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A Regression—Based Estimation of Strain Distribution for Safety Monitoring of the
Steel Girder Subjected to Uncertain Loads
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Abstract

To evaluate the safety of a beam structure, strains are measured as an indicator of structural states. However, unless strain
sensors are installed exactly on where maximum or other representative strains occur, the techniques by which rational assessment
through measured strains is accomplished are required. Thus, this study suggests a process to estimate strain distribution on the
steel beam from discrete strains measured by sensors. In the presented technique, the targeted beam is regarded to be subjected to
unknown loads so that applicability is enhanced. Final strain distribution is given as form of a function after regression analysis.
To verify the performance of estimation, a bending test for steel beam on which distributed and concentrated loads simultaneously
act is conducted. From the comparison between estimated and directly measured strains in the test, the curve of strain distribution
and the strain at arbitrary location could be predicted within maximum relative error 3.32% and maximum absolute error of 2.32
ue, respectively. Thus reliable and practical monitoring is expected to apply effectively for the steel beam structure.

Keywords :

Strain estimation, Structural health monitoring, Steel beam, Regression analysis

. 2

H UE F2E5S TR AT 284 9 ok
= EXa] S8l SdtAE AT e® EUHYshs At
7} E31 2UTF (Tam et al., 2011, Lioe and Wong, 2012).
53] Fx=o] ndY, 233, st Hogtel webA Ab
SAleA] R ofdet AlgdAlAE el 71Q1sk 2}
T3 39 W W] 4= FAje] wIHs] fdum, o) &

= 7|1A1aL 3l

o o

rlr
1>,
ox ik

PALE EE AT Uels o
o]t} (Kim, 2009).

ole] wpgbr] FA| AHLE BUEY A|xFe] thekst AlA
£ Agsh= A77F AU (Park et al., 2007, Jo et al.,
2011), 2> A7rollx RIPEAE o] &8t FANHAE ZUH
B2 AR HRtomM bRl M EAE AA7F 7H

ol
b
N

b
o M
N
)
)
~
do
:Og
X
)
I
>
X
flo
iG]
rhu
ez
)
=
o
it
1o
)

ks

B J2ES THOE bkl dTEo] stk

Park et al. (2006), Lee and park (2011) Z}2}; )|
] (long gage fiber optic sensor)®} F-g&2]
(vibrating wire strain gage)E ©]&3lIA H FFE2
HEES FYsh= 7IHE ARSItk o] F At
52 TRt AR o] FolA W, XAl Hts
Ho) HHEES 539 T3 Park et al. (2001) H|E.
-7% AR ASS WP E dolg® A3 34
I o]FAEE Foll HEskes Wi RC U] WEEe

oo o
Eoa

B

R
fu

o
L

>

) shslel, AdE 153
2) g9, AAdstE AEgel
%38

5 upafag
3) A8, st A2

4 AR

g B

* Corresponding author : hspark@yonsei,ac,kr
o B Lo i3t Eo|2 20134 4¢ 30U7HA] 32 KA 20134 59359
EE2AYNE AsHS YT

Copyright © 2012 by The Korea Institute for Structural Maintenance and Inspection. This is an Open Access article distributed under the terms of the Creative Commons Attribution
Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0)which permits unrestricted non-commercial use, distribution, and reproduction in any medium, provided the original

work is properly cited.

10 s=axsrogxegss =28 H178 H25(2013. 3)



‘:‘E

[t

o] Ao Zx%zﬂ- Lk

St oge] ATES 7
opdHem Foifs

Ei7F =ehdet Al

w3k %H*Ur ?4017} = A @%Liﬁiﬂr 7%]%— S&il% ‘ﬂJ

ol
ﬁ
o
%ﬂ
E
_YL
i
4
FN
m{u
1o
oM,
—{o
:“.:
!I
E
O
>
é
ol
AN

o1 9 A etk A ST RO ol
A, W] T2 SAE o o Sl gio m

HH o Folde} she A& A
A Sh= Jle] 24 PSS A4 A8e] Tt 9l

Sosich mos 4 e ol wel 1 4
A 34 AFE RES ol NYEAZTE 9L UE

3} wliste] AZsSTE
2. HO|MQ| HaE Bx
2.1 Hofl K83k AH| 515

ahtel B Aol AHgehs ke el A el 2HE-
R ete s A Aol A FAESE AgEe
XHDP RHE (end moment)7} F7H O 2 EAYSITE wheba
A 52 99 FAR Aol RUEH tidew &
Kol gt BUEY2 Fig. 144 Sk 2]$kstod

