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WEAK AND STRONG CONVERGENCE THEOREMS FOR A
SYSTEM OF MIXED EQUILIBRIUM PROBLEMS AND A
NONEXPANSIVE MAPPING IN HILBERT SPACES

SOMYOT PLUBTIENG AND KAMONRAT SOMBUT

ABSTRACT. In this paper, we introduce an iterative sequence for finding
solution of a system of mixed equilibrium problems and the set of fixed
points of a nonexpansive mapping in Hilbert spaces. Then, the weak and
strong convergence theorems are proved under some parameters control-
ling conditions. Moreover, we apply our result to fixed point problems,
system of equilibrium problems, general system of variational inequal-
ities, mixed equilibrium problem, equilibrium problem and variational
inequality.

1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H. Recall
that a mapping f : C — C is called contractive if there exists a constant
a € (0,1) such that || f(z) — f(v)| < aflz —yl for all z,y € C. A mapping
T : C — C is said to be nonexpansive if [|Tz — Ty|| < ||z — y|| for all z,y € C.
Denote the set of fixed points of T' by F(T'). Fixed point iterations process
for nonexpansive mappings in Banach spaces including Mann and Ishikawa
iterations process have been studied extensively by many authors to solve the
nonlinear operator equations. In 1953, W. R. Mann [14] introduced Mann
iterative process defined by

(1.1) Tnt1 = (1 — ap)zy + Ty,

where a, € [0,1] and satisfies the assumptions lim, oo atp, =0, 02 | @, = 0
and proved the convergence of {x,,} to a point y implies that Ty = y.

Let ¢ : C — R be a real-valued function and F' : C' x C' — R be an equilib-
rium bifunction, that is, F'(u,u) = 0 for each v € C. The mixed equilibrium
problem is to find z* € C such that

(1.2) F(z",y) + ¢(y) — p(z*) >0 for all y € C.
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Denote the set of solution of (1.2) by M EP(F, ).
In particular, if ¢ = 0, this problem reduces to the equilibrium problem,
which is to find z* € C such that

(1.3) F(z*,y) >0 forall y € C.

The set of solutions of (1.3) is denoted by EP(F). Numerous problems in
physics, optimization, and economics reduce to find a solution of (1.3). The
mixed equilibrium problems include fixed point problems, optimization prob-
lems, variational inequality problems, Nash equilibrium problems, and the equi-
librium problems as special cases (see, e.g., [2, 3, 5, 6, 7, 8, 9, 13, 15, 20, 21,
22, 27, 31, 32)).

Let Fy, F5 : C x C — R be two monotone bifunctions and A, 4 > 0 are two
constants. In 2009, Moudafi [16] considered the following problem for finding
(z*,y*) € C x C such that finding (z*,y*) € C' x C such that

{ Fl(x*,z)—l—%(y* —z*a*—2)>0, Vze(l,

Using the following alternating equilibrium algorithm: (zg,y0) € H X H given,
{z} and {yx} be sequences in H defined by

(15) APy (2415 2) + (Uk — Tpt1, Tes1 —2) 20, Vz€C,
AFy (Y41, 2) + (Th1 — Ykt 1, Yk+1 — 2) >0, YV zeC.
Moudafi proved that the sequence (zx,yr) weakly converges to a solution of
the problem (1.4). Further, if we add up the requirement that z* = y*, then
problem (1.4) reduce to the equilibrium problem (1.3).
In this paper, we consider the following problem for finding (z*,y*) € Cx C
such that

(L6) Fi(z*,2) + 9(2) — p(a*) + 5 (y* — 2%, 2" —2) 20, VzeC,

' Fg(y*,z)—l—(p(z)—go(y*)—i—i(x*—y*,y*—z)20, VzeC,
which is called a system of mixed equilibrium problems. In particular, if A = p,
then problem (1.6) reduce to finding (z*,y*) € C' x C such that

() Fi(z*,z) +¢(2) —p(a*) + Fy* —a*,2* —2) >0, VzeC(,
' Fy(y*,2) + o(2) —o(y*) + 3 (@* —y*,y* —2) >0, VzeCl.

