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ABSTRACT. The purpose of this paper is to prove existence of solutions of an S1RS epidemic
model with time delay of continuous type and the variable incidence rate and to investigate
some asymptotic behaviors of the STR.S epidemic model. An example illustrating the stability
of the model is given. The results extend the corresponding results in the literature.

1. INTRODUCTION

Mathematical epidemiology seems to have grown largely starting in the middle of the 20th
century [1, 3] and a tremendous variety of models have now been formulated, mathematically
analyzed, and applied to infectious diseases. These models are defined in mathematical model-
ing forms with respect to disease status and consist generally of three components: susceptible
(S) individuals that have been noninfected, and thus they are able to catch the disease, infected
(1) individuals who are infected can spread the disease to susceptible individuals. The time
that individuals spend in the infected state is called the infectious period; after they enter the
recovered state, and recovered (R) individuals in the recovered state are assumed to be immune
for life.

Several epidemic models and reviews on theoretical developments with stability analysis are
described in [4, 5, 7, 10]. Recently, much attention has been given to the persistence and global
stability of the epidemic model with time delay.
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In 2004, Ma et al.[6] studied the global asymptotic stability of the SIR epidemic model
with time delay given by

O = A= SO~ 7) ~ S(0),
O = BSWI(—7) — (12 +)I),
dR

o = (t) = usR(t).

Here the positive constant A is the immigration rate, assumed all newborns to be susceptible,
~ is the recovery rate of infected individuals, and g1 > 0, ue > 0 and p3 > 0 represent the
death rates of the susceptible, infected and recovered, respectively. Also the constant 7 > 0 is
the time delay.

Most of previous models assumed that an incidence rate is constant and a delay term is
discrete type about an infected term and so these models may have the limits of realistic
descriptions. In order to make a more realistic situation, we propose a continuous delay
model with measure dn(s) about the delay which is in the infected term I. The function
n(s) : [0,7] — (—00,00) is nondecreasing and has [ dn(s) = n(r) —n(0) = A > 0.
Moreover We propose a nonconstant function () which is an incidence rate per unit time.
Thus, 5(1)S(t) [y 1(t — s)dn(s) means the number of new infections in unit time. We assume
that 5(1 ) is a positive continuous function and there exists a constant / > 0 such that /3 (I)is
nondecreasing on the interval [0, I ]. Also, this epidemic model may have recovered individu-
als with temporary immunity, that is, the loss of immunity by immune individuals allows the
disease to become endemic. So we have the relation S — I — R — S. Note that the total
individuals N (t) = S(t) + I(t) + R(t) may be change in time ¢. A summary of the process is
drawn in a flow chart in Figure 1.

In this paper, we consider an SIR.S epidemic model with time delay of continuous type as
follow:

P = a-5Ws [ 10— 9dnts) - (0 + 5R(W), (a1
% = B(I)S(t) /OT I(t — s)dn(s) — (p2 +7)I(t), (1.2)
Cil]f =I(t) = (s + O) R(1), (1.3)

Here 6 > 0 is the rate of removed individuals who lose immunity and return to susceptible
class. v > 0 is the recovery rate of infected individuals. All positive constants 1, o and ps
represent the death rates of the susceptible, infected and recovered, respectively. In particular,
we consider a variable incidence rate function(infected dependent) 5(I) = Sy + S11(t)(Bo >
0,51 > 0). The aim of this paper is to prove the existence of solution of the STRS epidemic
model (1.1)-(1.3) and investigate some asymptotic behaviors of the model (1.1)-(1.3).
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FIGURE 1. Flow chart of the mathematical model for the dynamics of epi-
demics prevalence in the individual.

We remark that Beretta et al.[2] considered the measure f(s)ds instead of the measure dn/(s)
in the model (1.1)-(1.3). Here, f(s) is the fraction of vector population in which the time taken
to become infectious is s. That is assumed to be a nonnegative function on [0, 7]: f : [0,7] —
[0, 00) square integrable on [0, 7| and that satisfies:

/T f(s)ds = 1,/T sf(s)ds < +o0.
0 0

In fact, they studied global stability of an SR epidemic model with time delays. Zhang and
Teng [8] also considered a similar form to the model (1.1)-(1.3), but they used a constant 3 of
incidence rate only. They studied global behavior of equilibria and permanence of the disease
about an STRS epidemic model with time delay. We remark also that the nonlinear incidence
rates of another forms were studied(see [9, 11, 12]).

