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Analytical Study on the Gas-Solid Suspension Flows
through Sonic and Supersonic Nozzles
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ABSTRACT

A considerable deal of work has been carried out to get an insight into the gas-solid suspension
flows and to specify the particle motion and its influence on the gas flow field. In this paper an
attempt is made to develop an analytical model to study the effect of nozzle inlet/exit pressure ratio,
particle/gas loading and the particle diameter effect on gas-solid suspension flow. The effect of the
particle/gas loading on the mass flow, Mach number, thrust coefficient and static pressure variation
through the nozzle is analyzed. The results obtained show that the presence of particles seems to
reduce the strength of the shock wave. It is also found that smaller the particle diameter is, bigger will
be the velocity as bigger particle will have larger slip velocity. The suspension flow of smaller diameter
particles has almost same trend as that of single phase flow with ideal gas as working fluid.
Depending on the ambient pressure, the thrust coefficient is found to be higher for larger particle/gas
loading or back pressure ratio.
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as speed of sound of mixture [m/s] force and other gradient-related forces due to
Cp  drag coefficient of particle [----] the appearance of solid particles[4]. Many

C, constant pressure specific heat of gas [J/kg-K]

Cs  specific heat of particle [J/kg K]
d,  diameter of particle [mm]
h.  enthalpy [J/kgl
Re, Reynolds number of particle [--]
p. ~ ambient pressure [bar]
p.  outlet pressure of nozzle [bar]
po  inlet pressure of nozzle [bar]
Uy internal energy [J/kg]
v,  velocity of particle [m/s]
v, velocity of gas [m/s]
p,  density of material of particle [kg/m’]
pis density of dispersed particle [kg/m”’]
p;  density of gas [kg/m”’]
o mass of gas in unit volume [kg/m’]
e volume fraction [----]
Pn  mixture density [kg/m’]

specific heat ratio of gas [--]
v specific heat ratio of mixture [---]
n particle/gas loading [--]
u dynamic viscosity [N-s/m’]
T temperature of mixture K]

1. Introduction

The gas-solid suspension flows are widely
encountered in national defense and industrial
processes, like rockets, particulate pneumatic
transport, fluidized beds etc.[l]. For high
speed gas-solid suspension flow, such as those
in encountered in supersonic cold gas sprays
(SCGS) and needleless injectors, the velocity of
suspension flow always reaches supersonic
speeds|[2].

Supersonic gas-solid suspension flows are
always associated with lots of complex physics
[3]. The flow field will experience additional
forces like Drag /Basset /Magnus /Saffman

experimental investigations show that some
physical phenomena like particle-turbulence
interaction,

interaction, particle-mean fluid

inter-particle  collisions and  particle-wall
interaction can affect solid particles motion
[5-7]. The physical properties of the particle
such as the size, density and shape, and the
boundary conditions including wall roughness
can also influence flow behavior[8].

It is known that there are three basic
theoretical methods available for gas-solid two
phase flow. One is the single fluid model,
second method is the two-fluid model and the
third one is the discrete particle trajectory
model[9]. Most of the properties are described
as simple functions of particle/gas loading in
the single fluid model. The two-fluid model
describes each phase as a separate fluid with
its own balance equations; in this approach
each phase has its own velocity, temperature.
The discrete particle trajectory model also
treats the fluid phase as a continuum phase
but the solid phase as single particles, where
the particle motions is the result of the forces
acting on particles. In general, the single fluid
model is appropriate for initial theoretical
studies[10].

There are many papers which focus on the
two phase flow in pipes. Satishi Okuda and
Woo Sik Choi have done the analyticl and
experimental study gas-particle mixture flow in
various types of convergent-divergent nozzle.
They found the velocity of particle was
influence by particle size[11]. C.RJackson and
W.E.Lear have studied two phase flow using
the shock tube[12], and their results show that
the shocks influence the mixture temperature.
Studies are conducted by R.Ishii and Y.Umeda

on the flows of gas-particle mixtures in a
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convergent-divergent nozzle[13]. They tried to
predict the particle trajectories and erosion. In
all of the above works the density variations
in the flows were not captured because they
have used simple incompressible models. The
primary objective of this paper is hence, to
develop an analytical model to estimate the
effect of different nozzle exit pressure ratios,
particle/gas loading and the particle diameter
on supersonic two phase flow features. The
single phase flow model is extended to solve
the one-dimensional mass, momentum, and
entropy equations for the steady pressure
field. The mass flow, Mach number, thrust
coefficient and pressure were computed and

analyzed.