If ¢ =0 and A\ = p, then the problem (1.6) reduce to problems (1.7).

The system of nonlinear variational inequalities close to these introduce by
Verma [28] are also a special case: by taking ¢ = 0, Fi(z,y) = (A(z),y — )
and Fy(z,y) = (B(x),y—x), where A, B : C' — H are two nonlinear mappings.
In this case, we can reformulate problem (1.7) to finding (z*,y*) € C x C such
that

(1.8) { MA@+ z*—y*,z—a*) >0, Vze(l,

(WBy*) +y* —x*,z—y*) >0, VzeC,
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which is called a general system of variational inequalities, where A > 0 and
1 > 0 are two constants. Moreover, if we add up the requirement that z* = y*,
then problem (1.8) reduce to the classical variational inequality VI(A,C).

In this paper, we organize as follows. In Section 2, we present some basic
concepts and useful lemmas for proving the convergence results of this paper.
In Section 3, we introduce two iterative sequences (3.1) and (3.5). Moreover,
we prove weak and strong convergence theorems for finding solution of a system
of mixed equilibrium problems and the set of fixed points of a nonexpansive
mapping in Hilbert spaces. Finally, we apply our result to fixed point prob-
lems, system of equilibrium problems, general system of variational inequalities,
mixed equilibrium problem, equilibrium problem and variational inequality.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and
let C be a closed convex subset of H. For every point x € H, there exists a
unique nearest point in C, denote by Pcox, such that

|z — Pox|| < ||z -y forall y € C.

P¢ is called the metric projection of H onto C'. It is well-known that Pc is a
nonexpansive mapping of H onto C' and satisfies

(2.1) (x —y, Pox — Pcy) > || Pex — Poyl|?

for all x,y € H. Moreover, Pox is characterized by the following properties:
Pecx € C and

(22) <1'*PCZ',y*PCy>§O,

(2.3) lz = ylI* > [lz = Pea|* + lly — Peyl)?

for all z € H,y € C. Further, for all x € H and y € C,y = Pcx if and only if
(x —y,y—2)>0, VzeC.

A space X is said to satisfy Opial’s condition if for each sequence {z,}5;
in X which converges weakly to point x € X, we have

(2.4) liminf ||z, — 2| < liminf ||z, —y||, Vy € X, y # =z
n— oo n—oo

and

(2.5) limsup ||z, — z|| < limsup ||z, —y||, Yy € X, y # .

Next, we collects some lemmas which will be use in the next section.

Lemma 2.1 ([18]). Let (E,(-,-)) be an inner product space. Then for all
x,y,2 € E and o, 8, € [0,1] with o« + 8+~ =1, we have

law+By+yzl|* = ol +Bllyl* +]l21° —alla—y||* —ayllz —z[|* - Bylly—=]*.
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Lemma 2.2 ([12]). Let H be a Hilbert space, C a closed convex subset of H,
and T : C — C a nonezpansive mapping with F(T) # 0. If {z,} is a sequence
in C weakly converging to x € C' and if {(I — T)x,} converges strongly to y,
then (I —T)x =y.

Lemma 2.3 ([26]). Let C be a closed convex subset of a real Hilbert space H
and let {x,} be a sequence in H. Suppose that for all u € C,

n st — ll < n — ul
for everyn =0,1,2,.... Then, {Pcx,} converges strongly to some z € C.

Lemma 2.4 ([29]). Assume {a,} is a sequence of nonnegative real numbers
such that

Ap41 S (1 - an)an + 6n; n Z Oa
where {an} is a sequence in (0,1) and {0,} is a sequence in R such that
(1) Yopiian = o0,
(2) limsup,, o, 2= <0 or 300 |0,] < o0
Then lim,_, a, = 0.
For solving the mixed equilibrium problems for an equilibrium bifunction
F:C x C — R, let us assume that F' satisfies the following conditions:
(Al) F(z,z) =0forall z € C;
(A2) F is monotone, that is, F(x,y) + F(y,x) <0 for all z,y € C;
(A3) for each x,y,z € C,limy_,o F(tz 4+ (1 — t)z,y) < F(z,y);
(A4) for each z € C,y — F(x,y) is convex and lower semicontinuous;
(B1)

for each x € H and r > 0, there exists a bounded subset D, C C' and
Y. € C such that for any z € C\ D,,

F(2,p) + (0) = 9(2) + s — 2,2 2) <

(B2) C is a bounded set.
The following lemmas appears implicitly in [3] and [11].