This paper is organized as follows: In Section 2, we prove the existence of solutions of the
model (1.1)-(1.3) and derive the reproduction number and equilibria of the model (1.1)-(1.3).
In Section 3, stability analysis for the SRS epidemic model and an illustrating example is
given.
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2. EXISTENCE, EQUILIBRIA, AND REPRODUCTION NUMBER

In this section, we will show the existence and uniqueness of solutions for the model
(1.1)-(1.3) and find the equilibria and reproduction number. First the initial condition of the
model (1.1)-(1.3) is given as

S(0) = p1(0), 1(0) = p2(0), R(0) = p3(8), -7 <0 <0, (2.1)

where U = (1, 2, 3)T € C such that ;(8) > 0(i = 1,2,3) forall —7 < < 0, and C de-
note the Banach space C([—, 0], R?) of continuous functions mapping interval [, 0] into R3
and designates the norm of an element ¥ in C by || V|| = sup_.<g<o{|p1(0)|, |¢2(0)|, |¢3(0)|}.
By a biological meaning, we further assume that ¢;(0) > 0 fori = 1,2, 3.

Let
S(t) — 1 0 )
U= I(t)], A=| 0 —(u2+) 0 ,
R(t) 0 ¥ —(u3 +0)
A = B(p2)e1(t) fo e2(t — s)n(s)
B(W)=| B(p2)e1(t) foTom(t — s)n(s)

Then we rewrite the model (1.1)-(1.3) in the following form:

AV
= AV 4 B(D). 2.2)

We can see that the second term on the right hand side of Equation (2.2) satisfies

B(¥;) — B(¥y) < (’6/0Tll(t—s)dn(s)

. ]mslu) / "1yt — s)dn(s)

) 1(t) - Io(t)

a0 [ nate = yan(o)| 110) - 5200
+ (I1812] + [BBoS1(1)12(1)]) A—TSEF<0 [11(t = s) = Iz(t — s)|
< M(Si(0) = Salt)| + |a(t) — (),
where the constant A/ > 0 is independent of the state variable S(¢) and I(t) less then A/pu. Let

L = max{M,||Al|} < co. Thus, we get |B(¥1) — B(¥3)| < L|¥; — Py, it means that the
function B is uniformly Lipschitz continuous on C. Therefore, we have the following result:

Theorem 2.1. There exists a unique solution (S(t),I(t), R(t)) of the model (1.1)-(1.3) with
the initial condition (2.1).
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Now we will find Equilibria and the basic reproduction number. Let (S, I, R) be an equi-
librium point of the model (1.1)-(1.3). These equilibria can be found by solving the following
equations for S, I and R:

A— (Bo+ B1I)STA — 1S+ 6R =0, (2.3)
(Bo + B1I)SIA — (2 +7)1 =0, (2.4)
I — (pus + 0)R = 0. (2.5)

By (2.4), we get I = 0 or (8o + $1I)SA — (u2 + ) = 0. Substituting I = 0 into (2.3) and
(2.5) we get R =0 and S = A/y;. Thus, disease free equilibrium is (A/p1,0,0).

Since the mean infected period is 1/(u2+) and the rate of secondary infectionis 305 [ dn(s),
we can see that the basic reproduction number of the model (1.1)-(1.3) is

Ro = BoAA/p1(p2 + 7).

To obtain endemic equilibria of the system(1.1)-(1.3), by solving for I when I # 0, (fo +
B1I1)SA — (u2 + ) = 0, we must consider the following equation:

al> +bT + ¢ =0, (2.6)
where the constants a, b and c are given by

a = ABi{p2(ps +9) + psv},
b = APo{pa(us +0) + sy} — BrAAN(us +9),
c = pi(p2+7) (s +6)(1—Ro).