2. Formulation of Flow Field

An analytical model is developed to study
the solid-gas suspension flow. The following
assumptions are made in order to model the

flow.

21 Assumptions
The particles used are very small, spherical
in shape and of uniform size, they do not
exchange mass with surroundings or react
with each other.
(1) The specific heats of two phases are
constant.
(2) The particles are uniformly dispersed in
the gas, so that the value of temperature
and velocity of both the phases are

same.

2.2 Governing equations
The governing equations from [9] were used

in present study are given as below.

Pas = Pp€ @)

pr=py(l—e) )

where: p, is density of particle’s material, &
is volume fraction, pss is dispersed density of
the particles in suspension, p; is density of gas
phase, gr is mass of gas in unit volume of the
flowing suspension. Becasue the volume
fraction is very small, less than 0.05, so that p,
almost equal to g .

The particle/gas loading (7) is constant

defined by:
n= pas/ Py ®)
The density of mixture (p.) is defined by:
Pm = Pas ™+ Py (4)

The internal energy(Ui,) of mixture is same
as it for one-phase fluids :

T nCT
J’_

v

U= 1 51

®)

where: C, is constant pressure specific heat
of gas, C, is specific heat of particles, T is
temperature of mixture.

Similarly, the enthalpy (k) of mixture is:

crT
p P n p

+ == +——-C.T+—| (6
P n+1 77+1( s pp) ©)

h‘m = Ujpy

where: p is pressure of mixture. Cp is

constant volume specific heat of gas,

The specific heat ratio of mixture ( v ) can

get from Eq. 5 and Eq. 6:

LG
oh JoT en

P

7= = @)
ou, /o1 C
RISt

C

p

int

where: v is specific heat ratio of gas.



12 JianGuo Sun - G.Rajesh - &3

=5 S FE S AR

Assuming adiabatic flow, and by applying

the first law thermodynamics, we get:

pap,,
dQZOZduint_ 2 (8)

m

Rewriting the perfect gas law by mixture

density, and using Eq. 5 :

aT 1 dp,,
C+nC) = ——m |—
(CHnC) Ter [ P ]Pm )

(n+1)p,

Integrating and substituting in Eq. 7 we get:

P
7 —
_ 77pm

(n+1)p,

-(y-1)
] -a (10)

Using equations above and the perfect gas

law by mixture density we get:

po, =G, (12)

where: C;, C, C; is the constant, it has
defined in reference[9].

Although both the gas and the particles
behave thermodynamically as a single fluid,
physically only the volume occupied by the
gas is available for accommodating changes in
pressure.

The speed of sound in gas with suspended
particles will be different from that of gas
phase alone. Hence it is necessary to compare
the changes in the speed of sound at different
particle/gas loading of two phase flow.
Through Prandtl’s qualitative analysis for the

mixture of snow or sand in air, it can be

observed that the speed of sound in mixture
is less than that of the prefect gas[8]. It is
because the density of the compressible
mixture is larger than that of the prefect gas.

The speed of sound is given by definition:

a= \/% (13)

The speed of sound of two phase flow for

isentropic conditions can be calculated by;

ﬂ)% (14)

Using the above equations, it can get a
relation for the speed of sound in gas-solid
two phase flow in terms of the speed of

sound in gas alone as shown below:

%:(HW’Q)(V)Z (15)
a 'Y(

40 mm

40 mm

(a) Convergent Nozzle

75 mm

40 mm
20 mm
24 mm

(b) Convergent-Divergent (C-D) Nozzle

Fig. 1 The Geometry and Dimensions of Nozzles
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Table 1. Properties of Particle 1.8 -
i convergent-divergent nozzle Po/Py=0.7 P 4
1.6 oo convergent nozzle
Cs Dy J
S 144 .
1 Pe/Po<0.
880 J/kg/K 2719 kg/m 3 12] N
§ 1.0 P/Po=0.528
z 4
2.3 The Dimensions of Nozzles 5 084 P./Po=0.7
s
The geometry and dimensions of convergent So0s] 0 M
and convergent-divergent (C-D) nozzle are %] T LF
shown in Fig. 1. The inlet and throat Pe/Po=0.9

diameters of both nozzles are same. The throat

diameter is 20 mm.

24 Properties of Gas and Particle

The conditions and physical constants are
listed in Table 1. The flow is in equilibrium.
This paper employs on six kinds of particle
/gas loading (7): 0, 0.1, 0.2, 0.3, 04 and 0.5,

respectively.

