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The Taisei Sankei(:K A% B #2 in Japanese) or the Dacheng Suanjing(in Chinese) is a
book of mathematics written by Seki Takakazu B§22%0, Takebe Kataakira 3 3 & Bf
and Takebe Katahiro 3# %% 5. The title can be rendered into English as the Great
Accomplishment of Mathematics. This book can be considered as one of the main
achievements of the Japanese traditional mathematics, wasan, of the early 18th cen-
tury. The compilation took 28 years, started in 1683 and completed in 1711. The
aim of the book was to expose systematically all the mathematics known to them
together with their own mathematics. It is a monumental book of wasan of the Edo
Period (1603-1868). The book is of 20 volumes with front matter called Introduc-
tion and altogether has about 900 sheets. It was written in classical Chinese, which
was a formal and academic language in feudal Japan. In this lecture we would like
to introduce the wasan as expressed in the Taisei Sankei and three authors of the
book. The plan of the paper is as follows: first, the Japanese mathematics in the
Edo Period was stemmed from Chinese mathematics, e.g., the Introduction to Math-
ematics (1299); second, three eminent mathematicians were named as the authors
of the Tuisei Sankei according to the Biography of the Takebe Family; third, contents
of the book showed the variety of mathematics which they considered important;
fourth, the book was not printed but several manuscripts have been made and con-
served in Japanese libraries; and finally, we show a tentative translation of parts of
the text into English to show the organization of the encyclopedic book.
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1 Introduction of Mathematics

One Chinese book of mathematics called the Suanxue Qimeng %A% (Sangaku
Keimo in Japanese, Introduction to Mathematics in English) was written by Zhu Shi-
jie R4 in 1299 during the Yuan dynasty. This book is a systematic textbook of

traditional elementary mathematics and explains the theory of celestial element,
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tianyuanshu X ICHT, which amounts to the theory of polynomials and algebraic equa-
tions of one variable in modern mathematics. It disappeared in China during the
Ming dynasty but conserved and reprinted several times in years of King Sejong
the Great in Korea. After the Japanese invations to Korea between 1592 and 1598, a
copy of the Suanxue Qimeng was transfered to Japan. see for example [1]. The book
was reprinted in 1658 by Hisada Gentetsu, and in 1672 by Hoshino Sanenobu with
simple commentary see [6].

In 1690, Takebe Katahiro published the Accomplished Vernacular Commentary on
the Suanxue Qimeng % FEZFE MR KA. Takebe’s commentary was written in col-
loquial Japanese and explained every detail of Chinese traditional mathematics in-
cluding the tianyuanshu, and became one of the fundamental books for Japanese
mathematicians. Takebe’s master Seki Takakazu improved the tianyuanshu to be able
to handle polynomials of several variables and invented the theory of elimination
of variables in a system of algebraic equations. Seki’s theory of elimination can be
found in Volume 17 of the Taisei Sankei.

One of the common interests of Japanese mathematicians were the calculation of
the circular rate 7 in several digits, which was done with a method of acceleration of
a sequence as shown in Volume 12 of the Taisei Sankei. This investigation eventually
led to the discovery of the Taylor expansion formula of an inverse trigonometric
function by Takebe Katahiro see [4, 5].

2 Three authors

No name of authors is written in the Taisei Sankei. We know the authors accord-
ing to the Biography of the Takebe see [3, p. 270] written by Takebe Kataakira. We

present here a tentative English translation :

-+~ D Although there have been plenty of books of mathematics in Japan
and China, it is regrettable that the explanation of series of operations
has not been done thoroughly. Thus three gentlemen, under the leader-
ship of Katahiro, consulted and started in summer of the third year of
Ten’a Period (1683) the compilation of a book to describe all the details
of the exquisite theory newly invented, and expose all the theories de-

scended from antiquity. The compilation lasted until the middle of Gen-
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roku Period (around 1695)?). A book of 12 volumes in total was named the
Sanpo Taisei, the Accomplished Mathematics. When it was almost copied, he
[Katahiro] became a busy officer of the government and could not engage
in the research of delicate mathematics, and Takakazu, being senile and
sick for many years, could not think, examine and do research seriously®.
Therefore, from winter of the 14th year of the same period (1701), while
I engaged in the govenmental duties, I, Kataakira, worked on the book
concentrating my own thinking for ten years, generalized ideas and wrote
them in details into 20 volumes, and named the book the Taisei Sankei,
of which I myself made a fair copy for completion®). (The compilation of
this book started in Ten’a Period and completed at the end of Hoei Period
(1711). Each volume was revised several ten times. Because of this elabo-
ration, all of the compilation took 28 years to complete.)” Nevertheless, as
I have tendency to indulge in seclusion, I do not like to become famous. As
I have intention to remain incognito and hide my achievements,  handed

over all my merits to Katahiro and professed to be a lunatic®.