This equation may admit

T, - —b — Vb2 — 4ac 7, — —b+Vb? — dac
2a ’ 2a ’
Set I1 = (—b — V/b? — 4ac)/2a, Is = (—b+ V/b? — 4ac)/2a, R1 = vI1/(u3 + 6), Ry =
vI2/(ps +6), I = (I1 + 12)/2, Ry = vI./(p3 + 9), and

Ro* =1 -0 /Aap (p2 + ) (13 + ).

If Rop > 1, then ¢ < 0 and a is always positive. Since b> — 4ac > 0 and |b| < Vb2 — 4ac,
1 is negative and I is positive regardless of sign b. Thus a positive solution of Equation (2.6)
isonly By = (Sa, T2, Ra). f R < Ro < 1, then ¢ > 0 and |b| > v/b2 — 4ac. I, and I are
positive when —b > 0. Thus positive solutions of Equation (2.6) are F1 = (S1, 11, R1) and
Ey = (82,12, Rs). If Ry < R§, then b? — 4ac < 0 and so there is no solution.

Therefore we can state the following results:

Proposition 2.2. (i) The model (1.1)-(1.3) always has a disease free equilibrium.
(ii) The model (1.1)-(1.3) has no endemic equilibrium if Ry < R

(iii) The model (1.1)-(1.3) has two endemic equilibrium if R < Ro < 1 and b < 0
(iv) The model (1.1)-(1.3) has exactly one endemic equilibrium if Rg > 1.
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3. STABILITY ANALYSIS

In this section, we discuss the asymptotic behavior of the model (1.1)-(1.3). From the
biological consideration, we study the model (1.1)-(1.3) in the closed set

A
Q= {(S,I,R) ER*:8>0,I>0,R>0,S+I+R< u}’
1
Lemma 3.1. If (S(0),1(0), R(0)) € Q forall § € [—1,0], then (S(t),I(t), R(t)) € Q2 for all
t>0.
Proof. See Zhang and Teng [8]. g

3.1 Disease free equilibrium
It may be that the stability varies according to the value of Ry. Specifically, when Rg < 1,
it will appear locally asymptotically stable or globally asymptotically stable according to Rj.

Theorem 3.2. For the model (1.1)-(1.3) with initial condition(2.1), if Rg < 1, then the disease
free equilibrium is locally asymptotic stable. But it is unstable if Ry > 1. Furthermore if
Ro < Ry < 1, then the equilibrium is globally asymptotically stable.

Proof. Set
z(t)=S@t) - S, yt)=1(t) -1, z(t) = R(t) — R.
Then it follows from the model (1.1)-(1.3) that

G = Bt B+ AN +5) [ ot = s)dn(s) — T A0 G
—(BoAT + BLAT” + pr)a(t) — B1STAy(t) + 6=(1),
= (o+ Byl + D) + ) [yt s)dn(s) 62)
0
+(Bo + BLITAx(t) — [B1STA — (p2 +7)]y(t) + Sl Ay(t)z(2),
% = y(t) — (us +0)z(t). (3.3)

The linear part of the system (3.1)-(3.3) is

G = G+ SIS [yt 9dns) — (AT + HAT £ )al) G
0
—BISTAY(t) + 62(1),
= (o+ DS [ (e s)dn(s) + (5o + HT)TAs() (3.5)
0
—[B1STA — (p2 + 7)]y(t),
B ) — (s + )2 (0). (3.6)

dt
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Let a solution of the exponential form to the system (3.4)-(3.6) be as follow:

z(t) = moe™, y(t) = yoe™, 2(t) = z0e™. 3.7)
Substituting (3.7) into the system (3.4)-(3.6) yield
i) —(5(7):477— M1 —B ) i)
AMyo| = B(I1)AI B — (2 +7) 0 Yo,
20 0 gl —(ps +9)] 20

where 8(T) = (6o + 1), B = B15T + (D)5 [T e dn(s).
The characteristic equation at Ey = (A/pu1,0,0) is

(At 1) A+ 2 + 7 — oS0 / e Mdn(s)) (A + iz + 9) = 0. (3.8)
0

Since p1, i3 + 6 are positive, \y = —p;3 and Ay = —(ug + J) are negative.