3. Results and Discussion

Based on the equations above and the

equations for single phase flow, the flow
properties in the convergent nozzle and the

C-D nozzle are calculated.

3.1 Analysis on two kinds of nozzles
At first, the obtained for the
and the

results
convergent convergent-divergent
nozzles were analyzed. The fluid is assumed
to be consisting of only a perfect gas
(particle/gas loading 7 =0).

Figure 2 shows the Mach number variation
with the various back pressure ratios for the
pe/po=0.835
corresponds to the critical flow condition for
C-D nozzle, and the flow is choked at the

throat where the Mach number is unity. If the

two nozzles. The curve for

back pressure ratio less than 0.835, the flow

will turn to supersonic in the downstream,

T —T J
1.5 20 25 3.0 3.5
XID

Fig. 2 Mach Number Distributions Along Centerline

0.14

0.12

0.10

0.08

convergent-divergent nozzle
------- convergent nozzle

0.06

Mass flow m(kg/s)

0.04

0.02

0.528 0.835
~
0.00 : N rS—o
0.0 0.2 04 0.6 0.8 1.0
P.IP,

Fig. 3 Mass Flow Rate vs. Pressure Ratio

producing a shock wave in the divergent
section. As back pressure decreases further, the
position of shock will move towards the exit
of nozzle. For the convergent nozzle, the
critical flow condition curve is the same up to
the halfway of C-D nozzle, and the back
pressure ratio is 0.528.

back

pressures on mass flow rate of both nozzles

The effects of the variation of the

are shown in Fig. 3.

3.2 Effect of particle/gas loading

The Fig. 4 illustrates the Mach number
variations for single and two phase flow.

Mach numbers are compared for two cases.
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Fig. 4 Mach Number Distributions Along

Centerline

The particle/gas loading is equal to 0 and 0.2,
respectively.

It can be observed that the Mach number
for single phase flow is larger compared to
the two phase flow at same location. It is
seems that as particle/gas loading increases,
the Mach number of two phase flow is
decreased. And the critical point (see point E
and F in Fig. 4) moves towards downstream.
This is due to the fact that, as particle/gas
loading 7 increase, the density of mixture also
increases; the mixture mass in unit volume
becomes larger. For same p./po, the driving
force will be same for all the cases, and hence
the flow with lower particle/gas loading will
get more acceleration compared to that with
higher particle/gas loading.

This has an effect on shock wave behaviors.
The reduction in Mach number across the
shock for single phase flow (line AB in Fig. 4)
will be larger compared to that across the
shock of two phase flow (line CD in Fig. 4).
The strength of the shock waves in both cases
(P2/P;, where P, is the downstream static
pressure and P; is the upstream static pressure
of the shock wave), is calculated and found
that  the

strength  of  shockwave is

3.6 =

fa
=
>
c —=—P /P,=0.8
[+ e 0
B34 | —e—p p=0.7
@ i)
3
o
304
29 L) L) L) 1
0.0 0.1 0.3 0.4 05

0.2
Solids / gas loading

Fig. 5 Location of Shock Wave vs. 17

reduced when particle/gas loading 7 is
increased. This means that the presence of
solid particles will reduce the strength of the
shock wave.

Figure 5 shows the effect of particle/gas
loading on the location of the shock wave for
two different pressure ratio, p. /po is 0.7, 0.8.

It clearly shows that the shock wave moves
downstream when particle/gas loading 7
increases.

The variations of the mass flow rates of the
two phase flow for various particle/gas
loading is shown in Fig. 6. It is seen that
chocking is attained gradually for higher
particle/gas loading compared to the lower
particle/gas loading and the critical pressure
ratio is also decreased as shown in Fig. 7.

This is because of the velocity of mixture
being decreased faster than the increase in
density. Fig. 7 shows that as particle/gas
loading 7 increases, the critical pressure
decreases. However, the difference in the

massflow rates is not large.

3.3 Effect of particle diameter
The effect of particle diameter is analyzed
here. The previous assumption of uniform

velocities for the particle and gas phase
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Fig. 6 Effect of 7 on Mass Flow Rate
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Fig. 7 Critical Pressure Ratio vs. 7

becomes invalid here, as the gas

velocity will be different from the particle

phase

velocity for larger particle diameters. This is
because the slip velocity between gas and

particles will be larger as the particle diameter

increases.
The following equation is for particle
velocity change in time [9]:
o Moo Po (e (16)
Py 4P pplp P

where: v, is particle velocity, v, is gas
velocity, x is distance from nozzle inlet along
x-axis, Cp is drag coefficient of particle, dp is

diameter of particle.