According to this information, the Taisei Sankei was edited by three gentlemen:
Seki Takakazu [ 2 #1(1642?-1708), Takebe Kataakira & I & 88 (1661-1716) and
Takebe Katahiro % & & 5L (1664-1739). Seki was a founder of Japanese traditional
mathematics, wasan, and the Takebe brothers (Kataakira and Katahiro) were stu-
dents of Seki.

The compilation started in 1683 on the initiative of Takebe Katahiro. The authors
intended to present systematically all Japanese and Chinese mathematics known to
them, and furthermore new theories inaugurated by Seki Takakazu, e.g., theory of
resultants and determinants.

An interim version of twelve volumes was prepared around 1695, which was called
the Sanpo Taisei (B 1% K X Accomplished Mathematics), which was lost. At the final
stage of compilation of this interim version, Seki Takakazu was senile and Katahiro

was busy as government officer, Katahiro’s elder brother Kataakira took care of the
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task, generalized description of mathematics, enlarged the book into 20 volumes
and completed the compilation alone in 1711. The compilation took 28 years in to-
tal.

3 Contents

The Taisei Sankei has an independent front matter called Introduction and 20 vol-
umes are divided into three parts: Introduction & /&, Part A A& (Volumes 1-3),
Part B 7% (Volumes 4-15), and Part C % & (Volumes 16-20).

Some manuscripts contain the General Catalogue, which lists up all volumes and

chapters.

Introduction It includes Discussion on Mathematics and Numbers & %%, Basic
Numbers £ %%, Large Numbers k%%, Small Numbers /2%, Degree & %X, Quantity
B4, Weight 1#%%, Time #%%, Counting Board #f¢##, Red and Black Counting Rods
1E &, Operation on Counting Board F;&, and Terminologies F=f3.

Part A It treats elementary arithmetic ending with the introduction of determi-
nants.

Volume 1 is entitled Five Techniques 7 $¥ and treats Addition /i, Subtraction &,
Multiplication R3g, Division /8%, and Extraction of Root B#77;

Volume 2 is entitled Miscellaneous Techniques #$¥ and treats Addition and Sub-
traction /N¥R, Multiplication and Division 3B%, and Extraction of Root 77 ;

Volume 3 is entitled Various Techniques 2§ and treats advanced aspects of the
content of the previous volumes, e.g., discriminant of algebraic equation of degree
2,3,4,and 5.

Part B Volume 4 serves as an introduction to Part B, which are further divided
into two parts: Methods of Symbols %% (volumes 5-10) and Methods of Figures
3% (volumes 11-15). The former treats traditional mathematics and games, and
the latter treats various problems on geometry and measurement.

Volume 4 is named Three Essentials =% and includes Symbol and Figure K,
Flow and Ebb i T, and Numbers #X;

Symbol and Figure are the classification of mathematical objects and hence, prob-

lems. Volume 4 defines the structure of Part B.

Methods of Symbols Volume 5 treats Mutual Multiplication & 3, Repeated Mul-
tiplication &3g, and Pile sums ##&;
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Volume 6 treats Fractions 2 %>, Several Methods of fractions 3% #47, and Art of Cut-

ting Bamboo 7% ;

||

Volume 7 treats Magic Squares, Magic Circles 2#X, Josephus Problems &, &
B, and Coding Problems BR%F;

Volumes 8 and 9 treat Daily Mathematics H Fi7.

Methods of Figures Volume 10 treats Regular Squares 77, Rectangles &, Regular
Triangles A%, and Polygons & (=#}. U}, AAY);

Volume 11 discusses Regular Polygons fAi%;

Volume 12 is concerned with Rates of Figure J£ 2, i.e., Circle Theory F13#, and
treats the length of the circular circumstance 42, the length of an arc 5 %, the
volume of a ball 2%, and the volume of spherical figures 3k 3.

Volume 13 is the same as Seki’s monograph the Measurement >K&.

Volumes 14 and 15 are concerned with Techniques of Figure fZT7.

Part C It is composed of the last 5 volumes and treats Seki’s theory of equations.

Volume 16 is named Discussion on Problems and Procedures RB%i7 ## and the
same as Seki’s Critical Studies of Problems 75 = i%.