Let

JA) =X+ p2+ v — BoSo /OT e Mdn(s).

If Rp > 1, then f(0) = p2 + v — FoSoA < 0, f(A) — 400 as A — oo. Hence there must
exist a value A3 > 0 such that f(\3) = 0. Thus the characteristic equation (3.8) has at least
one solution with positive real part. Therefore, Ej is unstable when Rg > 1. If Ry < 1, then
f(0) = pa+~v—5oSoA > 0, f(A\) = —ooas A — —oo. Thus there must exist a value A3 < 0
such that f(A3) = 0. Hence all solutions of the characteristic equation (3.8) have a negative
real part. Therefore, Fy is locally asymptotically stable when Ry < 1. Furthermore, the model
(1.1)-(1.3) has a unique equilibrium (A/u1,0,0) when Ry < R{§ < 1. Hence all solutions
must be asymptotic to (A/u1,0,0) and the disease free equilibrium is globally asymptotically

stable. g
3.2 Endemic equilibrium
Set
+ 2
X = ® 4 3uips + ps®, Y = ln o ps)” pa (p2 + p3).
p3 +0

We note here that p;(i = 1,2, 3), and § are parameters defined by the model (1.1)-(1.3).

Theorem 3.3. If the parameters satisfy the following two conditions;

(4) B(I2)* {41 paX — Y2} + (3X + M1M3)M12512§22
—26(I2)[(p1 4 p3)Y — 2(p1 + p2) X S281m] > 0,

and

(1) [Bu1B1S1 — 2B(I2) (11 + p2)] X + pa[papafrS2 — B(I2) (w1 + p3)Y] <0,
then the endemic equilibrium Fs of the model (1.1)-(1.3) is asymptotically stable.
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Proof. Let us define a Lyapunov function V' (u;) for the system (3.4)-(3.6) as follows,

V() = gea(elt) +ylt) + 50) + un(0) + 5020

T t
+508(T2)5 /0 / v u)dudn(s) (3.9)

Here, uy = (¢, yt, 2¢) and w; > 0(i = 1,2, 3) will be given later. Then we obtain the time
derivative along the solution of (3.4)-(3.6) as follows:

% < —wima(t) — [wips — waB1SaT2 AlyA(t)
—[wips + ws(ps + 0)]22(t) — wi(p + pa)a(t)=(t)
+lwsy — wipz + p3)]y(t)z(t) + [w2B(T2) 12 A — wi(pr + p2)](t)y(t)
= {(p1 + p3)? — 4 [ps + ws(ps + 6)]}2°(1)
H{—20waB(I2)12A — wip + p2)] (1 + p3) + [wsy — (p2 + p3)l4pn }
x2(t)y(t) + {[w2B(T2)I2A — (1 + p2)]* — Apa(p2 — waB182T2A) by (t).
Let
T < 022(0) + a2(0)y() + (1)
where

p={(u1 + p3)* — 4paps + ws(ps + 0)]},
q = {—=2[w2B(I2) 12 A — wi(p + p2)] (g1 + p3) + [way — (2 + pa)4pa },
m = {[w2B(I2)T2A — (1 + p2)]* — 41 (p2 — waPrS212A)}.

So dV'/dt is negative definite if and only if (i) p < 0, (ii) ¢ —4pm < 0.
Let us choose ws satisfying p < 0. Then we get

{(p1 + p3)? — 4p [ps + ws(us +6)]} <0,

(1 — p3)?