Lemma 2.5 ([3]). Let C be a nonempty closed convex subset of H and let F
be a bifunction of C x C into R satisfying (A1)-(A4). Letr >0 and x € H.
Then, there exists z € C' such that

1
F(z,y)+;<y—z,zf:c>20f0rally€C.

Lemma 2.6 ([11]). Assume that F : C' x C' — R satisfies (Al)-(A4). For
r >0 and x € H, define a mapping T, : H — C' as follows:

1
T (x) :{zGC:F(z,y)—i—;(y—z,z—x) >0,y € C}

for all z € H. Then, the following hold:
(1) Ty is single-valued;
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(2) T, is firmly nonexpansive, i.e., for any x,y € H,
Tz = Toyl|* < (Trw — Try, 2 — y);

(3) F(T;) = EP(F);
(4) EP(F) is closed and convez.

By a similar argument as in the proof of Lemma 2.3 in [19], we have the
following result.

Lemma 2.7 ([19]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F : C x C = R be an equilibrium bifunction satisfying (Al)-(A4)
and let p : C — R be a lower semicontinuous and convez functional. Forr > 0
and x € H, define a mapping S.(x) : H — C as follows.
(2.6)
1
Se(x) ={y € C: Fly.2) +o(2) —p(y) + —{y—z,2-y) 20, V2 € C} Vo € H.
Then, the following results hold:
(i) For each x € H,S,(x) # 0;
(ii) Sy is single-valued;
(iii) S, 4s firmly nonexpansive, i.e., for any x,y € H

(2.7) 187 () = SrW)II* < (Sr(z) = Sr(y), = — y);
(iv) F(Sr) = MEF(F,¢);
(v) MEF(F, ) is closed and conve.

Lemma 2.8. Let C be a closed convex subset of a real Hilbert space H. Let
F1 and Fy be two mappings from C x C — R satisfying (A1)-(A4) and let Sy x
and Sy, be defined as in Lemma 2.7 associated to Fy and Fy, respectively. For
given x*,y* € C,(z*,y*) is a solution of problem (1.6) if and only if x* is a
fixed point of the mapping G : C — C' defined by

G(z) = SiA(S2 ), Vo e,
where y* = Sy ,z".

Proof. By a similar argument as in the proof of Proposition 2.1 in [16], we have
obtain the result. O

We note from Lemma 2.7 that the mapping G is nonexpansive. Moreover, if
C' is a closed bounded convex subset of H, then the solution of problem (1.6)
always exists. Throughout this paper, we denote the set of solutions of (1.6)
and (1.7) by £ and 4, respectively.

3. Main result

In this section, we prove weak and strong convergence theorems for finding
a common element of the set of fixed points of a nonexpansive mapping and
the set of solutions of the system of mixed equilibrium problems.
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Theorem 3.1. Let C' be a closed convex subset of a real Hilbert space H.
Let Fy and Fy be two bifunctions from C x C — R satisfying (A1)-(A4). Let
A >0 and let Sy n and So,;, be defined as in Lemma 2.7 associated to Iy and
Fy, respectively. Let T be a nonexpansive mapping of C into itself such that

F(T)YNQ#0D. Suppose xg =x € C and {zn}, {yn},{2n} are given by
(3.1)
zn € C; F2(zna Z) + QD(Z) - (P(Zn) +
yn € C5 Filyn, 2) + ¢(2) — ¢(yn) +
Tnt1 = QnZpn + (1 — ap)Tyn,

VzeC,

%(z_znazn_l‘n> Zoa
% zn) >0, VzeCl,

<Z*ynayn* >

for all n € N, where {ay,} C [a,b] for some a,b € (0,1). Then {x,} converges
weakly to T = lim, oo Pp(ryna@n and (Z,y) is a solution of problem (1.6),
where §j = So,,T.