FAe A daglel sHAoR 3 & 5 Qv
b zE 2o sldd, TS o ARl TP o R
o7 Zd  AA| Aol iz 7 = gl W
, K
F93)=
7F A
A ek

ol

oo Ju X
Hu ot rlJ i 110

O

]
HQJ k x]x%oﬂ xl—ﬁL—C; N;q] THE= —O—HD]— h=h
T2 skl oaf AXRtE A= Wk ERIES}
gtk o] et S B FA RUER AlAE

RAE st =95 HAR o]Fojz By &2

of

=

i

2
N
T £

I
Jo
1]

%0, N
~ A
F‘D‘O::

(a)

Distributed .
Column
/ load, o(x) i ‘ /
/ End moment
M,

Fig. 1 Loading condition of general beam structure

UHE el B 49, A85H 543 AR Qb
3 7bgEAekE, A8 Agehe Al BREE A 2
E9} s m49] o 7Fwlolof sh= 2 9]

3}
A, Fig. 1(a)$} 2ol AA 7325
ST 5

oA B el 2-g-af
2 AA F 7R UE F Atk AAE
BlE o] Sahs kS (distributed load)olth 324
Al &BL] 152 1 way 22> 2 way 202 Hoj
WEEE A0® hskal QAR AARE A Al 7S
=2 wlEA] ks Wole, kel Fest a71xAt & 5
S A7 durdolth HE Rl A e &
of #gsh= skell 99t A7), EUE] 2435 xgel
WL QB el AYE IR RIS 1 HEjel 77
5 & F slvka 7Pgshke Aol etk EAe Jset
Folty, B FxEoM= 2 B (beam)E F3l 7 EE=
steihs AFsksoR 1 e 4 Stk AAE EeljHel HF
shgo] AgsttEte 1 sk elE el oal Fulls
o] HE WA o] HollHi= Hxsisow 283
ueba] Kol 2gsh= Heetes 2HE5e
o 1 AE REE oR e 9l
Qokshd, H FAe] 39 HaE
e e weRE v o 4 glom A 2
U o] 7HgE 4= Qlrk
1) A S AR G40 R Q8 A7E €A
Fehe Aw RHE, M3 M,
2) Ko A5 B ofs Hatow IS A7]9F
S IA] Fel= B¥EE, wlz)
3) A& HERE dduo] AE ¢ dov Vs
A Fehe JASets, P (o714 ie A2 Bel W

r1r

R}

O

o

o e

SERX SRS | ZE| =2 A17H M2 (2013. 3) 11



22 HAE

Z a4

r-||1

129 3 o] o3, o))
o] yol WATH: WHE o9} mHlE
of41ct,

Hol M FHHFCERY ¥
ME] A= A (HE

ol

— (1)

oA, B, Iz WA ol uHIEo o) 2e)
53 MAR WS 9T 4 ook

F349) Aol wel, o1y a3l o8 fEe FA
AR WHE FEE 420 SEE 3 fuEs WEE
REES WF B9 20} ok meb] w Al A
37K Fele] S5l o) R WHE FEE o
4 QM@ BT 4 slom W WgE BEE 19
A% G A (5)9% 2k ol Fig. 10)14 ekl 35
H

exla)= é{ MQ%_ M, sz } (2
ew(:c)z— i‘//w(x)daz 3)

m M | . )
_ max,i g 4
sp(x) igiEZ T “4)
cc"tozta,l(x): 8][[(.73)+ Sw(x)+ cc«'[3(-77) (5)

