ≤ h ≤ L.
Though this pooling seems artificial, it has the meaning of unifying the K variances and the prob-

lem of allocation becomes simple from the multivariate setting to the univariate one. It can also
be understood that the pooled standard deviation is a measure to reflect the total variation about K
variables for each stratum.

The exact calculation of the variance of ȳk
st is difficult under a general circumstance. We derive its

variance for some restricted case in the following theorem. Based on the result, we can ascertain that
our proposed allocation can perform better than the usual optimum allocation if the study variables
are assumed to have a similar variance within each stratum.

Theorem 2. Assume that

S 1
h = S 2

h = · · · = S K
h = S h

and that the moments of ϵk
h = (Ŝ k

h)2−S 2
h higher than 2 can be neglected for 1 ≤ k ≤ K and h = 1, . . . , L.

Then,

VarPM

(
ȳk

st

)
= n−1

 L∑
h=1

W2
h S 2

h +
∑

h

∑
h,h′

WhWh′S hS h′

1 + 3
8

K∑
l=1

(
Cl

h

)2
a2

l −
1
8

K∑
l=1

(
Cl

h′
)2

a2
l


 ,

where Cl
h = (Var((Ŝ l

h)2))1/2/S 2
h, al = (n′lh − 1)/(

∑K
k=1 n′kh − K) and the subscript ‘PM’ means the pro-

posed allocation.

Proof: Note that E(ϵk
h) = 0, Var[(Ŝ k

h)2] = E[(ϵk
h)2] , E(ϵ l

hϵ
k
h) = 0 for l , k and E(ϵ l

hϵ
l
h′ ) = 0 for h , h′.

Observe now that

VarPM

(
ȳk

st

)
= E

[
VarPM

(
ȳk

st |Ŝ PM
1 , . . . , Ŝ PM

L

)]
+ Var

[
EPM

(
ȳk

st |Ŝ PM
1 , . . . , Ŝ PM

L

)]
.

If fpc is neglected and (3.1) is used for nh, then we have

VarPM

(
ȳk

st |Ŝ PM
1 , . . . , Ŝ PM

L

)
=

L∑
h=1

Wh
S 2

h

nh

=
1
n

L∑
h=1

W2
h

S 2
h

Ŝ PM
h

L∑
h′=1

Wh′ Ŝ PM
h′

=
1
n

 L∑
h=1

W2
h S 2

h +
∑

h

∑
h,h′

WhWh′S 2
h

Ŝ PM
h′

Ŝ PM
h

 . (3.2)

Note that Ŝ PM
h = S h(1+

∑K
i=1 aiϵ

i
h/S

2
h)1/2 for ai = (n′ih − 1)/(

∑K
k=1 n′kh − K). By the Taylor expansion

up to the second order, it can be obtained that

Ŝ PM
h′

Ŝ PM
h

=
S h′

S h

1 +
∑K

l=1 alϵ
l
h′

2S 2
h′
−

(∑K
l=1 alϵ

l
h′

)2

8S 4
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1 −
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l=1 alϵ

l
h

2S 2
h

+
3
(∑K

l=1 alϵ
l
h

)2

8S 4
h
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By the negligibility of the moments of ϵh,

E

 Ŝ PM
h′

Ŝ PM
h

 = S h′

S h

1 −
∑K

l=1 a2
l E

(
ϵ l

h′

)2

8S 4
h′

+
3
∑K

l=1 a2
l E

(
ϵ l

h

)2

8S 4
h


=

S h′

S h

1 + 3
8

K∑
l=1

(
Cl

h

)2
a2

l −
1
8

K∑
l=1

(
Cl

h′
)2

a2
l
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Then, from (3.2),

E
[
VarPM

(
ȳk

st |Ŝ PM
1 , . . . , Ŝ PM

L

)]
=

1
n

 L∑
h=1

W2
h S 2

h +
∑

h

∑
h,h′

WhWh′S hS h′

1 + 3
8

K∑
l=1

(
Cl

h

)2
a2

l −
1
8

K∑
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(
Cl

h′
)2
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 ,

which implies Theorem 2 since EPM(ȳk
st |Ŝ PM

1 , . . . , Ŝ PM
L )) = Ȳk. �

Remark 4. Set n′1h = n′2h = · · · = n′Kh to compare with the equation of variance Varopt(ȳk
st) of

Sukhatme and Sukhatme (1970). Then, Cl
h = Ch for all l and

Varopt

(
ȳk

st

)
− VarPM

(
ȳk

st

)
=

1
4

(
1 − 1

K

)∑
h

∑
h<h′

WhWh′S hS h′
(
C2

h +C2
h′
)
.

We show that there exists a proper condition where the proposed allocation has better efficiency than
the usual optimum allocation using estimated standard deviations.

4. Simulation Results

In this section we perform a simulation study to test our theory. The number of repetition performed
for each setting is B = 10,000 and the sample size n is 100. First, we test whether the proposed
allocation (using the pooled standard deviation among strata) is superior to other allocations such
as the optimum allocation where standard deviations are estimated separately over all strata and the
proportional allocation. The value for the preliminary sample size n′1 is 5, and the values for n′h, 2 ≤
h ≤ 4 are 5, 10, 30 and 50. The samples are generated by

y1i = S 1z1i + Ȳ1

y2i = S 2z2i + Ȳ2

y3i = S 3z3i + Ȳ3

y4i = S 4z4i + Ȳ4,

where zhi ∼ N(0, 1) for 1 ≤ i ≤ nh and 1 ≤ h ≤ 4 and all zhi are independent. We compute the
empirical values of four types of variances Varpool(ȳst), Varopt(ȳst), Varprop(ȳst) and Vartopt(ȳst), where
Vartopt(ȳst) is the variance under the optimum allocation when strata standard deviations of population
are known.