Proof. Let «* € F(T) N . Then 2* = Ta* and z* = 51 x\(S2,,2%). Put
Y = 52,2%, Yn = S1,2%n and 2, = Sz ,x,. Since

[yn ="l = [[S1.220 = Syl

it follows by Lemma 2.1 that

[#n1 — |
= [lanzn + (1 - O‘n)TynHQ
= llan(zn — ") + (1 — ) (Tyn — 2*)|?

anllzn — ¥ +

1= a)||Tyn — 2> = an(l = @) | Ty — 24
< apllzn — x*HQ + (1 = an)l|yn — z*HQ —an(l—an)||Tyn — $n||2

< apllzn — x*HQ +

o~ o~ o~ o~

)
)

1= an)llzn — 27|* = an(l = )| Tyn — anl|?
= Jlzn — 2"|* — )

(3.2)  <|zn— .T*||2

L — an)||Tyn — |

Hence {||zn+1 —x*||} is a decreasing sequence and therefore lim,, o ||z, — 2]
exists. This implies that {x,}, {yn}, {zn} and {T'y,} are bounded. From (3.2),
we note that

an(1l = an)|Tyn = @nll < llon = 27 |* = llzner — 27|

Since 0 < a < a;, < b < 1and limy, o0 |2, — 2%||? = limy, o0 [|[Zna1 — 2%||%, we
have

a(l = b)|ITyn = x| < [lon = 2"|1* = 21 — 27| = 0.
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This implies that lim, o |Tyn — @n| = 0. Since Si\ and Sz, are firmly
nonexpansive, it follows that
2 2
2n = 4" 17 = [|S2,u2n — S2,uz™ ||

S <SQ,,uzn - S2,,u1'*7$n - JS*>

1 * * *
SUllzn =y 1+ llzn = 2% =l — 5" = @0 +27]1%),

2
and 50 ||z, — y*||* < |lon — 2*||* — ||2n — 20 + 2* — y*||*. By the convexity of
Il - I?, we have
[#ns1 = 272 = foman + (1 — an) Tynl|?

= Han(xn — ")+ (1 - an)(Tyn - x*)”Q

< anllzn — 2|7 + (1= o) | Ty — 27|
< anllzn — [ + (1= o) lyn — 2"
< anllzn — 277 + (1= an)llzn —y |
( Mllan =217 = ll2n — 20 + 2" =y,

< apllzn — 22+ (1 — ap
This implies that
(1= an)llzn = xn + 2% —y*|* < lzn — 2% = l2nga — 2%

Since 0 < a < a;, < b < 1 and limy, o |2, — 2%||? = limy, o0 [|[Zna1 — %2, we
obtain lim,, e ||2n — 2 + 2* — y*|| = 0. Similarly, we note that

lym — 2" [I* = 191220 — S1.a97|
< {(S1azn = S1AY" 20 — Y7)
1 * * * *
= 5llyn =217 +llzn =y I° = llm — 2" = 20 + 57|*)
1 * * * *
< Sllyn =12 + Ml = 27|17 = llyn = 20 = 2™ +7|%),
and 50 [y, — 2*||* < [Jzn — 2¥|1? = |lyn — 20 — 2" + y*[|*. Thus, we have
lns1 — 2|7 < anllon — 2|7 + (1 = o) lyn — 2™
< anllon = 2|1 + (1 = an)llen — 27 = llyn — 20 — 2" +y7[1%].
Hence
(1= an)llyn = 20 — " +y"I1° < llzn — 2" = l|lznss — 2™

Since 0 < a < ap, <b <1 and limy, o0 [|Tn — %2 = limy 00 [|Zne1 — 272, it
follows that lim,— oo ||yn — 2n — 2 + y*|| = 0. Hence

1Tyn = ynll < 1 Tyn — 2ol + 120 — 20 — 2" + y*[| + 20 — yn + 2" —y"|| = 0,
and therefore