—= < ws.
dpa(ps +06) 0
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So we can choose ws = (p1 + p13)%/p1(ps + &) > 0. If we choose wy = 1, then we obtain

¢¢ —4pm = {=2[weB(I) LA = (1 + p2)) (1 + pa) + [wsy — (p2 + p3)]4p }?
—4{(p1 + p3)® — Apa s + ws(ps + O H{[w2B(T2) 12 A — (1 + pa))?
—4p(p2 — waf15212A)}
= A(® 4 3 + %) B(T2)*To" A%ws® + {=8(i® + Bpa s + pis°)
X B(I2) T2 A% (1 + p2) — 4pa B(I2) T2 A(pr + M@[W
—p1(p2 + p3)] — 41 frS2 T2 Al(pa — pis)® — Ay + p3)*ws
{41 + p2)?(ur® + 3paps + ps®) + g (pa + p2) (o1 + ps)
y [(m + p3)? (p1 + ps)?
w3+ 0 ps + 0
g pa[(pn — ps)? — 4 + ps)?]}

2

— 1 (2 +M3)} + 4py? [ — p1(p2 + ps)

Set
— 97 2
e = 4%+ 3uips + ps?)B(I2)* Ty A2,
= —=8(m% + 3pips + p3®) B(I12) 12 A% (1 + po) — 4 B(T2)ToA(p + ps3)

% [(Nl + p3)?

PR 1 (p2 + M3)] — 4 B1So T2 Al(p1 — p3)* — 4(p1 + p3)?)

g = A(p1+ p2)?(ua® + 3paps + ps®) + 4pr(pa + p2) (1 + ps)

% [(Ml + p3)? (p1 + ps)?
ps +0 ps + 0

Fapapol(pn — p3)® — 4(m + p3)?).
Denote h = wq, H(h) = eh? + fh + g. Then we obtain by condition (i),

J— 2 —
f?—deg = 1615 A*(3p® + 101 pg + 3us™) {B(T2)* {4papa(p1® + Bpaps + ps”)

3 [(m +p3)*
p3 +0

2

— pa(p2 + NS)] +4p1” [ — p1(p2 + p3)

2
i (pe + ,u3)] } 4 S2B1 11 {21 (3pa?

(1 + ps)?

R — 1 (p2 + p3)

+10p1 2 + 33%) — 2B(I2) (1 + p3) [

—4B(I2) (1 + p2) (pa® + 3paps + p3)}

= 16157 A2(3p12 + 10p1 2 + 3us2){B(T2)2 {4p i X — Y2}
(83X + ppus)pn61252" — 28(T2) [(p1 + p3)Y
—2(p1 + p2) X S2B1m]} > 0.
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Since p; > 0 (i = 1,2,3), Iz > 0and A > 0, the coefficient e is positive. From condition
(i) we obtain
fo= {=8(m® + 3umps + p3*) B(T2) Ia Al + p2) — 41 B(T2) T2 A(p1 + pi3)

(1 + Ms)z o7 2 2
o P pa(pe + ps) | — 4pa Sr1S2l2Al(p — p3)” — 4(pa + p3)7]}

= [Bu1f1S2 — 2B8(I2) (11 + p2)]X + palpap3f1S2 — B(I2) (1 + p3)Y] < 0

so that f2 — 4eg > 0 and —f/e > 0. Thus we can choose positive real value wo and

H(wy) < 0. Choose wy = —f/2e. Then H(ws) = ews? + fws + g < 0. Therefore
p? —4qgm < 0, that is, V () is negative definite. We show that endemic equilibrium F5 of the
model (1.1)-(1.3) is asymptotically stable. ]

Example 34. Let A = 1, p1 = 0.1, s = 04, us = 04, § = 0.6, v = 0.5, A = 1,
Bo = 0.4, B1 = 0.01 in the model (1.1)-(1.3). Then we have Ry = 4.4444 > 1, Sy = 2.1790,
I, = 1.3035, Ry = 0.6518 and so we can verify that the parameter conditions in Theorem
3.3 are satisfied; (i) = 0.0023 > 0, (ii) = —0.1178 < 0. Hence, from Theorem 3.3, the
endemic equilibrium Eo = (2.1790,1.3035, 0.6518) of the model (1.1)-(1.3) is asymptotically
stable(see Figure 2).

Density

(0] é 1‘0 1‘5 26 2‘5 30
Time

FIGURE 2. Asymptotic Behavior when the parameters A = 1, yu; = 0.1,

o = 04, u3 = 04,6 =06,y =05 A =1, 5 = 04, 5, = 0.01,

Ro = 4.4444, and the initial condition (S, 1p.Ry) = (5,0.5,0).
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