N
=

qumJ

ATIA, eyfx), e,(x), eplz) = D] AR z ol digk 2t
A BHE, #¥skE, ksl o8 fuEE Wy

RO FepolH, Stotal( ) A tﬂ?ﬁ% I ot
7

HEPE T2 O‘OW I AR AP %MEE, 2] (1)4
y/mm o ﬁlT—g ARgste] 1o S ek f1A] 28] Wi
AP ES HAgks tFelty =5 2 4)9]
My i zﬂWH Asts Pl SJal dAlehs ZHES]
ggre sz, = poll el x =1, oA ks ERES
omsit). oJ7)4, I, & Fig. 20149} o] i A HFeks

12 s=2axsrogxegss =28 M7 H25(2013. 3)

< I, —> -1, —— >
:< li,l >:< l,z : )E
< L >l >
B L >
Fig. 2 Location of concentrated load
o] &= Y= oJudt}. 18| AR} *'= Fig. 20
A AR WEHE 94 HEel Wb vhe A ()0 4
Sl =g
] Jfor0 <z <1,
g¥i =4 0t (6)
Li
forl,; <z <1,
Lis
2 @A M,/ (EZ2)3S Poll 93] Hel e
B HYE e 5 HAYiks 77, o A\ Bk Zé&l
sk A (4 A (nE Ads] mddr

epli)= Sna* @

i=1

Fxol, A A2 HENE dafes §

T MNE mo

o
e
-

bt
pas
|o
)

o
ki)
2

z&j& %‘zé}% (2)% &oue) E}vr*i—i Aste] 2
A} A5 A Ealr) wEel, 4 (3)9] ¥ Peje vx
Jof & dAtorls SElBe] wAgo] ZARe]

]. o o7 7].7& stk Ass=Es

5 o, SeHE 11 8RS
S} njEe a&j el xmswﬂ o} éamA 2]
= lo] Aol Folgitt wlebr] 4L oW e Fejo] =4
A%l A mFo] R wel At (Salvador,
1963). ©l°ll W} nz} Tk 9] Frslse 4 (3)el tiylst
I 9eR AAZAE 283 Jelshd, Exskee] o ¥
HE 2XTTE 2 (8)9 FEHE Foixitt

lo
oz
i)

o3



e (x)= . Z a;x (&' = L) (®)

2 @) a2 ] FHlE A3 vIH 9 Ao,
1/ Bzl FallAle A e BE skl sl dAske
EHE $E5 dehdth EEPFE dPAoR T E

olfiiz 2 (98 Zol, tFA o FoAi= 4 (2)9) A
(8)01 AFeto] e, () 02 3o Aow vepd £ 917

o]t
( ) —Ml M1 M2 7z+1aiL1
ol g\ Fzr " Ezr A EZ )
nil G i+
+ ? {I?l (9)
i=1 EZ

2 (9)9] ExEol M vA] AFES (M, My a; (i =1
to n+ 1) & n+37] otk AFEE oAl Aelste]
s sk 4] (10)°=2 yepd 4 glrk

%JJ(CU): Z a,ixi (10)

A7IA, o' ;= A (9)F xoll B LB R Helsh 2
ol 2" Agelk 4 9)lA e, 1,(0)FF ¢, (L)) Fol
42t — M,/ EZ¥} — M,/ EZQ) 208 818 &= 9lom, o]
2 (10)2 XF8E= e, 4 (z) oA A1) AT o, 55
thd, MYES] Fare) tEo] AdRHES] FHE o &
58 oujsith
Aelapd, A (5)°] ek A4 WdE B2 3 e, ()
=2 (N A (1002 33 A= TOVJE}.

rlr

=

fae

m n+2
gtotal ZA'I*Z_F Za Jf (11)
i=1 i=0

o71A, QRkat it 4] (610 Belech 4 (11)2) ol
Fig. 39 42102 Lehiglek 4} (1D Fol71 14] ¥
43 Aol ARk i ARRIER: B m ot 374
W, o] gEe WAE S0 o8 Agan

Em (x) + gPl(x) + ng(x) = gzotal(x)