”yn - -Tnll < Hyn - TynH + HTyn - -TnH — 0.
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Since
1Txn — znll < | Txn — Tynll + [ TYn — zoll < |20 — ynll + [Ty — zall,

we get limy, oo || Ty — 2y || = 0. Since {x,} is bounded, we assume that there
exists a subsequence {z,,} of {x,} such that {z,,} converges weakly to Z. By
Lemma 2.2, we have & € F(T). Let G be a mapping which defined as in Lemma
2.8. Thus, we have

[yn — G(yn)ll = [[S1152,02n — G(yn)|| = [|G(2n) — G(yn)[l < |zn — yall,
and so
2n —G(@n)ll < |20 —ynll+1yn—GYa) I+ 1G(yn) — G(@n)|| < 3|20 —yull — 0.

By Lemma 2.2 and Lemma 2.8, we have Z € Q) and hence T € F(T) N Q. Let
{zn,} be another sequence of {x,} such that {z,;} converges weakly to . We
next show that & = £. Suppose that T # &. By the Opial’s condition, we get

lim |x, — Z|| = liminf ||z,, — Z|| < liminf ||x,, — £|| = lim |z, — Z||
—00 1—00 1—00 n—oo
= liminf [|2,; — #|| < liminf |z,; — Z|| = lim |z, — Z|.
J—0 Jj—o0 n—oo

This is a contradiction. Thus, we have Z = #. This implies that {x.,,} converges
weakly to z € F(T)N Q. Put u, = Pr(rynoTn. Finally, we show that z =
limy, 00 tn. From (2.1) and Z € F(T) N Q, we have
(T — Up, Up, — xp) > 0.
By Lemma 2.3, {u,} converges strongly to & € F(T) N and hence
(T —2,2—1x2) >0.
This conclude that z = 2. O

Setting p# = A in Theorem 3.1, we have following result.

Corollary 3.2. Let C' be a closed convex subset of a real Hilbert space H.
Let Fy and Fy be two bifunctions from C x C — R satisfying (A1)-(A4). Let
A >0 and let Si\ and S2  be defined as in Lemma 2.7 associated to Fy and
Fy respectively. Let T be a nonexpansive mapping of C' into itself such that
F(T)NQ #0. Suppose xg =z € C and {x},{yn}, {zn} are given by
(3.3)
zn € C; Fa(zn, 2) + ¢(2) — ¢(2n) + %<Z — Zn, Zn — Tn) 2
Yn € C; Fi(yn, 2) + ¢(2) = 0(yn) + 3(2 = Yn, Y — 20) 2
Tn+1 = Opdy + (1 - an)Tyna

0, VzeC(,
0, VzeC(,

for all n € N, where {ay,} C [a,b] for some a,b € (0,1). Then {x,} converges
weakly to T = limy, oo PprynaZn and (Z,y) is a solution of problem (1.7),
where § = Sa \T.

Setting ¢ = 0 in Theorem 3.1, we have following result.
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Corollary 3.3. Let C' be a closed convex subset of a real Hilbert space H.
Let Fy and Fy be two bifunctions from C x C — R satisfying (A1)-(A4). Let
A >0 and let Th » and 15, be defined as in Lemma 2.6 associated to Iy and

Fy, respectively. Let S be a monexpansive mapping of C into itself such that
F(S)NQ #0. Suppose xog = x € C and {xn}, {yn}, {zn} are given by

VzeC,

znEC;Fg(zn,z)+%<z—zn,zn—xn> 0,
Zn 0, VzeC,

(34) ynEC;Fl(yn;Z)‘i’%@;*yn;yn* >
Tnt1 = QnTpn + (1 — p)Syn,

>
2

for all n € N, where {an} C [a,b] for some a,b € (0,1). Then {x,} converges
weakly to T = limy, 00 Pr(g)nq,Tn and (T,7) is a solution of problem (1.7),
where §j =T ,%.