Volume 17 is named Solutions of Well-posed Problems % #% and similar to
Seki’s Trilogy =, which contains Explicit Problems (i.e., direct calculation) .
78, Implicit Problems (i.e., equation of one variable) 228, Concealed Problems (i.e.,
equation of several variables) {A 8, and Submerged Problems (i.e., non algebraic
equations) V& 78.

Volume 18 is similar to Seki’s Restoration of Defective Problems J 28z ;

Volumes 19 and 20 are named Examples of Operations J& £ f§i] and contain 23

examples of algebraic equations.

4 More than 20 Manuscripts

The Taisei Sankei was never published but at least 20 manuscripts have been kept
in Japanese libraries. See [2]. We cite here some of them:

MSS Kashii: University Tokyo Library, T20/29, 34, 61 ~ 73, 75.
MSS Kyoto A: Kyoto University, 219316.

MSS Kyoto B: Kyoto University, 102021.

MSS Kano A: Kano Collection, 7-31453.

MSS Kano B: Kano Collection, 7-20820.

MSS Okamoto: Okamoto Collection, 41-16964.

MSS Fujiwara: Fujiwara Collection, 450.

NN Ok W
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8 MSS Daté: Daté Collection.

1. MSS Kashii was copied by a Confucian scholar Sakakibara Kashii while Takebe
Katahiro was alive, and kept at his hand. There is no Introduction, and all volumes
lack the name Taisei Sankei. It looks like a collection of independent booklets. Many
scholars assume that MSS Kashii represents an early stage of the Taisei Sankei.

2 and 3. MSS Kyoto A and B are at Department of Mathematics. Both are avail-
able in color on the web page of the Kyoto University Library Network. As the red
counting rods means positive numbers and the black negative, we cannot distin-
guish them in black and white picture. MSS Kyoto B was copied in 1851 and revised
in 1853.

4,5,6,and 7. Four MSS 4-7 are conserved at Tohoku University Library and
available in black and white on the web page of Tohoku University Library.

8. MSS Daté belonged to the Daté family. It is now conserved at Miyagi Prefec-
tural Library and has been published in Volume 4 of the book [8]. The MSS Daté

was copied by a mathematician Toita Yasusuke in 1780 and lacks Volume 20.

5 Structure of the Taisei Sankei

Along with the tradition of Chinese mathematics, Takebe Katahiro recognized
mathematics as a bunch of mathematical problems. He tried to classify mathematics
(i.e., mathematical problems) and to organize the Complete Book of Mathematics.

The general framework of the Taisei Sankei is stated at “Discussion on Mathemat-
ics and Numbers” in Introduction.

Volume 4 “Three Essentials” can be considered as the classification of all mathe-
matical objects, thus giving a framework of known problems of mathematics treated
in Part B.

Part C treats Seki’s theory of algebraic equations, which was outlined in the “dis-
cussion on Problems and Procedures” (Volume 16). Note that not only well-posed

problems but defect or incomplete problems are under consideration.

5.1 Discussion on Mathematics and Numbers

Here is a tentative translation of the text into English:

Mathematics is the Number. The Number describes the essence of
the original property of all things; Mathematics describes everything al-
ready clarified and is employed for application. Certainly Chaos is orig-

inally “No Ultimate” but “Great Ultimate”, which is the commencement
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of all Reasons. It moves and does generate One.”)

One is yang and odd. Here the emergence of the number is recognized
as Increase, and as Flow. If discussed by Reason, it is the positive; if named
by Substance, it is the symbol; if said by Technique, it is the addition.
Number One becomes stable and generates Number Two.?)

Two is yin, and even. Here the generation of the number is recognized
as Decrease, and as Ebb. If discussed by Reason, it is the negative; if named
by Substance, it is the figure; if said by Technique, it is the subtraction.”)

In this way, two kinds of number, odd and even, are generated; the in-
crease and the decrease, the Flow and the Ebb are named; two Reasons,
positive and negative, are equipped; two Substances, the symbol and the
figure, are distinguished; two Techniques, the addition and the subtrac-
tion, are prepared. They influence each other and accumulate numbers,
where the names of large and small numbers are classified.!?)

Here the repeated addition and subtraction are not fast in calculation.
Therefore, create the multiplication table “nine times nine”, and establish
the method of ordering and shifting numbers.

By these methods two techniques [i.e., addition and subtraction] di-
rectly attain the number and quickly determine its order.'!)

Repeated addition is called multiplication; repeated subtraction is called
division, so-called the quotient-division method, the operation of which
is difficult to understand easily. Therefore, compose the chant of division
to replace it. The repeated division is called the root extraction. These
[addition, subtraction, multiplication, division, and root extraction] are
called “Five Techniques.”!?