Fig. 3 Superimposition of several strain distributions

3. HYE BX XX
3.1 HIEE 2T 23| oot HTRAN X2

B AFE TV e,00(0) Q) AAFE D3]
) AN WHES ASheiekE, 1 gk A A4
A7) WP} Aol BAT el Qe 1 ol 2
A AR 3] TP A, AS WPES % A
QA EFH] glor] (15 oxh, B, AT RESF
& ARt Aol Qor (3% o, A, B A gt
o3} P25 A3 AFE A ] FE 1
2olt} (0] o3, ol LAANE B el 913
A R AARE SRR Ee BAHS gao] Agslt

3 wsslel, SRS 2 WHoR Aol B e}
AR EEeFo) B o 9
Aolekd, SFedl Bt 39 oAt TAE 5
CIEI A7} 71 A5 a1 7 1] o

S, HARAA FA0] B4e A9 TEE 2L o]
ek o/ Sl Sl B O 4+ S o
A 20 T B TR AS MPES s 0

X E 9l el eks 2 7HIZIth (Hahn and

Ahn, 2012, Park et al., 2006, Lee and Park 2011, Lee et
al., 2012).

3.2 x| Mol
Fig. 0] UERd 23k o), Al 714 eAdlo iy

WA HGEAL A 2 oM AST MEE 2 T 35

SR XSFTSA|pE sk =28 H17d M25(2013.3) 13



A
e
v

"4y,
2 ! error vector e ={d,,d,,....d, |

Fig. 4 Estimation curve and measured value

FAT WHE ,000(2;) T GABHA =tk o] AfolE 42t

=
AL 5P, ool wheh FgE MYE X0 AE eE t
w3 o] Ageoje 5 Sk
e= {dl,dQ,...,dN} (12)

7S

oA, N B Al FAE WHEAL AFEA, 2
& ARl 2] TR A S A3E w3
AN Al oAMES Ba F4 dA o4 BE
4 (13)2 R 4 9

1V
E=e«e'= E {%,M(wi>_ gi}Q
i=1

N m ) n+2 ) 2
=3 e+ Y (' zf) e (13)
i=1\j=1 Jj=0

o714, eT= oajulE|e] AxHL ojv]sic}. M| W

WE (@) AA 244 pol tigk 3]724S Sl

T 14 = 2 (13)0.% FolAE AA 2 Havt He

S mmz(x)ﬂ B A m+n+ 3708 2= 94

71 D]r ol ;< AL K| AF p S tHHAoR B
® ®Bysse] 7Pg A<eolch

N

S
ll
o

3.3 3HRAE S8t 21H Al

A REE TS g,0(x) ) PIAATE 249 A
Foll A LA po] HEZ) 00 HEF sk W
AAE F= Fow IS glon, ojysh W HAA
FHoE UHA Yt (Gilat and Subramaniam, 2008). 2.2}
o] AEsrE A (14), (15)E T ‘4

14 s=3zsrcex|ne|Zss =28 H172 HM22(2013. 3)

(14)

i)+ i(wfﬂ')— e}xh} (15)

HA) AFE 2= WAL 9 F 7R AR
E] Folzltt A (14)2%E h7} 05E n+27H4 & n+3
Mo A&, 2 (15)C25E] h7}b 15E m7H4] & mole] 2]
S S F glom. o] WHAEL 4 (16), (1T)E FolXth

—=0,forh=0tont+2

N (n+2 m ) N
Z{ (' j/z])+ Z(Ajwﬁxi")} Meal  (16)

j=0 ji=1 i=1

N [(n+2 ) m N
Z{ (o 2z, ")+ Z PYENES )} Yiea " (17)

i=1
= 37] 9 A A (16), A1) AF
W alels & 4= Qlth Fig. 590 o] WA E7] §
7 (linear system)E YERSITE ol& &3l A5k
2 oA TR #4 29 W 72 5 o,