Theorem 3.4. Let C' be a closed convex subset of a real Hilbert space H.
Let Fy and Fy be two bifunctions from C x C — R satisfying (A1)-(A4). Let
A, 1> 0 and let S1 )\ and Sz, be defined as in Lemma 2.7 associated to F and
Fy respectively. Let T be a nonexpansive mapping of C' into itself such that
F(T)NQ # 0. Suppose xo,u € C and {xn},{yn},{zn} are given by
(3.5)
zn € C; Fa(2n, 2) + ¢(2) — ¢(zn) +
Yn € C; Fi(yn, 2) + ¢(2) — @(yn) +
Tnt+1l = QpU + (1 - an)Tyna

0, VzeC,
0, VzeC,

(z — 2zn, 2n — Tn) >
— Zn 2

)

for all n € N, where {ay,} C [0,1]. If lim, 00y = O,Zzozl a, = oo and
Yonl g g1 — an| < 0o, then {xn} converges strongly to & = Pprynou and
(Z,9) is a solution of problem (1.6), where § = S3 ,T.

Proof. Let z* € F(T) N Q. Then 2* = Tz* and 2* = S x(S2,,2"). Put
Yy = 52,2, Yn = S1,22n and 2z, = Sz, x,. Thus, we have

lomu + (1 = an) Ty — 27|

anllu =¥ + (1 = an)[yn — 27|

[ 41 — 2]

A

= anflu -z +

A

anllu = 2| + (1 = an)llzn = 7|

)

1- an)||Sl,AZn - Sl,)\y*“
)
)

= anllu — 2" + (1 = an)[[Ss,pn — Sa,u2”||

~ o~~~

anllu =z + (1 = an)[len — 27|

<
< max{|u — 2|, [|n — 27|}

By introduction, we obtain

[ — ¥ < max{[lu — 27|, [[xo — =}
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for all n > 1. This implies that {x,} is bounded and hence the sequences
{yn},{2zn} and {Ty,} are also bounded. Moreover, we observe that

(3.6) [yn+1 = Unll = [1S1,a2n41 = Staznll < 2041 — 2]
= [|S2,4n+1 — S2,uTn || < |01 — 24|
and
[znt2 — Tt |
= |lan+1u+ (1 — ant1)TYnt1 — anu — (1 — an) Ty
= (41 — an)u+ (1 = ang1)(TYnt1 — Tyn) + (an — an41)Tynl|
< Jansr = an|([[ufl +[[Tyal) + (1 = @nta)|yns1 = ynll
< (= anp)[#ntr — 2ol + lants — anl([u] + [[Tynl])-
By Lemma 2.4, we obtain ||,4+1 — 25| = 0 as n — oo.
Consequently, ||yn+1 — ynll = 0 and ||zp+1 — 2n|| — 0 as n — oco. Since

Tn+l — Tn = an(u - -Tn) + (1 - an)(Tyn - -Tn)a

it follows from lim, o oy, = 0 and limy, o0 || Zn+1 — Zn|| = 0 that
lim ||Ty, — x| = 0.
n— o0

As in the proof of Theorem 3.1, we obtain
2o =y 1* < Nz — 2|17 = |20 — @0 + 2" —y* |
and

I — I <l = 21 ~ g — 20— 2" + 5"
By the convexity of || - |2, we have
lns1 = 2| < amflu— 2| + (1 = om) yn — 27|

< omllu—2"[* + (1 = an)lzn — y*II?

< anflu—a"* + (1= on)lllzn — 2% = |lzn — 20 + 2" —y"|?]
and
lns1 — 2|7 < amllu — 2|1 + (1 = o) yn — 27|

< anllu—2*|* + (1 = an)lllen — 2”1 = lyn — 20 — " + 7).
This implies that

(1= om)llzn — 2 + 2% — 3|2

IN

anllu— 2" |* + o — 2| = [|lznsr — 2"

IN

anllu — 2| + [l2n — zpi1| (|20 — 2% = [|2p41 — 2¥]))
and
(1= an)llyn — 20 — 2" +y*|?

< anllu =2 + o — 2|* = enss — 272
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< anllu =21 + 2n — Zaa |2 — 2] = 2nsr — 7))
Since limy, o0 @, = 0 and limy, 00 ||Zn41 — Zn|| = 0, it follows that
lim ||z, — 2 +2" —y*||=0and lim |y, — 2z, — 2" +y*|| =0.
n— 00 n—00

Hence
1Tyn = ynll < I Tyn — xnll + llon — 20 — 2" + 3" + 20 —yn + 2" —y*| = 0
and therefore
1yn = 2nll < llyn = Tynll + 1Ty — znll — 0.