Each cell in Table 1 contains three values of relative efficiency respectively corresponding to
Varopt(ȳst)/Varpool(ȳst), Varprop(ȳst)/Varpool(ȳst) and Varopt(ȳst)/Vartopt(ȳst) in this order. The popula-
tion weights are W1 = 0.4, W2 = 0.3, W3 = 0.2 and W4 = 0.1. The population means are given by
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Table 1: Empirical values for Varopt(ȳst)/Varpool(ȳst), Varprop(ȳst)/Varpool(ȳst), Varopt(ȳst)/Vartopt(ȳst)
n′2 = n′3 = n′4 S 4/S = 2 S 4/S = 4 S 4/S = 6 S 4/S = 8

1.098 1.085 1.075 1.068
5 1.014 1.379 1.855 2.335

1.151 1.140 1.147 1.131
1.063 1.055 1.051 1.047

10 1.038 1.421 1.918 2.416
1.090 1.076 1.085 1.072
1.050 1.048 1.043 1.039

30 1.048 1.441 1.947 2.459
1.065 1.055 1.061 1.046
1.049 1.045 1.042 1.038

50 1.050 1.444 1.952 2.465
1.062 1.049 1.057 1.042

Table 2: Empirical values for Varopt(ȳk
st)/VarPM(ȳk

st), Varprop(ȳk
st)/VarPM(ȳk

st), Varopt(ȳk
st)/Vartopt(ȳk

st) for k = 1
n′2, n

′
3 S 2 = 10, S 3 = 20 S 2 = 20, S 3 = 30 S 2 = 30, S 3 = 40 S 2 = 40, S 3 = 50

1.066 1.066 1.062 1.062
5, 10 1.084 1.163 1.256 1.330

1.093 1.092 1.086 1.087
1.046 1.042 1.038 1.034

10, 20 1.092 1.173 1.267 1.343
1.064 1.058 1.053 1.047
1.040 1.035 1.029 1.027

20, 30 1.095 1.177 1.271 1.347
1.055 1.048 1.040 1.037
1.038 1.032 1.026 1.024

30, 50 1.096 1.178 1.273 1.349
1.052 1.043 1.036 1.033

Ȳ1 = 10, Ȳ2 = 5, Ȳ3 = 40 and Ȳ4 = 20. The value for S = S 1 = S 2 = S 3 is fixed as 10 but S 4 takes
various values.

Table 1 shows that the estimator using the proposed allocation is more efficient than the estima-
tors using the usual optimum allocation and the proportional allocation. We can see that both the
proposed allocation and the optimum allocation are superior to the proportional allocation when the
difference between strata standard deviations becomes large. It can also be seen that the efficiency of
the proposed allocation nearly becomes the same as that of the optimum allocation with known strata
standard deviations as the preliminary sample size and the difference of strata standard deviations
become large.

Second, we simulate the use of pooled standard deviations among variables. There are three study
variables and three strata. The value for n′1 is 5 and the values for (n′2, n

′
3) are (5, 10), (10, 20), (20, 30)

and (30, 50). In each stratum, all variables have the same population variance, that is, S 1
1 = S 2

1 = S 3
1 =

S 1, S 1
2 = S 2

2 = S 3
2 = S 2 and S 1

3 = S 2
3 = S 3

3 = S 3. The population weights are W1 = 0.45, W2 = 0.35
and W3 = 0.2. The sample for the kth variable in stratum h is generated by

yk
hi = S hzk

hi + mk
h,

where zk
hi ∼ N(0, 1) for i = 1, . . . , nh, h = 1, 2, 3 and k = 1, 2, 3 and all zk

hi’s are independent. We set
(m1

1,m
2
1,m

3
1) = (15, 20, 30), (m1

2,m
2
2,m

3
2) = (5, 5, 20) and (m1

3,m
2
3,m

3
3) = (10, 15, 40). The value for

S 1 is fixed as 10 but (S 2, S 3) takes various values. We compute four empirical variances VarPM(ȳk
st),

Varopt(ȳk
st), Varprop(ȳk

st) and Vartopt(ȳk
st) for variable k.
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Each cell in Table 2 contains three values of relative efficiency respectively corresponding to
Varopt(ȳk

st)/VarPM(ȳk
st), Varprop(ȳk

st)/VarPM(ȳk
st) and Varopt(ȳk

st)/Vartopt(ȳk
st) for k = 1 in this order. We

remark that the relative efficiency for k = 2, 3 is almost the same. As anticipated, Table 2 shows that
our proposed allocation using pooled standard deviations among variables outperforms conventional
optimum allocation and proportional allocation.

From a theoretical viewpoint, it seems that the size of the preliminary sample should be appro-
priately large so that ϵh may be neglected at the higher moment. Nevertheless, our simulation result
shows that the proposed allocation is superior to other methods even for a moderate size of the pre-
liminary sample. We can summarize that the stratified sample mean will increase in efficiency if
variances are equal over strata or variables and pooled standard deviations are used for the allocation
of samples. We suggest the use of the proposed allocation based on the pooled standard deviations
if there is a sufficient evidence that the population standard deviations are equal for several strata or
variables.
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