)
8o

||V

3.4 HEEA| T4

v o

m+n+37H 2 AG = 3AEN
, WAATE A4s] S8 ast H
A o7 779 )49l Esh). 2+
352 Mg Heofl mEl ol
7P%P E‘—Eﬂ%—ﬂl ﬂlikr ng

%
o
)
s
I 2 0%
%—L

[ _1>

i
2,
X
[
i)
|
o
O{N

10931“4-1

S S FRO, ol e
(interpolation)&] 73-9-9} FLsHAl YERIT) b
of W2 MPFEAL HA MrEo B2 AAE *]‘%L‘jr
__T 37(].__ H]_oﬂ-dl

S ﬂn.qmﬂi

W71 wel 5749 qbgdol &

02_‘, fﬂ
T



Number of rows n+3 m
and columns | e D — AN

,,,,,,,,,,,,,,,,,,,,,,,,,,,

oE : & o0 & 1o N+20:N*10 S w0 N 0
- n 1 Z '
o DY Tt | Sy S || a e
i N N
oE ! Ol 1l
w3l w2 e
1

[ = i=1 i=1 . : . i=1 = i=1 - Eq. (16)

System of linear equation

Fig. 5 System of linear equation to determine the unknown coefficients

(a) Initial setup (step 1) 29 ESGs (b) distributed load
P A N (step 2)
0 500 1000 1500 2000 2500 3000 3500 4000 X
: i |
: : 5 29 ESGs
Support , Targeted span for monitoring \
e 1100 S 4000 = 1100
(c) Additional loading (step 3) 1 20°
. 4400 ] [Section]
s E = . 3600 500 ; i o5 200 H 100x100x6/8
R ), v
step 3 200 W [ W Transfer rigidity
| —
step 2{ [ = I = ] == |
5 g 29 ESGs A
: 29 ESGs

-(— Targeted span for monltorlng—r,

Fig. 6 Experimental setup and loading process : (a)lnitial setup (b) application of distributed load and end moments (c)
application of concentrated load and additional end moments

4. Ao 4.1 A8 e
27 7|9 e Az 98 AFeE, BualE A AFAIE H-100x100%6/82] 6200mm Ao]9] TEA4]
F RRlET} Sl Agehs Hold WHE $EE 45 Ejo] vilrely A5l @o] 2ol $8400 FAE W
= A8E Fslh IR Fig. 60l Hl 2AH, s wxs F48 7k
AR Aele] telnt ek, HEdls, AVEAES

&al7] ot 712 Fig. 60 YERA ZAE 39A=

SRR SRS | T =27 AM17H M25(2013.3) 15



Photo 1 Final step of loading

et 27] AR R Fig 6(a)H 48 B 725 A ZUXA
of] 2979 271432 W EA (electric strain gauge, ESG)
£ Table 19 gefal 52 fIX|ol| HAlekivt. 5742 Fig.
6(a)ydelelA AFsl o, 1tk AR Fig. 6(b)oll Lt
ERd 21 o), Al BE Fe] d7 A5 2wl sid

T eXdtee Stk o] W 4 tide] He 3
& AR wpgel Sl @7 ARsel o8l ARl EHET}
7k deRE 2|3 4 olv) v GAIE Fig. 6(c) 9t
2ol, 3719 7 ZHA (transfer rigidity)$]fl 0%3%1 As
o= 7hISith 7 WA dAle) vV E, 24 ot
RS A vpge] AAE Sl 7 EE skl <8 Aol
A RHEZL 2Hgshs tkeR 2 X3 4= Qi) o] A ©l

FAsIA}; e dld 7R A}
B 7k sk Jssks, A
7} A= weer g 1 5 Q)

o eJsteq, ‘ﬂﬁé% —ErE%
ol

b8, ESGE 1A C® A8h= 217} Chebyshev ==
(nodes) = FolA= FlA]ol| AAJeh= F 7] %5 Hlust
of, A5 A WE exks FA6II ek S ®
o BikE & e 34 3] wWellA] o] F A=
2, = A3 (Runge’s phenomenon)©] ¥HE 4= Q1=