Next, we show that

lim sup(u — Z, x,, — Z) < 0,
n—oo

where T = Pp(r)nqu. To show this inequality, we choose a subsequence {Yn, }
of {yn} such that
limsup(u — Z, Ty, — Z) = lim (u — T, Tyn, — T).
n—00 100

Since {yn,} is bounded, there exists a subsequence {yy, } of {yn,} which con-
verges weakly to z. Without loss of generality, we can assume that y,, — z.
From || Tyn — yn|| — 0, we obtain Ty,, — z. By Lemma 2.2, we have z € F(T).
Let G be a mapping which defined in Lemma 2.8. Thus, we have

[yn — Glyn)ll = [[S1,052, 020 — Gyn)|| = [|G(2n) = Glyn) || < [l2n —ynll = 0.

According to Lemma 2.2 and Lemma 2.8, we have z € Q and hence z €
F(T) N Q. Now from ¥ = Pp(r)nou, we have

limsup(u — Z, ©,, — Z) = limsup{u — &, Ty, — T)

= lim (u — &, Ty,, — T)
71— 00
(3.7) =(u—-2z,2—) <0.
Finally, we note that
241 — 212
= {apu+ (1 —ay)Tyn — T, Tpt1 — T)
=ap{u—Z,py1 — ) + (1 — @p){(TYn — T, Tpt1 — T)
an(u—Z,2p41 — ) + 5(1 = @) [|Tyn — 2> + | 2n11 — Z|)°]

(U — Z,Tny1 — T) + %(1 —an)|lyn — 2))* + %(1 — an)||#n1 — ||

<

<

< an(u =, 2041 — ) + (1= ap)|lan — 2|° + g lleps — 2]
(3.8) < (1 —an)||zn —Z|* + 200 (u — T, 2py1 — T).

It follows from (3.7), (3.8) and Lemma 2.4, that z,, — Z. This completes the
proof. O

Setting p = A in Theorem 3.4, we have following result.



386 SOMYOT PLUBTIENG AND KAMONRAT SOMBUT

Corollary 3.5. Let C be a closed convex subset of a real Hilbert space H. Let
F1, By be two bifunctions from C x C — R satisfying (A1)-(A4). Let A > 0 and
let S1,x, 52,5 be defined as in Lemma 2.7 associated to Fi, F> respectively. Let
T be a nonezpansive mapping of C into itself such that F(T) Ny # 0. Suppose
xo =2 € C and {xn},{yn}, {zn} are given by
(3.9)
Zn € C;FQ(znaZ) + (ID(Z) - (P(Zn) +
Yn € C; Fi(yn, 2) + ¢(2) — @(yn) +
Tnt+1 = apu + (1 — ) TYn,

VzeC,

<Z_Znazn_$n> 205
—zn) >0, Vze(l,

)

for all n € N, where {an} C [a,b] for some a,b € (0,1). Then {x,} converges
strongly to T = limy, 00 Ppiryno®n and (Z,%) is a solution of problem (1.7),
where § = Sa \T.

Setting ¢ = 0 in Theorem 3.4, we have following result.

Corollary 3.6. Let C' be a closed convex subset of a real Hilbert space H.
Let Fy and Fy be two bifunctions from C x C — R satisfying (A1)-(A4). Let
A >0 and let T\ and 1>, be defined as in Lemma 2.6 associated to F and
F5, respectively. Let S be a monexpansive mapping of C into itself such that
F(S)NQy #0. Suppose vo =x € C and {xn}, {yn},{zn} are given by

zn6C;Fg(zn,z)—i—%(z—zn,zn—xn)20, VzeC,
Tnt+1 = apu + (1 — ) Syn,

for all n € N, where {an} C [a,b] for some a,b € (0,1). Then {x,} converges
strongly to & = lim, 0o Pp(s)nn, Zn and (Z,7) is a solution of problem (1.7),
where §j =15 ,%.
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