Mach number

AL LA I S
2.0 25 3.0 3.5
XI/D

) 1:5
Fig. 8 Mach Number of Particle and Gas

Cp can be calculated by the Standard Drag
Curves [14]:

3, 2
16 Rep
24

Rep
24

Re

Rep<0.01

0.82 — (1.051571?(:,,)}

[1+0,1315R 0.01 < Rep < 20

17)
20 < Rep< 260

Cp=
[1+0.1935 Rl

°P

6115135—1.1212(1g1?(~,,%(J.Lass(lgﬁe,,)" 260 < Repé 1500

where: Rep is Reynolds number of particle

given by:

_ Pylv, —vAdp

Re
’ 1

(18)

where: p is dynamic viscosity of gas given

by Sutherland’s law:

3
7\ T,+S
L 19
s “O(TO) T+S 19)

where: 1 is reference value of viscosity, T
S Sutherland
constant. For air at moderate temperatures and
pressures, iy = 1.716*10° Pa-s, Ty = 27311 K,
S = 110.56 K.

The

different particle diameters is shown in Fig. 8.

is reference temperature; is

Mach number variation for

Particle

Flow loaded with different particle diameters

has different slip velocities, when the flow is
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accelerating. Larger the particle diameter is,
greater the slip velocity is. The two phase
flow with lower particle diameter (dp =5 um )
shows almost same trend as that of single
phase flow, as shown in Fig. 8. When the gas
was flows through the divergent section, its
velocity increases rapidly. This causes the
particles also to speed up and the slip velocity

between gas and particles become larger.

34 Thrust Coefficient

The thrust coefficient Cr can be calculated
by [9]:

D, a
X(L,L)/
Py Py

where: Cr is thrust coefficient, p, is ambient
pressure, p. is outlet pressure of nozzle, po is
inlet pressure of nozzle.

Taking the derivative of Eq. 20 yields the

following equation:

Equation 21 shows that thrust coefficient
varies linearly with respect to inlet/outlet
pressure ratio (p./ps) and specific heat ratio
(y). When p./p. < 1 the flow is “under
“properly
expanded,” for p./p. = 1 and when p./p. > 1
expanded"[14].

coefficient  for

expanded,” the flow becomes
the flow becomes “over

The variation of thrust
different p.,/p. (keeping p./po as constant) is
shown in Fig. 9. From the below figure it can

be noticed that the variation in thrust

189 4 B c —a— n=0.5
—e— n=0.2 (Po/P,=500)
a b =0
——
P
cedmma
e
W Ses
O R S T LN
SEenhy R
RTINS Se
Al -~
-w-pm05 | T==ll® i
--e- n=0.2 (Po/P.=100) ‘”*LE‘:
- - - N=0
t T T T T T T
1 2 3 4 5
PP

Fig. 9 Cr Variation with 77

coefficient can be divided into three sections.
For low values of p,/p. ratio (< 0.5) the
thrust coefficient increases steeply as shown as
section A in Fig. 9. Then the thrust coefficient
shows almost a constant value as p./p. value
increases up to a critical point where the p./p.
value equals to 1 (Section B). At that point Cr
becomes maximum (Right hand side of Eq. 21
becomes  zero). There after the thrust
coefficient decreases with increase in the
pressure ratio (p./p.). From Fig. 9 it can also
be observed that for a constant value of p./p.
and po/p., the Cr increases as particle /gas

loading 7 increases.

4. Conclusions

An analytical study is carried out to
investigate the two-phase flow with particle
/gas loading through typical convergent-
divergent nozzles. The following conclusions
are drawn from the analysis.

(1) The particles in the flow with lower

particle/gas loading 7 will be more
accelerated compared to that with higher

particle/gas loading. The existence of
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particles will reduce the strength of the

shock wave in the nozzle.
(2) It is observed that the particle diameter
affects the flow velocity adversely, the
larger the diameter, the slower the flow
will be. This is attributed to the larger
slip velocities between the gas phase and
solid phase when the particle diameter is
large. The two phase flow with lower
particle diameter has almost same trend
as that of the single phase flow with
ideal gas as working fluid.
(3) Depending on the ambient pressure, the
thrust coefficient is found to be higher
for larger particle/gas

loading  or

inlet/outlet pressure ratio.
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