Further, classify the symbol and the figure into four forms, establish
three levels of the flow and ebb, and distinguish numbers in four kinds.
Apply them to each other. These [symbol and figure, flow and ebb, and
number] are so called “Three Essentials.”'®)

Afterwards, as the condition becomes elaborated and the techniques

7) BERh, WEAMAREZE, ESCHMBAZ A, ZRMABEMASL  SRBZE  BHmE—

8) —Hath,. Hth, EWATILAE. A, HERZ AAE BMEZ AAS BRSZ  AAN,
—BERMAE—S,

9) —&path, Bth, BRTRAR. BT, HEHRZ  AAS WALz BIAK s 2 BI[A]EL,

10) BEm F 1B EARLE | HEE T 4  EATEMAR KRS | IEEEAERE |, BB 23 RAEm
NRNZHEE,

11) B2 IEE AN E  BABE N AEI L EMBEIEE, Mikmt BEEEK EEHMER,

12) hREME  S&; REE Sk SFEMGRD, RUHF AWM KERERORMNREZ, RAEWE
SHE B2 AR,

13) RSB MK  cimT=5  BIRNE MEMAAAR, B2=2,
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are applied in varied way, problems are established and procedures of
solution developed. These [problem and procedure] are called the “Two
Significances.”!%)

In this way, [the book] is equipped with the formula of five techniques,
explains the methods of symbols and figures, analyze problems precise
or not, and distinguish procedures good or bad. These altogether, with
their variations, exhaust the way of mathematics fully. Therefore, I edit
an article of summary, place it at the beginning of the book of 20 volumes
to write the outline of the organization of the book for the reference of the

reader.®

5.2 Three Essentials

Volume 4 was named Three Essentials =%, in which Takebe Katahiro’s philoso-
phy on mathematics was exposed. Volume 4 is divided into three sections: Symbols
and Figures §J%; Flow and Ebb i T ; and Numbers %%. Each section starts with a
general statement followed by problems (67 in total) which serve as examples for
the general statement.

In 2010, we already discussed Volume 4 in an international conference in Xi’an

see [7] and we refrain from discussing it again.

5.3 Discussion on Problems and Procedures

Part C treats Two Evidences, i.e., problem and procedure.

Volume 16 starts with the following statement

The problem is to write the condition on symbol and figure and to
question the number hidden in it. Therefore, the condition is for the prob-
lem and can be changed properly.'®)

If the number originally equipped is clarified and stated, the condi-
tion is right; If it is stated with many techniques, the condition is change-
able. If the statement is complicated and the condition is elaborated, then
frequently its reason is covered. By this problem is classified into four cat-

egories: visible, hidden, concealed, and submerged.m

14) RER = A2  BEbzi A aimss  JEMadimeE, 5 2m&z, Some MSS iF is written as
.

15) RRMMAEFKZR  REW 2t  EZRE A2 IBIE  BEHTMURRFHBEZED, BHRER
B—R A#EEE ERRAZKE  UEREER,

16) & BRIV AZE MEMERZ KN, K, &E EZANMBEEZER,

17) SRR M S &  E8fth  ERRMS & , 2eth, BFSIEMMINE  MEREE, 2R, B R,
BZUENE,
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That being so, numbers can be used to express the condition and to
give proof to the answer. If the numbers are not appropriate and the con-
dition is not stated [properly], then there are some troubles in the reason
of procedure and in answer numbers.'®)

The procedure is to describe the technique of finding [answer] num-
bers. In its description, always there are formula, some of which cannot be
changed and some can. The rule and the procedure are to find the num-
bers which are not stated in the problem to solve. Therefore, whenever
we state a problem and seek the answer, we should observe the reason of
action and perform its technique.'”)

Thatis, if the difference is given, apply the addition; if the sum is given,
apply the subtraction; if the product is given, apply the extraction of the
root; if the quotient is given, apply the multiplication. In every case, we
recover the original status. If the sum is questioned, apply the addition; if
the difference is questioned, apply the subtraction; if the product is ques-
tioned, apply the multiplication; if the quotient is questioned, apply the
division. In every case, we are convenient in finding the answer. These
two situations are all based on the natural reason.?”

Certainly, the reason is hidden, clarified, general, or stuffed; the tech-
nique is slow, fast, former, or later. Hence, we classify all procedure in-
volved into four categories: real, forcible, biased, and wrong. Therefore,
we raise below 87 problems and completely discuss the meaning of loss
and gain to demonstrate the norm to state the problem and to apply the

procedure.?!)
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