Table 1 Installment location of 29 ESGs and its classification

tl, o]& WAeH] S8l A FofelM= AR F
o]*]:= Chebyshev 0|83t} (Cheney and Kncaid,
2008). + ATeME A 579 dlolHE 34wAls 73
A3t vk BN Akt ARl 27ske], Btk
e QAE Y35 AYFEA A YA ZMN Chebyshev =
& 13I8l m o] WMEEAE Chebyshev === 0]
A= 1A 3] (©]8h, Chebyshev A1A)e wf, ;] HE
9] AR AR x5O Aol Lol tisiA Tt 4 (18)
2 ot

LEE
i =

for i=0to m—1
:L L [( 2i+1
2(

2+2 m—1)+2

i
Table 1°] ESG 44| AX& W] 7k« 7]l we} E5at
o] FYsigior 1 g2 o Atk
1) WEEA 250mm 53H2 A (1570)
2) w¥skE oFA o] HuAE nol 39 A, ol 483t

(18)

.

= WEEA HANF (770)2F 1 chebyshev 3] $1X]
3) B¥aE Baale) A4 nol 19 44, olel A5at
= WAYGEA H200 (5708 1 chebyshev 4] 914
4) B¥E8Fs U9 ARG nol 091 A, o)l -t
= WHYEA HAINEG @72} 1 chebyshev A 214

71M FHE ] EE= 2000mm x| 2] HEEA = 3
U= Ahoba F 29709] ESGE AAeIsitE B E w2 F
A2l 7R AlA A B9-sF skl 7MY A ns
W3l 7hAA Faeksich

42 =3 Zut

an, 57, 770 ESGO] /4= n=0,1,34 e ¥

FEA Ha oltk B =% 1 2-gsh= EaEskzol o]

BHow FHEo|EE oo #gsk= n=0 7FIF A,
3% o= 1EE] Yl n=1,3 2% 58 A n

Criterion for installment

Location (mm)

Equal distance for 15 ESGs

250 | 500 | 750 | 1000 | 1250 | 1500 [ 1750 | 2000 | 2250 | 2500 | 2750 | 3000 | 3250 | 3500 | 3750

Chebyshev node for 7 ESGs 50 \ 436 \ 1132 \ 2000 \ 2868 \ 3564 \ 3950
Chebyshev node for 5 ESGs 98 \ 824 2000 \ 3176 \ 3902
Chebyshev node for 4 ESGs 152 \ 1235 \ 2765 \ 3848

16 s=7zsacRx2eZe

== H173 ®M2=(2013. 3)



Distributed load of Oth order
Used data: measurement at chebyshve node (4)
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Table 2 Errors of estimation in the case of Chebyshev installment

Used data for estimation (Chebyshev installment for below number of sensors)
Highest order of distributed load, n 4 5 7
total (%) max (pe) total (%) max (pe) total (%) max (pe)
error 3.22 2.32 2.00 1.74 2.10 1.97
n=0
SD (ue) 0.5888 0.4600 0.4499
error - | - 179 | 1.64 1.85 | 1.84
=1
" SD (ue) - 0.4299 0.4191
error - | - - | - 1.88 2.00
n=3
SD (ue) - - 0.4531
#SD=standard deviation of absolute errors of estimated strains
¥max=maximum absolute error among estimated strains
¥total=relative error of estimated strain distribution (Eq.19)
Table 3 Errors of estimation in the case of equal distance installment
Used data for estimation (Equal distance installment for below number of sensors)
Highest order of distributed load, n 4 5 7
total (%) max (pe) total (%) max (ue) total (%) max (ue)
error 6.21 4.50 2.35 2.58 2.48 2.27
=0
" SD (ue) 11792 0.5742 0.5574
error - | - 2,09 | 2.25 1.95 | 2.02
n=1
! SD (ue) - 0.4936 0.3987
error - ‘ - - - 13.74 15.54
n=3
SD (ue) - - 3.8801

#SD=standard deviation of absolute errors of estimated strains
¥max=maximum absolute error among estimated strains
¥total=relative error of estimated strain distribution (Eq.19)
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